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PREFACE. 


The present volume, which includes the subjects of Statics 
and Hydrostatics, completes my Intermediate Mechanics, of 
which the volume on Dynamics has already been published. 

It is hoped that the two volumes will cover all require¬ 
ments up to the General Certificate of Education, Advanced 
and Scholarship level. 

In chapter IV. I have tried to give a fairly full treatment 
of Graphical Methods, and have included a large number of 
worked and other examples. 

Chapter VIIL has been devoted to sections of the subject 
which are omitted or treated very briefly in most of the 
more elementary books—Bending Moments and problems on 
particles suspended from a string, the latter leading up to the 
Catenar3^ 

Chapter IX. contains a section on Virtual Work and a 
number of harder examples. It can be omitted by students 
who only require the subject up to Intermediate standard. 

In Hydrostatics the work has been confined mainly to 
problems on Fluid Thrust and Flotation. Descriptions of 
the various methods of determining Specific Gravity and of 
the numerous practical appliances, such as pumps, have 
purposely been omitted, as the book is already larger than 
I anticipated. 

The methods of the Calculus have been used wherever 
they can be applied. 

I wish to express my thanks again to the Syndics of the 
Cambridge Universit)' Press, the University of London, certain 
of the Cambridge Colleges, the Oxford and Cambridge Schools 
Examination Board, the Joint Matriculation Board and the 



vi PREFACE 

Central Welsh Board, for permission to use questions set in 
various examinations. 

I am deeply indebted to Mr. F. J. Swan, B.A., and to 
Mr. G. E. Mahon,. B.Sc., for veiy* valuable assistance in 
correcting the proof-sheets and for a number of suggestions. 

For any corrections of text or examples, or suggestions 
for improvement, I shall be very grateful. 

D. HUMPHREY. 
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CHAPTER I. 


INTRODUCTION—FORCES ACTING AT A POINT. 

§ 1. Mechanics is the science which deals with the action of 
forces on bodies. Under the influence of these forces the bodies 
maj^ either be in motion or remain at rest. The part of mechanics 
which deals with the motion is called Dynamics when the bodies 
are solid, and Hydrodynamics when the bodies are liquids or gases. 

§ 2. The part of mechanics in which the bodies are at rest is 
called Statics, in the case of solid bodies, and Hydrostatics in the 
case of liquids and gases. 

Force is usually defined as any action which alters or tends to 
alter a body’s state of rest or of uniform motion in a straight line. 

A particle is a portion of matter whose dimensions are negligible 
for the purpose of our investigations, so that it may be represented 
by a point. 

A rigid body is a body whose size and shape are unaffected by 
the forces acting on it, and the distance between any two points of 
it is invariable. 

No actual solids quite hilfil this condition, but we shall assume 
that they do so unless othenvise stated (e.g. an elastic string). 

Equal Forces. 

Two forces are said to be equal when, if applied to the same 
particle in opposite directions, the particle remains at rest. 

§ 3. Characteristics o! a Force. 

When a force acts on a body, three things are necessary to 
specify it completely :— 

(1) Its point of application. 

( 2 ) Its direction in space. 

( 3 ) Its magnitude. 

The magnitude of a force must be measured by its eflect. In 
dynamics this is usually done by the motion it will produce in a 
given body in a given time. 
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We can also measure a force by the weight it will just support. 
In this case the value will depend on the force of gravity at the 
place where the force is measured. 

In Statics we are concerned only with the tclativc values of 
forces at the same place, so that we can measure a force by com¬ 
paring it with some known force, e.g. the weight of i lb. Our 
unit of force will then be i lb. wt., and the variation of this unit in 
different places does not affect our results. 

§ 4 . There are other things which possess the three character¬ 
istics of a force, the most important being a finite straight line. 

We can represent a given force completely by means of a straight 
Ime AB. For one extremity A can represent the point of application, 
the direction of the line in space can represent the direction of the 
orce, and the length of the line can be made to represent the mag¬ 
nitude of the force to some convenient scale. 

Any quantity which, like a finite straight line or a force, pos¬ 
sesses both magnitude and direction is called a Vector. 

Other examples of vectors which occur in dynamics are velocity, 

momentum, and acceleration, and they can all be represented com¬ 
pletely by straight lines. 

A representing a force by a line 

, t e force ^s from A towards B, an arrow can be placed over 

the letterb as AB. In most cases, liowever, it is understood that 
the direction ot the force is indicated by the order of the letters, 

1 e represents a force acting from A to B, BA represents a force 

acting from ^ to/I. 


§ 5. To build up the science of Mechanics we must start with 
some simple laws based on experiment or observation. 

in vi.hi'I ^ Statics is really a particular case of Dynamics 

rolatinff^t ^ motions of the bodies are zero. If we choose our laws 
penpraf n-? of forccs on bodics by considering the more 

Itatics I^ynamics. they will hold fof the particular case of 

the iHpp + Statics on laws which are independent of 

oaraitiLl?' fT’ fundamental theorem of Statics (the 

ducinp thi ' 1 *^ very difficult to prove without intro- 

mTntfl r nl/ r; i ^ ^ experi- 

laws of n ’ • ^ proof of it is based on the fundamental 

InL?" ^ Laws of Motion. 

branch of '\Tprh^^' Statics as a completely separate 

equilibrivim of ob\-3 i". connection with the 

take place to a small extent ^ "“PPO^tng that motion does 
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§ 6. Newton’s Laws of Motion, which also give us certain other 
fundamental principles, are usually stated as follows :— 

1. Every body continues in its state of rest or of uniform motion 

in a straight line except in so far as it is compelled by external 
impressed force to change that state. 

2. Rate of change of momentum is proportional to the force applied 

and takes place in the direction in which the force acts. 

3. To every action there is always an equal and contrary reaction ; 

or the mutual actions of any two bodies are always equal and 
oppositely directed. 

§ 7 . The first law gives us our definition of force and asserts 
the principle of the inertness of matter. 

This principle can be regarded as a matter of common experience ; 
we notice that bodies at rest do not begin to move unless forced to 
do so by some external cause. 

§ 8. The second law asserts the o//erc^s; each force 

acting on a particle must produce its own effect in direction and 
magnitude as if it acted singly on the particle. 

Suppose a system of forces be such that when they act simul¬ 
taneously on a particle originally at rest they keep it at rest. These 
forces are in equilibrium. Then, if a second system of forces, which 
would also keep the particle at rest if acting separately, acts on it 
at the same time as the first system, the particle will still be in 
equilibrium, since each system produces its own effect. 

Hence, if we have a number of forces which are in equilibrium, 
we can add or remove any particular forces which by themselves 
are in equilibrium, e.g. two equal and opposite forces acting in the 
same straight line. 

§ 9 . The third law asserts the equality of action and reaction and 
implies the principle of the transmissibility of force. 

If a force P acting at a point A pull a body which has some 
other point B held at rest, the reaction at B is equal and opposite 
to the force acting at A, and is in the same straight line with it. 
This means that the force at A may be balanced by an equal and 
opposite force acting at any point B in the line of action of A, 
provided that the particles of the body on which the forces act circ 
rigidly connected together. 

But the force at B can also be balanced by a force acting at B 
which is the same in magnitude and direction as the force at .1, 
Hence the force at A is equivalent to an equal force acting at B. 
i.e. at any point in its line of action, if this point is rigidly connected 
with A. 
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Hence when a force acts on a body, its effect is the same whatever 

point in its line of action is taken as the point of application, provided 

that the point is connected with the rest of the body in some invariable 
manner. 


§ 10. In most cases dealt with in mechanics the forces exerted on 
a body are produced by contact with other bodies, e.g. one body 
pushing against another or a string pulling it. 

There are also certain forces which can be exerted by one body 
on Mother without the intervention of any material substance and 
without the bodies being in contact; such a force is called an attrac¬ 
tion or repulsion. The only case of this kind which we shall consider 
IS the attraction exerted by the earth on all bodies. 

Newton’s Law of Gravitation tells us that every particle of 
matter attracts every other particle, but in the case of bodies of the 
size dealt with in mechanics (excluding the earth), this force is too 
small to be taken into account for ordinary purposes. 

Other examples of forces of this kind are the’attraction or 

rep Sion between two electrified bodies, or between two magnetic 
p)oles. ^ 

In all cases of attraction the action is mutual, i.e. both bodies 
tend to move towards each other. 

When one of the bodies is the earth and the other a body which 
tK ^onipared with the earth, the earth does move towards 
tne body, but as its mass is so much greater than that of the body 
the amount of motion is negligible 


§ 11. Tension of a String. 

When a string is used to suspend a weight or move a body the 
string IS in a state of tension, 

iK Ip *^i weight the tension is the same throughout 

fine ’■ supporting a weight W by a 

^^ached to a spring balance. The 
balance will give the same reading, however long the string may be. 

this strine '7^ consi er the forces acting on any small portion of 

equal and om'"" in’"* ‘e^sions on the two sides of it must be 

equal and opposite, otherwise it would move 
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If a string supporting a weight is passed over a small, smooth 
pulley as at A (Fig. i), it is found that the force required to keep the 
weight in position is unaltered, and it makes no difference whether 
the string is held in the position AB, AC or AD. 

Hence the tension in a light string passing round a smooth peg 
or pulley is the same throughout its length. 

§ 12, Smooth Bodies. 

There is, of course, no such thing as a perfectly smooth body. 
In practice, when one body is pressing against another there is 
always some force acting along their common surface tending to 
prevent the slipping of one over the other. 

With highly polished surfaces this force may be very small, and 
in many problems the bodies are supposed to be perfectly smooth. 
In this case the only force between the bodies is perpendicular to 
their common surface. 

When a rod is resting against a smooth plane the reaction is 
normal to the pikne. 

When a rod is resting against a smooth peg the reaction is 
perpendicular to the rod. 

When the end of a rod or a particle is resting against the curved 
surface of a smooth sphere or against a smooth circular arc, the 
reaction is normal to the sphere or circle, and therefore passes 
through its centre. 

These cases should be noted particularly as they occur frequently. 

§ 13. Resultant Force. 

When two forces act simultaneously on a particle they will be 
in equilibrium if they are equal in magnitude and act in opposite 
directions in the same straight line. 

If the forces are not in equilibrium, they will tend to move the 
particle, and we infer that there is always some third force which 
would keep the particle at rest. 

A force equal and opposite to this third force is tailed the resultant 
of the two forces, and it is equivalent to the two forces acting 
together. 

The two forces are called the components of the resultant. 

If two forces act on a particle in the same direction tnis resultant 
is clearly equal to their sum. 

If they act in opposite directions in the same straight line their 
resultant is equal to their difference and acts in the direction of the 
greater. 

When two forces acting on a particle are not in the same straight 
line their resultant is found b 4he theorem in the next paragraph. 
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§ 14. The Parallelogram of Forces. 

If two forceSy acting at a point 0 , be represented in magnitude and 
direction by the two straight lines OA, OB drawn from 0 , their resultant 
is represented in magnitude and direction by the diagonal OC of the 
parallelogram OACB. 

This is the fundamental theorem of Statics, and although, as 



Fig. 2. 

already mentioned, no satisfactory formal proof has been given 
without introducing the idea of motion, the result can be verified 
by experiment. 

OC is the vector sum of OA and OB. 

A proof based on Newton's Laws is given in Dynamics (p. 6i)^ 

It should be noticed that when we speak of forces acting “ at a 

point ” it is understood that they act on a particle placed at that 
point. 

If the two forces are acting on a rigid body, and their lines of 
action meet in a point, we know by the principle of the transmissibility 
of force that they have the same effect as two equal forces acting 
at that point of intersection, and we can find their resultant as if 
they were acting on a particle placed at that point. 

The magnitude and direction of the resultant of two forces can 
be calculated as in the next paragraph when we know the magnitude 
of the two components and their directions. 

§ 15 . Let two forces P and Q acting at 0 be represented by OA 

ai^ OB (Fig. 3). Their resultant, R, is represented by the diagonal 
OC of the parallelogram OACB. 



Fig. 3 . 


Let e be the angle between the directions of P and Q, i.e. A OB 
Then Oa = OA^ + AC^ - 2OA . AC cos OAC 
But angle OAC = 180“ - 6 . so that cos OAC = - cos 9 . 
Also AC = OB. which represents Q. 
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Therefore J?* = _j_ ^2 _j_ 2PQ cos 9 . 

Therefore P = ± VP* + + 2PQ cos 9 . 

The minus sign gives the value of R when P and ^ are reversed. 
To find the direction of OC, draw CD perpendicular to OA, 
produced if necessary. 

tan COD = sin 9 _ Q sin 9 

OD OA AC cos 9~ P A- Qcos9' 

If the forces are at right angles, 9 — go®, so that 


R — VP^ Q^, and tan CO A — p. 

If the forces are equal, say each equal to P, 

P = VP^(i + 1 + 2 cosd ) = P\/2{i -f cos 9 ) = P\J4 cos* ^ 


$ 


= 2P cos- 
2 


Also 


tan C 0 i 4 — 


P sin 9 


P + P cos 9 


. 9 9 

2 sm - cos - 

2 2 

_ 

2 cos* - 
2 


, 9 
tan 

2 


Hence in this case the resultant bisects the angle between the 
forces. This can also be deduced from the fact that when the 
forces are equal the parallelogram becomes a rhombus. 


§ 16. Example (i). 

If iwo forces P and Q act at such an angle that R = P, show that if P 
is doubled, the new resultant is at right angles to Q. 

B 


Fig. 4. 

Let OA, OB {Fig. 4) represent P and Q. Then the diagonal OC of 
the parallelogram OACB, which represents R, is equal to OA. 

Produce OA to D, making AD = OA, then OD represents 2P, and 
the resultant of Q and 2P is represented by the diagonal OE of the 
parallelogram ODEB. 

Now BC = OA = P. 

CE = AD = P. 

CP = C£ = CO. 
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and 


BE IS the diameter of a semicircle with centre C passing through 0, 

/__BOE is a right angle. 

/.C£0 = /^COE, since CE = CO, 

/_CBO = l_COB, since CB = CO, 

/_CEO + ICBO = L^OE, 

L^OE is a right angle. 

Example (ii). 

the/Lies 7^. find the angle between 

lie IS the angle between the forces 3P and 5P, and i? is the resultant, 

R* = gpi + 25P> + 3oP« cos 9. 

••• 34 ^^“ + 30P» cos d = 4gP\ since 7 ? = jP, 

30P* cos 0 = i5p«, 
cos 9 = I, 

0 = 60°. 

Example (iii). 

Two equal weights of 10 lb. are attached to the ends of a thin string which 

tiZlu *” arranged tn the form of an equilateral 

triangle with one side horizontal. Find the pressure on each peg. 

A 



Fig. 5. 

^ ^ positions of the pegs. 

ctnnL^QnH ^ smooth the tension is the same throughout the 

string and equal to 10 lb. wt. 

^ resultant of the two tensions of 10 Ib. wt. 

inclined at an angle of 6o\ If R is the magnitude of this resultant, 

7 ?* = TO* + 10* + 2 X TO* cos 60° = 3 X 10*, 

^ *t>\/3 = 17.321 lb. wt. 

wt f' resultant of the two tensions of 10 Ib. 

wt. inchned at an angle of 150°. If S is the magnitude of this resultant, 

5 * = TO* + TO* + 2 X TO* cos I50® 

V 3 

= 200 — 200-= =: 26-8 

2 

.*. S =r 5*176 lb. wt. 

thp the directions of 

side of the^^^g!^*^ ^ angles between the portions of the string on each 
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EXAMPLES I. 

I. In the following cases P and Q denote t^vo components. $ the angle 
between them, and R is their resultant:— 


--(t) 

If 

P = 

9 , 

Q 

^ 12, 

e = 

90®, find 

R. 

(2) 

If 

R == 


Q 

= 5. 

e = 

90°. 

P. 

( 3 ) 

If 

P = 

7 . 

Q 

= 8. 

6 = 

60®, 

R. 

( 4 ) 

If 

P = 

10, 

Q 

= 10. 

e = 

120°, 

R. 

(5) 

If 

P = 

12, 

Q 

= 5 . 

R = 

II. 

e. 

(6) 

If 

P = 

3 . 

Q 

5. 

$ = 

sin-* ,, 

R. 


2. Show that the resultant of two forces each etjual to P, and inclined 
at any angle of 120®. is also equal to P. 

3. Find the angle between two equal forces P when their resultant is 
(i) equal to P, (2) equal to VjP. 

4. The resultant of two forces P and Q is equal to P in magnitude, 

and that of two forces 2P. Q (acting in the same directions as before) 
is also equal to P. Find the magnitude of Q, and prove that the 
direction of Q makes an angle of 150® with that of P. (H.C.) 

5. The sum of two forces is 24 lb. wt., and their resultant, which is at 
right angles to the smaller of the two forces, is 12 lb. wt. Find the 
magnitudes of the two forces, and the angle between them. 

6. Two equal weights of 20 lb. are attached to the ends of a light string 
which passes over three smooth pegs in a wall arranged in the form 
of an isosceles triangle, with the base horizontal and with a vertical 
angle of 120®. Find the pressure on each peg. 

7. Two equal weights of 10 lb. are attached to the ends of a light string 
which passes over two smooth pegs in a wall, one of which is higher 
than the other, and such that the line joining them makes an angle 
of 30® with the horizontal. Find the pressure on each peg. 

8. At what angle must two forces of 5 and 12 lb. wt. be inclined if 
they are balanced by a force of 15 lb. wt. ? 

9. A, B are two fixed points on the circumference of a circle ABC, 
P is a point which moves on the arc ACB. Forces of constant 
magnitude act along PA and PB. Prove that the line of action 
of their resultant passes through a fixed point. 

10. The resultant of two forces P and 2P, acting at a point, is perpen¬ 
dicular to P. Find the angle between P and 2P. 

11. The resultant of forces of 3 lb. wt. and 5 lb. wt. is at right angles 
to the smaller force. Find the magnitude of their resultant and the 
angle between the forces. 

12. Forces of 4 lb. wt. and 6 lb. wt. act at an angle of 60®. Find their 
resultant graphically, and check by calculation. 

13 - Find graphically the resultant of forces of 5 and 6 lb. wt., inclined 
at an angle of 40®. 

14. The resultant of two forces is 8 lb. wt., and its direction is inclined 
at 60® to one of the forces whose magnitude is 4 lb. wt. Find 
graphically the magnitude and direction of the other force. 

15* When two equal forces are inclined at an angle 2a their resultant 
is twice as great as when they are inclined at an angle 2^. Show 
that 


cos a = 2 cos p. 
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§ 17. Resolution of a Force. 

A force may be resolved into two components in an infinite 
number of ways ; for an infinite number of parallelograms can be 
constructed on a given line as diagonal. 

In practice the directions of the components are known, and 

the most important case is when these directions are at right angles 
to each other. 


Y 
B 


Fig. 6. 

Let OC (Fig. 6) represent a given force F, and suppose we wish 
to resolve it into two components, one along OX, and the other 
along a perpendicular direction OY. 

Draw perpendicular to OX and CB perpendicular to OY. 

then OA ^d OB represent the components along OX and OY. 
If the angle COX =6, 



OA ^ F cos 0 , and OB = F sin 0. 


Hence a force F is equivalent to a force F cos 6 along a line 

F sin a f direction together with a force 

^ P^T’endxcular to the direction of the first component. 

directio^Q r^olved in this manner into two forces whose 

Parl or Resolutes of the given force in these two directions. 
e with it^isVcos ^ ^ “ direction making an angle 


The expression 
often used, must be 
zontal direction, i.e. 
vertical. 


horizontal component " of a force, which is 
taken to mean the resolved part in the hori- 
it is understood that the other component is 


makinf anllTf components of a force F in directions 

making angles a and ^ with it, they can be found as follows 



Fig. 7. 
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Let OC {Fig. 7 ) represent F. Draw OA and OB, making angles 
of a and p with OC, and through C draw parallels to complete the 
parallelogram OACB. 

Then OA and OB, or OA and AC represent the required com¬ 
ponents. 

Hence, from the triangle OAC, 


Similarly, 


OA ^ OC ^ OC 

sin p sin ” sin (a py 



F sin P 
sin(a + py 


OB = 


F sin a 
sin (a -h j8)' 


§ 19 . Three forces 


acting at a -point. 



Fig. 8. 


Let P, Q, R (Fig. 8) be three forces acting on a particle at O. 

If two of these, say P and Q, be represented by OA and OB, 
their resultant is represented by the diagonal OC of the parallelogram 

OACB. 


Hence if R can be represented in magnitude and direction by 
CO, it will balance the resultant of P and Q, and the three forces 
F, Q, R will be in equilibrium. 

Hence if the three forces P, Q, R can be represented in magnitude 
and direction by OA, AC and CO, they will be in equilibrium. 

(It should be noticed that AC represents Q in magnitude and 
direction but not in line of action.) 

This result is known as the Triangle ol Forces usually stated 
as follows:— 

If three forces, acting at a point, can he represented in magnit-ude 
and direction by the sides of a triangle taken in order, the forces will 
he in equilibrium. 

The converse of this is also true ;— 

If three forces acting at a point are in equilibrium, they can be 
represented in magnitude and direction by the three sides of a triangle 
taken in order. 
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§ 20. Graphical method. 

The converse of the triangle of forces enables us to obtain simple 
graphical solutions of problems on the equilibrium of three forces. 



Fig. 9. 

Suppose we know that three forces P, Q, R acting at a point 0 
in given directions OX, OY, OZ (Fig. 9 ) are in equilibrium. Then 
if we know the magnitude of one of the three forces, say P, we can 
obtam the magnitudes of the other two as follows 

Since the forces are in equilibrium we know that they can be 
represented in magnitude and direction by the sides of a triangle 
taken in order. 

Draw AB parallel to OX and make its length represent the 
magnitude of P to some convenient scale. 

From A draw AC parallel to OZ, and from B draw BC parallel 
to OY. Since AB represents P, the other two sides of the triangle 
ABC must represent Q and R. BC represents Q, and CA represents 
R, on the same scale that AB represents P. The order of the letters 
repr^ents in each case the direction of the force and this order is 
obtained by continuing round the triangle in the same order. 

§ 21. In Fig. 9 we saw that CA represents the force R which is in 
equilibrium with the resultant of P and Q. Hence A C must represent 
the resultant of P and Q in magnitude and direction. We may 
therefore obtain the magnitude and direction of-the resultant of 
P and Q from the triangle ABC without using the parallelogram. 

// two forces acting at some point are represented in magnitude 
and direction by the sides of AB, BC of a triangle ABC, the third side 
AC will represent their resultant in magnitude and direction. 

In vector notation AC is the vector sum of AP and 

It must be clearly understood that AC does not represent the 
position of the resultant which wUl act at the point where the forces 
represented by AB and BC act. 

actually the lines of action of the forces, their 
resultant will act at B but it will be equal and parallel to AC. 

§ 22. The converse of the triangle of forces can also be put in 
a tngonometrical form, usually called Lami's Theorem. 



LAMI’S THEOREM 
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If three forces acHtig at a point are in equilibrium, each is propor¬ 
tional to the sine of the angle between the other two. 



Let P, Q, R (Fig. lo) be the three forces acting at 0. 

Let OA represent P, and OB represent Q, then CO represents 
R in magnitude and direction. 

Let a, y be the angles between Q and R, R and P, P and Q 
respectively. 

In the triangle OAC, we have 


Also 


l,ACO = f^BOC = i8o® - a, 
/SOA = i8o® - p, 

IS AO = i8o® — y, 


sin ACO = sin a. 
sin COA = sin p. 
sin OAC — sin y. 


OA AC _ CO 

sin ACO~ sin COA ” sin OAC* 


*' sin « sm p sin y 

I 28. Example. 

ABCD is a parallelogram and P is any point. Prove that the system 
of forces represented by PA, BP, PC, DP is in equilibrium. 



In Fig. II it is clear that the resultant of the forces represented by 
^P» PA is represented in magnitude and direction by BA . This result¬ 
ant acts, of course, at P. 

The resultant of the forces represented by DP, PC is represented in 
magnitude and direction by DC, and acts at P. 

Now AB is equal and parallel to DC, so that the resultants are 
equal in magnitude, and as they act at the same point P they are in the 
same straight line. Since their directions are opposite they will balance 
and the system is in equilibrium. 



14 


INTERMEDIATE MECHANICS 


§ 24. The Polygon of Forces. 

If any number of forces, acting at a point, can he represented in 

magnitude and direction by the sides of a polygon taken in order, the 
forces will he in equilibrium. 



Fig. 12 . 


p. C£>, DE, EA of the polygon ABCDE 

12) represent the forces acting on a particle at a point O 

an7dt"?n W 

The resultant of forces /I C and CP is represented in magnitude 
and direction by . 40 , and similarly the resultant of forces io and 
Ot IS represented in magnitude and direction by AE. Hence the 
TMultant of P. Q, R, S \s equal and opposite to T and since all 

of forces is in equilibrium. ^ 

of evidently apply whatever the number 

It IS also clear that the forces need not be in one plane. 

last^frkJrlrh ^ ^ the 

a^H .t T ^ >‘s sides proportional 

nofn^ ^ lu the next side from the 

point where the previous side ended), then if the polygon closes we 

re"s7tan^t of tLT*^"' ^ equilibrium, but if it does^not close the 

rSose the fil r rl' “ ^"P':e*e"‘ed by the straight line necessary 
to close the figure the direction of this resultant being opposite to 
that in which the figure has been drawn. opposite to 



Fig. 13. 



RESULTANT OF SEVERAL FORCES 


15 


Thus, if we obtained a figure ARCDEF, as in Fig. 13 , the resultant 
would be represented in magnitude and direction by AF. 

This method of obtaining the resultant of a number of forces 
graphically is obviously much easier than by repeated application 
of the parallelogram of forces. 

It is mostly used, as will be seen later, when the forces are 
acting on a rigid body. 

In the majority of cases it is quicker and more accurate to 
calculate the resultant of a number of forces in the manner illus¬ 
trated in the following paragraphs. 

§26. The sum of the resolved parts of txvo forces acting at a point 
in any given direction is equal to the resolved pari of their resultant 
in that direction, 

C 



Fig, 14. 

Let OA and OB represent the two forces P and Q and OC their 
resultant i?, so that OACB is a parallelogram (Fig. 14 ). 

Let OX be the given direction. 

Draw AD, BE, CF perpendicular to OX, and AG perpendicular 
to CF. 

The triangles OBE, ACG have their sides OB and AC equal, and 
their sides are parallel so that they are equal in all respects, 

OE = AG = DF, 

OF OD A-DF = OD A- OE. 

But OD, OE, OF represent the resolved parts of P, Q, R in the 
direction of OX. 

This theorem may obviously be extended for any number of 
forces. 

§ 27. To find the resultant of any number of forces in one plane 
fueling at a point. 

Y 



Fig. 15. 
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Let the forces P, Q, R, etc., act upon a particle at 0. Through 0 
draw any two axes OX, OT at right angles to each other. 

Let the forces P,Q,R . . , make angles a. j8.y . . . with OX. 
The resolved parts of P in the directions OX and OY are P cos a 
and P sin a respectively, similarly the resolved parts of Q are 
Q cos /S and Q sin p, and so on. 

Hence the forces are equivalent to a component 

P cos a -f C cos p -p R cos y . . . along OX, 
and a component 

P sin a + (J sin ^ P sin y . . . along OY. 

Let these components be X and Y respectively, and let F be 
their resultant and $ its inclination to OX. 


Then 


and 


F cos 6 = X, 

Fsine=Y, 

F^ = X^--\- y2, 

tane = J. 


Example. 

^ 0 / 1 . 2 , 3 and 4 lb. wt., the angles between 

them being 6o , 30 , 6o respectively. Find the magnitude and direction 
Of the resultant. 


Y 



actioro? lb. w" 

The 3 lb. force then acts along OY. 
The component along OX is 


1+2 cos 60 — 4 cos 30 = I -f- I — 2 VJ 

= *2 — 3’4b4 — — 1*4^4- 

i.e. a force of 1-464 lb. wt. in the direction OX' 

The component along Oy is 



2 cos 30 + 3 + 4 cos 60 = V 3 + 3 + 2 = VJ + 5 


6732. 
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The resultant of these is 

\/(i* 4 ^ 4 )* + (^' 732 )* = 6-9 lb. wt. 
If e is the angle made by this resultant wath OX. 

® = - 4 - 597 . 

.*. — 107® i6' about. 


EXAMPLES II. 

J^Porces of 4, 3, 2, and i lb. wt. act at a point A in directions AB, 

^ AC. AD and ^E.where /^BAC = 30°. ^CAD = 30". ^Z).iE = 9o". 
Find the magnitude of their resultant, and the inclination of its 
direction to AB. 

2. A particle is acted on by forces of 2 and 4 lb. wt. at right angles, 

and also by a force of 4 V2 lb. wt., whose direction bisects the angle 
between the other two. Find the resultant force on the particle. 

3. Three forces of 5, 10, and 13 lb. wt. act in one plane at a point, the 
angle between any two of their directions being 120®. Find the 
magnitude and direction of their resultant. 

4. ABCD is a square, and forces of 2, 4, and 5 lb. wt. act at A in the 
directions AB, AC, AD respectively. Find the magnitude of tlieir 
resultant. 

5. Find the magnitude and direction of the resultant of the following 

forces acting at a point: 20 lb. wt. E., 42 lb. wt. N.W., 60 lb. wt. 
30® 5 . of W., 15 lb. wt. S. (H.C.) 

is a regular hexagon. Forces of 2, 4V3. 8, 2V'3, and 
4Tb. wf.“act at A in the directions AB, AC, AD, AE, AF respec¬ 
tively. Find the magnitude of their resultant and the inclination 
of its direction AB. 

7 - Four horizontal wires are attached to a telephone post and exert 
the following tensions on it: 20 lb. wt. N., 30 lb. wt. E., 40 lb. 
wt., S.IE. and 50 lb. wt. S.E. Calculate the resultant pull on the 
post and find its direction. (H.C.) 

8. Four smooth pegs A, B, C, D are fixed in the same vertical plane so 
that they form the four lower comers of a regular hexagon with 
the side BC horizontal. A string is tied to A, passes under B and 
C, over D and A, and has a weight of 10 lb. attached to the free 
end so that the weight hangs vertically. Find the pressures on the 
four pegs. 

9 * Three forces, each of equal magnitude F, act at the point O along 
the lines OA, OB, OC, which are in a plane. The angle BOA is 
+ 45®. and the angle BOC is — 90®. Find the magnitude of the 
resultant force, and determine its direction by finding the tangent 
of the angle it makes with OB. 

to. Three forces act upon a point in directions, north-west, north-east, 
and south, the forces being respectively of the value 100, 200, 300 lb. 
wt. Find ^d state accurately the direction and/value of the re* 
sultant equivalent single force of these three forces. 
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The sides BC, CA, A 3 of & triangle are 7* 5. and 3 inches respec¬ 
tively. Find graphically, or otherwise, the magnitude and the 
inclination to SC of the resultant of the following forces acting 
at a point ; 5 lb. wt. in direction BC, 9 lb. in direction AC, 
and 3 lb. wt. in direction AS. (I.A.) 

12. Forces of 2, 3, and 4 lb. wt. act at a point in directions parallel to 
the sides AS, AC, BC respectively of an equilateral triangle. Find 
their resultant. 

13. Forces of 5, 4, 12, and 4 lb. wt. act at a point A along AC. AD 
AE respectively. BAC = 30®, BAD = 90®, BAE = 150°. Find 

the magnitude of the resultant and the angle its line of action 
makes with AB. 

14. ABC is an equilateral triangle, and G the point of intersection of its 
medians. Forces of 8. 8, and 16 lb. wt. act at G along GB, GC, 

GA respectively. Find the magnitude and direction of their 
resultant. 

§ 28. Conditions of equilibrium of any number of forces acting on 
a particle. 

If we resolve the forces in any two directions at right angles and 
the sums of the resolved parts in these directions be X and Y, the 
resultant F is given by 

F2 = -f y2. 

But if the forces are in equilibrium F must be zero. 

Now the sum of the squares of two real quantities cannot be 
zero unless each quantity is separately zero, 

X = o and y == o. 

^ Hence, if any number of forces acting on a particle are in equili¬ 
brium, the algebraic sums of their resolved parts in any two directions 
at right armies must separately vanish. 

Conversely, if the sums of their resolved parts in two directions at 
right angles are both zero, the forces are in equilibrium. 

For then both X and y are zero, and therefore F is zero. 

§ 29. In problems where forces acting at a point are in equili¬ 
brium the result of the last paragraph gives us the most general 
method of obtaining a solution by calculation. 

To apply this result we resolve the given forces in two directions 
at right angles (usually horizontally and vertically) and equate the 
sum of the resolved parts in each of these directions to zero. 

In the case of three forces we can also use Lami’s Theorem, but 
as this only applies to the special case of three forces, and is usually 
very little shorter than the more general method of resolving, it is 
^rhaps better to use the latter method for the sake of practice 
before commg to harder problems where its use is essential. 
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CONDITIONS OF EQUILIBRIUM 

The graphical methods involving the triangle and polygon of 
forces can be used for any number of forces, but they usually take 
longer and are less accurate than calculation. 

In the following examples some alternative methods of solution 
are shown:— 

(i), 

A particle of mass 50 lb. is suspended by two strings of lengths 3 feet and 
4 feet attacked to two points at the same level, whose distance apart is ^feet. 
Find the tensions in the strings. 




Let AC, BC (Fig. 17) be the two strings. 

AC = ^ ft., BC — 4 ft., AB = 5 ft., and ACB is a right angle. 

Let CD be perpendicular to AB, since AB is horizontal, DC is ver¬ 
tical, and the weight of the particle at C acts along DC produced. 

I-et /^DCB ^ $, then /_BAC ^ $, and 


cos = }, 


sin 0 ^ f 


(A) Resolving horizontally, the component towards the left must 
equal that towards the right, 



cos ^ =ss T, sin 




Resolving vertically, the upward components must equal the down¬ 
ward ones. 


From (i), 
and from (ii), 


Ti sin -{- Tg cos ^ = 50 
iT, = jr., or r, = ir,. 
jr, -f . jTi =;= 50, 



= 50, 

T, = 40 lb. wt., and T, « 30 lb. wt. 


(B) Produce DC to E, then by Lami's Theorem, 


_ T,_T* 50 

sm'SSl sin ACE ~ slh ^ CB* 


but sin BCE = sin 0 , sin ACE = sin {90— 0 ) — cos 0 , and /_ACB = 90’*. 

_ 50 

Tj = 40 lb. wt., and T, = 30 lb. wt. 
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(C) If the figure be drawn to scale, and DF be drawn parallel to 
AC, the sides of the triangle DCF are parallel respectively to the 
weight 50, the tension T,. and the tension T^. 

Hence CF-and FD represent and to the same scale that DC 
represents 50. 

^^XAMPLE (ii). 

A string is tied to two points at the same level, and a smooth ring of 
weight W lb. which can slide freely along the string is pulled by a hori¬ 
zontal force of P lb. wi. If in the position of equilibrium the portions of 
the siring are inclined at angles 60° and 30° to the vertical, find the value of 
P and the tension in the string. 



^t A, B (Fig, 18) be the points to which the string is tied, C the 
position of the ring, and CD perpendicular to AB, so that Z_ACD == 60® 

and /_BCD = 30®. Since the ring is smooth the tension T is the same 
throughout the string. 

Resolving vertically. 


T cos 30® + r cos 60® = W", 



^ = —7=-— = “ i) lb- wt. 

V3 -h 1 ' 


Resolving horizontally. 



P + T sin 30® = r sin 60°, 

^ = ^r-|r=I(v3-i). 
w 

— {VI - !)■ = W{2 - VI) lb. wt. 


Example (iii). 

A particle weighing 10 lb. is placed on a smooth plane inclined ho the 
horizontal at an angle of 30®. Find the magnitude of the force (a) acting 

parallel to the plane, (6) acting horizontally, required to keep the particle 
in equilibrium. 

Let AB (Fig. 19) be the surface of the plane, AC horizontal. P the 
particle. 


The I & K Umvjzsit'^ idbzQiY 

Aoc. He. 3 00 3H 
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The weight of P can be resolved into two components, lo cos 30° Ib. 
perpendicular to and 10 sin 30° or 5 lb. wt., parallel to BA. 
Since the plane is smooth, it cannot exert any force parallel to its sur¬ 
face tending to prevent the particle sliding down. 

B 



(a) The force acting parallel to the plane necessary to prevent the 
particle sliding down is evidently 5 lb. wt., acting upwards. The 

component of the weight 5V3 perpendicular to A B is balanced by the 
reaction of the plane. 

{b) If a force F act horizontally as shown, ite component F sin 

perpendicular to merely presses the particle against the plane. Its 

wmponent F cos 30® parallel to the plane must therefore be sufficient 

to balance the component of the weight, 5 lb. wt., acting down the 
plane. 

F cos 30® = 5, 

EXAMPLES III. 

1. of 20 lb. is suspended by two Ught strings of lengths 
6 feet and 8 feet from two points at the same level and lo feet apart 
rind the tensions m the strings. 

2. A mass of ^ lb. is suspended by two light strings of lengths 9 feet 

level and 15 feet apart. 

rind the tensions m the strings. 

f by two light strings of lengths 5 feet 

Wnrt ^o points at the same level, and 13 feet apart, 

rmd the tensions m the strings. 

weightless pulley carries a weight of 30 lb., and can slide 
^ely up and down a smooth vertical groove. It is held up by a 
^g passmg round the pulley so that the two parts of the string 
make angles of 30 and 60° with the horizontal; show that the 
tension m the string is slightly under 22 lb. wt. (H.C.) 

‘'/k ® 5 feet and 6 feet are fastened to a particle 

^ I ft fastened to points at the 

same level 8 feet apart. Fmd the tension in each string. (I.A.) 

« suspended by two strings of lengths 7 inches 
and 24 inches attached to two points in the same horizontal line at 
a distance of 25 inches apart. Find the tensions of the strings. 

(I.S.) 


VOL. II.-B 
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7. A particle of weight 10 lb. is placed on a smooth plane of inclination 
60°. What force applied (a) parallel to the surface of the plane. (6) 
horizontally, will keep the particle at rest ? 

8. A particle weighing 12 lb., resting on a smooth inclined plane of slope 
30°, is connected by a light string passing over a smooth pulley at 
the top of the plane to a weight of W lb. hanging vertically. Find 
the value of IV so that the weights may be in equilibrium, and find 
also the pressure on the pulley when this condition is satisfied. 

9. A small body of weight lo lb. is suspended from two points A, B, 

12 inches apart, and in the same horizontal line, by strings of len^hs 
7 inches and lo inches attached to the same point in the body. 
Find the tension in each string. (I S.) 

10. A 10 lb. weight C is hung up by two cords AC, BC of respective 
lengths 2 feet and 3 feet, the ends A, B ol the cords being attached 
to pegs 4 feet apart on the same level. Find the tensions in the 
cords. 

* 

11. Three forces, P, Q, R, meet at a point, and the resultants of Q and 
R, of R and P, and of P and Q are each known in magnitude and 
direction. Show how to determine each of the forces P Q R 

’(IS.) 

12. Find (a) the horizontal force, and (6) the force up the plane required 
to support particles of the following weights on planes of the in¬ 
clinations given :— 

(1) 10 lb. on an incline of length 10 feet and height 6 feet. 

(2) 45 lb. on an incline of length 25 feet and height 20 feet. 

(3) 5 tons on an incline of 30®. 

13. A body of weight 20 lb. rests on a smooth plane inclined at 30° to 
the horizontal. Find the least value of the force required to keep 
it in equilibrium and the resultant reaction of the plane. 

14. A particle weighing 10 lb. is supported by means of two strings 
attached to it. If the direction of one string be at 60® to the hori¬ 
zontal, find the direction of the other in order that its tension may 
be as small as possible, and the values of the tensions in the two 
strings in this case. 

15. A weightless wire is stretched between two points A and B on the 
same level 4 feet apart. A weight of lo lb. Is hung at the middle 
point of the wire, and causes it to drop 2 inches below the line AB. 
Find the tension in the wire. 

16. Three strings are attached to a light particle P which is in equili¬ 

brium. Two of them pass over pulleys and then hang vertically, 
^nying weights, while the third supports a weight W lb. The 
inclinations of the upper strings are respectively 30® and 45® to the 
upward vertical through P. An additional weight of 10 lb. is now 
attached to W. Find what additional weights must be added to 
the other two strings to ensure that P shall remain in equilibrium 
in the same position. (N.U. 3 and 4.) 

17. A string of length 2 feet is attached to two points A and B at the 

same level and at a distance of i foot apart. A ring of 10 lb. wt., 
slung on to the string, is acted on by a horizontal force P which 
holds It in equilibrium vertically below B. Find the tension in the 
string and the magnitude of P. (N.U. 3 and 4.) 
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i8. A s^g of length 31 inches has its ends tied to two points in a 
horizontal line at a distance 25 inches apart. A small ring from 
which IS suspended a weight of 9 lb. can slide on the string, and is 
acted on by a horizontal force of such a magnitude that in the 
position of equiUbrium the ring is at a distance of 7 inches from 
the nearer end of the string. Show that the force is approximately 
equal to 5 lb. wt., and find the tension of the string. (I S.) 

Friction. 

§ 30. When one body slides on another, it is found by experience 
that a force tending to resist motion is called into play. This force 
is called the force of friction. 



If we place a block of wood A (Fig. 20 ), of known weight, on a 
table and attach to it a piece of string passing over a pulley and 
carrying a light scale pan at the other end, we can find the laws 
which govern the action of this force. 

On placing a small weight on the pan B no motion is produced 
in A. The friction between A and the table must then be equal to 
the weight of the pan B and the added weight. It is found that 
we can go on gradually increasing the weight on B until at a certain 

point A begins to move. This shows that only a limited amount 
of friction can be called into play. 

the force tending to move A increases from zero, so the force 
of friction increases from zero at the same rate until a certain maxi¬ 
mum or limiting value is reached, and then motion takes place. 
The total weight of R is then equal to the force of friction. If we 
now place a weight on .<4 so as to increase the pressure between A 
and the table, and repeat the experiment, we find that more weight 
h^ to be added to B before motion takes place, i.e. the maximum 
fnction has increased. If we repeat the experiment with different 
weights on A we get a series of values for the maximum friction 
which obviously depends on the pressure between A and the table. 
On dividing the total weight of B by the total weight of A in each 
case, we find that the number obtained is very nearly constant. 

Similar experiments can be performed using blocks of different 

materials. The results of such experiments are embodied in the 
following :— 

Laws of Friction. 

I. The direction of the friction is opposite to the direction in which 
the body tends to move. 
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2 . Th^ magnitude of the frictian is, up to a certain point, exactly 
equal to the force tending to produce motion. 

3 . Only a certain amound of friction can be called into play. The 
maximum amount is called limiting friction. 

4 . The magnitude of the limiting friction [for given surfaces) bears 
a constant ratio /x to the normal pressure between the surfaces. 
This ratio /x depends on the nature of the surfaces, and is called 
the Coefficient of Friction. 

5 . The amount of friction is independent of the areas and shape of 
the surfaces in contact provided the normal pressure is unaltered. 

6 . When motion takes place, the friction still opposes the motion. 
It is independent of the velocity and proportional to the normal 
pressure, but is slightly less than the limiting friction. 

§ 31. It must be clearly understood that these laws are experi¬ 
mental and, with the exception of the first three, are subject to 
limitations. Thus, for very great pressures the surfaces where they 
are in contact may be crushed and 4 will no longer hold. 

Law 4 tells us that if F is the limiting friction (i.e. the force of 
friction when motion is just about to take place), R the normal 
pressure, and fi the coefficient of friction, then 

^ = F or F = /xF. 

Great care must be taken not to assume that the friction always 
equals /xF. It only has this value when motion is about to take 
place, otherwise it may have any value from zero up to fxR. 

§ 32. Angle of Friction. 

If the normal pressure F and the force of friction F be com¬ 
pounded into a single force, this force is called the Resultant or 

Total Reaction, and it makes an angle tan”' ■= with the normal. 



As F increases from zero the angle made by this resultant with 
the normal increases until the friction F reaches its maximum value 
fiR. In this case, the tangent of the angle between the resultant 

and the normal is ^ or When the friction is limiting the angle 
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made by the resultant reaction with the normal is called the 
Angle of Friction, and is denoted by A or e. We see that tan A = /x. 



F F 


Fig. 22. 

The resultant reaction can make any angle with the normal up 
to this value, but cannot be inclined at a greater angle. If motion 
take place in any other direction perpendicular to the normal, 
limiting positions of the corresponding resultant reaction lie on a 
cone whose semivertical angle is A or tan"^ fi. 

This cone is called the Cone of Friction. The resultant reaction 
must always lie within or on the surface of this cone, and in the 
latter case the equilibrium is limiting. 

§ 38. Eqailibrinm of a Particle on a Rough Inclined Plane. 



Fig. 23. 

Suppose a particle of weight W be placed on a rough plane 
whose inclination to the horizontal is gradually increased (Fig. 23 ), 
At any inclination a, the component of the weight down the plane 
is IF sin a. The pressure between the particle and the plane is 
W cos a. The limiting or maximum friction is /xTF cos a. Hence 
when IF sin a = (mW cos a, or tan a = /x, motion is just about to 
take place. 

The particle will therefore begin to slide down under its own 
weight when the angle of inclination is such that tan a = /x, i.e. 
when the inclination of the plane is equal to the angle of friction. 

§ 34, Particle on Rough Horizontal Plane acted on by an External 
Force. 



W 


Fig. 24. 
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If the force is horizontal (as in Fig. 24 ) and equal to P, then for 
motion to take place P must be greater than fxW. 




If the force P is inclined upwards, along AB, as in Fig. 25 , at 
an angle 0, it will have an upward vertical component, and this 
reduces the pressure between the particle and the plane. 

The normal reaction is now W — P sin and the corresponding 
limiting friction is fi{W — P sin d). When motion is just about to 
take place we must therefore have P cos 6 — fi{W — Psin 0). 


P(cos 0 + ;x sin 0) = fiW, 

. n/ , sin A . -\ sin A 

P cos 6 H-r sin 6] =-- 

\ cos A / cos A 



where A = angle of friction ; 


. p cos 6 cos A 4- sin sin A _ sin A ^ 

cos A ~ cos A ' 

... Pcos(0-A) - IF sin A, 

. p _ JX/ ^ 

• ■ cos( 0 -A)* 

The value of P will be a minimum when cos (6 — A) is a maximum, 
i.e. when 6 = X, and then P = IF sin A. 

If P is inclined downwards along CA, it has a downward vertical 
component which increases the pressure, and hence increases the 
friction. To move the particle with the least possible force the 
force shoxild therefore be applied in an upward direction at an angle 
to the horizontal equal to the angle of friction. 

When P is applied downwards the friction is p(IF + P sin 0), 
and for motion to take place, we must have 


P cos 0 > p(IF -f P sin 6), 


» • 


P^cos Q — 


sin A sin I F sin A 

cos A 


) 


> 


P> 


cos A 
IF sin A 
cos (0 + A)' 


Now if {6 X) is nearly 90 ®. the denominator of the right-hand 
side is very small. For motion to take place P must be very large. 
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If (fl + A) becomes equal to 90 ° the particle will not move how- 
ever large P may be. 

. . ‘s greater than 90 °, its cosine is negative, and it 

IS imiwssible for P to move the particle. The negative value means 
that P must act in the opposite direction, i.e. along AC. 


EXAMPLES IV. 

weighing 20 lb. is resting on a rough horizontal plane, the 

^fficient of friction being 0-5 ; find the least force which, acting 

(1) honzontolly, (u) at an angle of 30® with the horizontal, would 
move the body. 

a. A body weighing 40 lb. is resting on a rough horizontal plane and 

^n just be moved by a force of 10 lb. wt. acting horizontally ; find 
the coefficient of friction. ^ 

3. Find the least force required to move a weight of 20 lb. along a 
rough horizontal plane when the coefficient of friction is o-25. 

4 - A smaU w^den block of weight W is pushed along a rough floor by 
a force actmg at the centre of its upper face and inclined at an angle 
dto the vertical. Prove that the block wiU not move if 0 is less 
than the angle of friction. Prove that, if 0 is greater than the angle 
of friction A the least force which will move the block is 

W sin A cosec {0 — A). 


§ 35 . 

Force. 


on Rough Inclined Plane acted on by an External 


I. When the inclination of the plane is less than the angle of friction. 

In this case the friction is enough to prevent the particle sliding 
down under its own weight. 


B 



To find the force P, applied in a vertical plane through the line 

of greatest slope, required to move the particle up or down the 
plane. 

(a) If P acts upwards at an angle 6 to the plane, as in Fig 26 
the normal reaction is diminished by P sin © * 

Hence the limiting friction is cos a - P sin d) and acts 
do^wards. The component of weight down the plane is W sin a. 
When the particle is on the point of moving upwards we have 
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P cos 0 ~ W sm(t + ii(W cos a — P sin 6), 

P( cos e + e) = w(sm a + 

cosA / \ cos A P 


p cos {0 — A) ^ ^ sin (a + A ) 
cos A cos A ' 

cos(^-A)‘ 


This is a minimum when ^ = A, and then P = sin (a + A). 
If 0 = 0 , i.e. if P acts parallel to the plane, 




sin (g + A ) 
cos A 


(6) If P acts downwards at an angle 6 along AC, the limiting 
friction is again fj,(W cos a — P sin 6), but it now acts up the plane. 
Hence, when the particle is on the point of motion 


P cos 0 + IT sin a = fi{W cos a — P sin 0). 


. pCO.[»-A)_ 

cos A 


P 


sin (A — tt ) 
cos A 

T„ sin (A - g) 
cos (0 - A) * 

P is again a minimum when 0 = A, and its value is then 

IT sin (A — a). 


II. Whe7i the inclination of the plane is greater than the angle of 
friction. 

In this case the particle will slide down unless supported by 

e.\temal force. We have now to consider (a) the force required to 

move the particle up the plane, (6) the force required to support it. 

(fl) This is exactly the same as in I. [a). The force acting 
parallel to the plane is 

wsinjoj^ 

cos A 

If acting upwards at an angle 0, 

P = IT !ilLi?L±i) 
cos (0-A)* 

P is a minimum when 0 = A, and then its value is IT sin (a -f A). 

(b) If P acts upwards at an angle 0. then, as above, the normal 
reaction is IT cos a — P sin 0, and the limiting friction is 

/x(lT cos a — P sin 0). 
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The friction now acts up the plane as the particle tends to move 
down. 

P cos e + ftlw cos a - P sin = IP sin a, 

p(cos 9- !‘"^^^ = IP ('sin a - “ 

\ cos A / \ 


cos A 

. p cos (0 4- A) ^ sin fg — A) 

cos A 

sin (a — A) 


cos A 


cos A 

P = W 


(i) 


cos + A) * 

P mW be a minimum when 0 = — A, i.c. when P acts along CA. 
This can also be shown as follows. 

If P acts along CA, it has a component peri>endicular to the 
plane which increases the pressure; the limiting friction becomes 
fi{W cos a + jP sin $) and acts up the plane. 

P cos 0 + fi(w cos a + sin siii a, 

p(cos e + ^ Ii.('si„ „ _ sinAc^ay 

\ cosA y \ cos A 


• p ^ sin (tt — A ) 


, =W 
cos A 

P = W 


cos A 
sin (a — A) 


cos (^ — A) * 

This is a minimum when 0 = A, and then P = sin (a — A). 


(ii) 


EXAMPLES V. 

1. The length of an inclined plane is 5 feet, and the height is 3 feet; 
a force of 4 lb. wt. acting parallel to the plane will just prevent a 
weight of 10 lb. from sliding down. Find the coefficient of friction. 

2. A body of weight 10 lb. rests in limiting equilibrium on a rough 
pUne whose slope is 30° ; the plane is raised until its slope is 60°. 
Find the force parallel to the plane required to support the body. 

3. A body of weight 20 lb. is placed on a rough inclined plane whose 
slope is sin-'f; if the coefl&cient of friction between the plane and 
the body is 0-2, find the least force acting parallel to the plane 
required (a) to prevent the body sliding down, (6) to pull it up the 
plane. 

4 * A. weight of 40 lb. is on the point of sliding down a rough inclined 
plane when supported by a force of 16 lb. wt. acting parallel to the 
plane, and is on the point of moving up the plane when acted on 
by a force of 24 lb. wt. parallel to the plane. Find the coefficient of 
friction. 

5. A weight of 610 lb. is placed on a rough inclined plane of slope 
ih coefficient of friction and is attached to a rope whose 
direction makes an cingle tan-^A. with the upper surface of the 
plane. Find, to the nearest integer, the extreme values of the 
tension of the rope consistent with equilibrium. 
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6. Find the least force which will move a weight of 8o Ib. up a rough 

plane inclined to the horizontal at 30® when the coefficient of 
friction is 075. (I S.) 

7. If the least force which will move a weight up a plane of inclina¬ 
tion a is twice the least force which will just prevent the weight 
slipping down the plane, show that the coefficient of friction between 
the weight and the plane is J tan a. 

8. The least force which will move a weight up an inclined plane is 
P. Show that the least force, acting parallel to the plane, which 
will move the weight upwards is 


PVi + 

where is the coefficient of friction. 


(I.S.) 


9. 


A plane is inclined at 20® to the horizontal, and a weight of 200 lb. 
IS to be dragged up. the coefficient of friction being 0-25. Find the 
direction and magnitude of the least force required to the nearest 

(H.S.C.) 

10. Two inclined planes have a common vertex, and a string passing 
over a smooth pulley at the vertex is attached to two equal weights, 
one on each plane. If one plane is smooth and the other rough, 
find the relation between the angles of inclination of the two planes 
when the weight on the smooth plane is on the point of moving 


11. Particles weighing 2 lb. and i lb. are placed on the equally rough 

slopes of a double inclined plane, whose angles of inclination are 
respectively 60 and 30®, and are connected by a light string passing 
over a small smooth pulley at the common vertex of the planes ; 
if the heavier particle is on the point of slipping downwards, show 
that the coefficient of friction is 8. 

12. A weight of 40 lb. is placed on a rough plane inclined at 22® to the 
horizontal. It is found that the least force which, acting downwards, 

plane, will cause it to move is 4*9 lb. wt. 
rind (1) the coefficient of friction, and (ii) the least force which, 
acting along the slope of the plane, will just cause the weight to 
move upwards. (I g j 

13. A weight W is dragged up a line of greatest slope of a rough plane 

a by a force P inclined at an angle ^ above the plane. 
U the ^efficient of friction is ft, find the value of P, which will just 
drag W. Find the work done by this force P in dragging IF up a 
length / of the plane. If IF = 112 lb., a = 15°, = 3^, a = 0-20, 

* — 100 feet, calculate the work done* 

14. A body of weight IF can be just supported on a rough inclined plane 

by a horizontal force P; it can also be just supported by a force 

Q actmg up ^e plane. Find the cosine of the angle of friction in 
terms of P, Q, and IF only. (I g j 

15. A partcle of weight IF is placed on a rough inclined plane the in- 
clmataon of which exceeds the angle of friction. The least hori¬ 
zon^ force req^ed to prevent motion down the plane is W, the 
least_honzontal force required to produce motion up the plane is 

SinH “Cation of the plane and the angle of friction. 

Find al^ ^e n^tude and direction of the least force that can 
mamtam the particle m equihbrium. (j g ) 
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16. Two equal weights atteched by a light string rest on the surface of 
a rough sphere of radius i?, one of the weights being at the highest 
iwint of the sphere. Find the greatest possible length of the string 
If the angle of friction is equal to a, and the friction of the string 
can be neglected. (Ex ) 

wood, weight 4 lb., rests on a horizontal plank 6 feet long. 
It IS found that when one end of the plank is raised 2 feet the 
block will just slide ; find the coefficient of friction. If the vertical 
height of the end is increased to 3 feet, find the least force perpen¬ 
dicular to the plank which \vi]l maintain equilibrium. (H.C.) 

18. A plane is inclined to the horizontal at an angle of 30°; on it is a 
load of 40 lb. Find the force parallel to the plane which will pre- 
vent the load slipping down. If the plane is rough, the coefficient 
of friction being J, find the least force parallel to the plane which 
will just drag the load up the plane. (H.C.) 

* 9 * The force P acting along a rough inclined plane is just sufficient to 
maintain a body on the plane, the angle of friction A being less than 
a, the angle of the plane. Prove that the least force, acting along 
the plane, sufficient to drag the body up the plane, is 


20. 


P sin (g -f A) 
sin (g — A)* 


(IE.) 


A body of weight rests on a rough plane of inclination g. Show 
wat the least mag^tude of a force that will move it up the plane 
18 W' sin (g A), where A is the angle of friction. If the direction 
of the force be kept constant, show that if g>A the magnitude of 
the force may be reduced to W sin (g — A) sec 2 A before the body 
moves down the plane. (C.W.B.) 
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PARALLEL FORCES—MOMENTS—COUPLES. 

§ 36. In the previous chapter we have considered the action of 
forces on a particle. We shall now begin to consider the action of 
forces on a rigid body. In these cases it is evident that we may 
have to find the resultant of two forces which are parallel and not 
in the same straight line. Since such forces do not meet in a point 
we cannot obtain their resultant by direct application of the paral¬ 
lelogram of forces. The rules for obtaining the resultant for parallel 
forces are, however, obtained from the parallelogram law as in the 
next two paragraphs. 

Two parallel forces are said to be like when they act in the same 
direction ; when they act in opposite parallel directions they are 
said to be unlike. 

§ 37, To find the Resultant of two like Parallel Forces acting on 
a Rigid Body. 

F O F 

E F A 


H 


Fig. 27. 

Let P and Q be the forces acting at points A and B (Fig. 27 ) of 
the body, and let them be represented by the lines AC and BD. 

At A and B introduce two equal and opposite forces, F, acting 
in the line AB^ represented by AE and BG. The introduction of 
th^e forces will not disturb the action of P and Q since, the body 
being rigid, the force F at may be supposed transferred to F, 
where it would balance the other force F. Complete the parallelo¬ 
grams AEHC and BGKD, and produce the diagonals HA, KB to 
meet at O. Draw OL parallel to AC or BD to meet AB in L. 

The forces P and F at .^4 have a resultant represented by AH 
which may be supposed to act at 0. SimUarly, Q and F at B have 
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a resultant represented by BK which may also be supposed to act 

at 0. 

These forces may now be resolved at 0 into their components 
P along OL, F parallel to AE, and Q along OL, F parallel to BG. 
The two forces F are in equilibrium. 

Hence the original forces P and Q are equivalent to a force 

(■P + Q) acting along OL, i.e. acting at L parallel to the original 
directions of P and Q. 

To find the position of the point L. 

The triangles OLA, ACH are similar by construction, 

OL AC P 
‘ ’ LA~CH~ F* 

r. P.LA^F.OL . . . . (i) 

The triangles OLB, BDK are similar, 

OL BD Q 
* LB~ DC~ F* 

Q . LB = F . OL, .... (ii) 
P .LA ,LB, 

i.e. the point L divides AB internally in the inverse ratio of the 
forces. 


§88. To find the 
on a Rigid Body. 


Resultant of two unlike Parallel 


Forces acting 


F 0 F 



Let P and Q be the forces (P being the greater) acting at points 
A and B (Fig. 28 ) of the body, and let them be represented by 
AC and BD. 

At A and B introduce two equal and opposite forces, F, acting 
in the line AB and represented by AE and BG. 

Since the body is rigid these forces will be in equilibrium, and 
will not disturb the action of P and Q. 

Complete the parallelograms AEHC, BGKD, and produce the 
diagonals AH, KB to meet at O. (The diagonals will always meet 
unless they are parallel, which is the case when P and Q are equal.) 
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Draw OL parallel to CA and BD to meet AB produced in L, 
The forces P and F at T have a resultant represented by AH which 
may be supposed to act at 0. Similarly, Q and F at R have a 
resultant represented by BK which may also be supposed to act 
at 0 , 

These forces may now be resolved at 0 into their components, 
P along LO, F parallel to AE, and Q along OL, F parallel to BG. 
The two forces F are in equilibrium. 

Hence the original forces P and Q are equivalent to a force 

(P — Q) acting along LO, i.e. acting through L parallel to F in the 
same direction as P. 

To find the position of the point L. 

The triangles OLA, HE A are similar, 

, 0L_ HE P 
" LA" EA~ F’ 

P.LA=F,0L. 

The triangles OLB, BDK are similar, 

OL BD Q 
' LB ~DK~r 
.. Q. LB ==F , OL, 

P.LA=Q. LB, 

i.e. L divides the line AB externally in the inverse ratio of the forces. 
§39. Case of Failure. 

In the figure of the preceding paragraph, if P = Q, the triangles 

AEH, BGK are equal in all respects. In this case /_HAE = /jGBK 

so that the lines AH and KB being parallel will not meet at any 

pomt such as 0, and the construction fails. Hence when the two 

forces are equal, unlike, and parallel there is no single force which 
is equivalent to them. 

Such a pair of forces constitute what is called a Couple. 

The properties of couples will be considered later (Paras. 60 and 

61). 


§ 40. Centre ot Parallel Forces. 



Fig. 29. 

Let a system of like parallel forces W,. W. W 
points A„ A„ A, . . . (Fig. 29 ). ' 


. act at the 
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The resultant of the forces W^, acting at *4^ and is equal 
to A- 1 F 3 » and always passes through a point G, in (such 

that . Gj^j = . GjAj) in whatever common direction the two 

forces act. Similarly, the resultant of like parallel forces IF, -f- 
at Gj and at A 3 is equal to IVj + IFj + and always passes 
through a fixed point Gj in G^Ag. 

Hence, provided all the forces are like and parallel, their resultant 
is equal to the sum of the forces and always passes through a point 
whose position is fixed relative to A^, Ag. etc. Its position does 
not depend on the common direction of the parallel forces. 

This point is called the Centre of the Parallel Forcesi, and it is 
evident that the above argument holds whether the forces are all 
in one plane or not. 


§41. A very important application of the theorem of the pre¬ 
ceding paragraph occurs in connection with the weight of a body. 
Every particle of matter is attracted towards the centre of the 
earth. This force of attraction is proportional to the mass of the 
particle, and is called its weight, 

A body may be considered as made up of a very large number 
of particles, and if the size of the body is small compared with that 
of the earth, the forces on all the particles of it will be very nearly 
parallel. 

For bodies of ordinary size we shall consider them as being 
absolutely parallel. 

Hence the points A|, Ag, etc., in the figure of the last paragraph 
may be taken to represent the particles of the body, and as the 
weights of these particles form a system of parallel forces, their 
resultant (which is equal to the weight of tlje body) always passes 
through some point G. whose position relative to the body is fixed 
in whatever position the body be placed. This point is called the 
Centre of Gravity or Centre of Mass of the body. 

It will be seen later that this point need not be a point in the 
body itself. 

The position of the centre of gravity for bodies of various shape 
will be considered in Chapter VII. 

For some simple bodies the position is easy to determine, e.g. 
a uniform thin rod, a rectangle or parallelogram, a triangle. As 

these cases occur in a large number of problems, we shall consider 
them now. 


§ 42. Centre of Gravity of a Thin Uniform Bod. 

Since the rod is uniform equal lengths of it, however small, 
have the same weight. 



36 


INTERMEDIATE MECHANICS 


Let AB (Fig. 30) represent the rod, and let G be its middle point. 

A P G Q. B 
Fig. 30. 

Take any point P between G and A, and a point Q between 
G and B, such that PG = GQ. 

The centre of gravity of equal particles of the rod at P and Q 
is evidently at G, since the resultant of equal like parallel forces at 
P and Q paisses through G, 

Also for every particle such as P between G and A there is 

an equal particle at an equal distance from G, l5dng between G 
and B. 

The centre of gravity of each of these pairs of particles is at G, 
and hence the centre of gravity of the whole rod is at G. 

It wUl be noticed that the direction in which the parallel forces 
(the weights of the particles) act makes no difference ; i.e. the 
resultant of the weights of ail the particles passes through G in 
whatever position the rod is placed. 


§ 43. Centre of Gravity of a Thin Plate or Tiftminn 
Parallelogram. 



B F C 


Fig. 31. 


Let ABCD (Fig. 31) be the parallelogram. Suppose it is divided 
l^to ^very large number of very narrow strips, such as PQ, parallel 

Each of these strips may be considered as a thin uniform rod, 

and its centre of gravity wiU be at its middle point Gj. 

Hence the centre of gravity of the whole figure will lie on the 

Une joming the middle points of the strips, i.e. the line EF joining 

the middle points of AD and BC. Similarly, by supposing the 

fi^re divided into strips parallel to AB, we see that the centre 

o gravity must lie on the line joining the middle points oi AB 
and DC. 


The centre of gravity is therefore at G. where these lines inter- 

sect. G IS also, of course, the ■point of intersection of the diagonals 
of the parallelogram. 
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§ 44 . Centre of Gravity of a Thin Triangular Plate or Lamina. 
Let ABC (Fig. 32) be the triangular lamina. 



Fig. 32. 

Suppose it is divided into a very large number of strips, such as 
Bfi^ parallel to BC. 

The centre of gravity of each strip is at its middle point. Hence 
the centre of gravity of the whole triangle lies in the line joining 
the middle points of the strips, i.e. in the median AD. 

Similarly, by supposing the strips taken parallel to A C, we see 
that the centre of gravity lies in the median BE. The centre of 
gravity is therefore at G, the point of intersection of the medians. 

We know from Geometry that this point is J of the way up each 
median, i.e. DG ~ 


§ 45 . The centre of gravity of any uniform triangular lamina is the 
same as that of three equal particles placed at the vertices of the triangle. 


A 



Let i 4 j 5 C (Fig. 33) be the lamina. The resultant of like parallel 
forces, each equal to W acting at B and C, is a parallel force 2W, 
acting through D, the mid-point of BC. The resultant of like parallel 
forces 2W at D and IT at A is a force 3W acting at G in AD, 
where AG ~ zGD. Hence G, which is the centre of gravity of 
three equal particles placed at A, B, and C, lies in AD and GD = ^AD, 
I.e. it is the same point as the centre of gravity of the lamina. 
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EXAMPLES VI. 

1. Like parallel forces of 4 and 7 lb. wt. act at points A and B, which 
are 22 inches apart. Find the magnitude of their resultant and the 
point in which it cuts AB. Find also the magnitude of the resul¬ 
tant and the point where it cuts AB produced if the forces are 
unlike. 

2. Like parallel forces of 9 and 12 lb. wt. act at points A and B which 
are 42 inches apart. Find the magnitude of their resultant and the 
point in which it cuts AB. Find also the magnitude and position 
of the resultant when the forces are unlike. 

3. Unlike parallel forces of 12 and 8 lb. wt. act at points A and B, 
which are 12 inches apart. Find the magnitude of the resultant 
and the point where it cuts AB produced. 

4. The resultant of two parallel forces, one of which is 8 lb. wt., is 
20 lb. wt., and acts at a distance of 6 inches from the 8 lb. force. 
Find the magnitude of the other force and the distance of its line 
of action from the 8 lb. force. 

5. Find the magmtudes of two like parallel forces, acting at a distance 
of 4 feet apart, which are equiv^ent to a force of 20 lb. wt. acting 
at a distance of 1 foot from one of the forces. 

6. Four equal like parallel forces act at the corners of a square ; show 
that their resultant passes through the centre of the square. 

7. Three equal like parallel forces act at the vertices of a triangle ; 
show that their resultant passes through the point of intersection 
of the medians of the triangle. 

8. Like parallel forces of magnitudes P, P, 2P act at the vertices A, B, 
C respectively of a triangle ABC. Show that their resultant passes 
■^rough the middle point of the line joining C to the mid-point of 

^ ^ parallel forces. If Q is moved parallel to itself, 

through a distance x, prove that the resultant of P and Q moves 

through a distance _. 

"t* Q 

10. Three equal like parallel forces act at the middle points of the sides 
of a triangle; show that their resultant passes through the point of 
intersection of the medians of the triangle. 

§ 46. Moment of a Force. 

In the case of forces acting on a particle we only have to consider 
their effect in moving the particle as a whole. When, however, a 
system of forces is acting on a rigid body, they need not meet in a 
point, and may tend to rotate the body as well as move it along, 
a single force acts on a rigid body, of which one point is fixed, 
en, unless the line of action of the force passes through the fixed 
point It will tend to turn the body about that point. This intro- 

uces t e loea of the turning effect or moment of a force which is 
usually defined as follows :— 
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§ 47. The moment of a force about a given point is the product of the 
force and the perpendicular drawn from the given point to the line of 
action of the force. 


P 

Fig. 34. 

, Thus the moment of a force P, whose line of action is as shown 
IJ' Tig. 34 , about a point O, is P x ON, where ON is the perpendicular 
drawn from O to the line of action of P. 

It is clear that if the line of action of P passes through 0 its 
moment about that point is zero. 

If 0 is a fixed point in a body, whose section by a plane contain¬ 
ing 0 and the line of action of P is shown in the figure, the product 
P X ON is a measure of the tendency of P to turn the body about 
0. The turning power is increased if either (i) P is increased, or 
( 2 ) its distance from O is increased. 

The moment of a force about a given point may be positive or 
negative, according to the direction in which the force tends to 
turn the body about the point. 

In the figure the force P tends to turn the body in a direction 
opposite to that in which the hands of a clock move. In such cases 
the moment is said to be positive. If the force tends to turn the 
body in a clockwise direction its moment is said to be negative. 

M^en a number of forces are acting on a body the algebraic sum 
of their nwmenU is obtained by giving the value of each moment its 
proper sign and adding them together. 

§ 48. Graphical Representation of a Moment. 



0 



A N P B 

Fig. 35. 


length AS marked off on the line of action of the force P 
(Tig. 35 ) represents the magnitude of P, then the moment of P 
about 0 is represented hy AB x ON. 

But the area of the triangle AOB is \AB x ON, hence twice the 
^ea of the triangle AOB represents the moment of P about 0. 
We shall now use this graphical method of representation to prove 
the fundamental theorem on the moments of coplanar forces. 
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§ 49. The Algebraic Sum of the Moments of two Forces about any 
point in their plane is equal to the Moment of their Resultant about 
that point. 

There are two cases to be considered. 

I. Let the forces meet in a point. 



o. 



Fig. 36B. 


Let the forces be P and Q, acting at ^4, as shown in Fig. 36 A and b, 
and let 0 be any point in their plane. 

Draw OC parallel to direction of P to meet the line of action of 

pin C. 

Take the length to represent the magnitude of Q, and on 
the same scale let AB represent P. 

Complete the parallelogram ABDC, and join OA, OB. 

AD represents the resultant R oi P and Q. 

In either figure, 

the moment of P about 0 is represented by 2 /^AOB, 

»• »» Q ft 0 ,, ,, 2 A ^4 OC t 

It It R ,, O ,, ,, 2 /\A0D. 

Also /\A0B = ^ADB, same base and parallels. 


In Fig. 36 A the moments are both positive, and their algebraic 


sum is represented by 


4 


2/\A0B H- 2A^0C = 2 A^DC -h 2A-40C 

= 2f\0AD — moment of R. 


Fig- 36 B the moments are in opposite directions, that of P 
being positive and Q negative ; their algebraic sum is represented by 

21\A0B - 2 i^AOC = 2 A^DC - 2i^A0C 

= 2i\0AD 
— moment of R. 

2 . Lei the forces be parallel. 

Let P and Q be two parallel forces acting as in Fig, 37 A and B 
and O any point in their plane. 

Draw OAB perpendicular to the forces to meet their lines of 
action in A and B, 
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The resultant R (equal to P + ^) is parallel to P and Q, and 
acts through a point C in such that 

P . AC = Q CB. 



Fig. 37A. Fig. 37B. 


In Fig. 37 A the sum of the moments of P and Q about 0 is 

P .OA A'Q-OB 
= P{OC -AC) A- Q(OC + CB) 

= (P + Q)OC -p .AC A-Q .CB 
= (P + Q)OC 
= moment of R about O. 

In Fig. 37 B the sum of the moments of P and Q about 0 is 

P .OA -Q .OB 
= P(OC -f ^C) - Q(BC - OC) 

- (P + Q)OC A-P -AC -Q .BC 
= (P + Q)OC 
= moment of R about 0. 

§ 60. If the forces form a couple there is no single resultant and 
the theorem does not hold. 

In this case it is easy to show that the sum of the moments is 
the same about any point in the plane of the forces. 



Fig. 38. 

P» P be the forces acting as shown in Fig. 38 , and let 0 be 
any point in their plane. 

Draw OAB perpendicular to the forces to meet their lines of 
action in A and B. 

The sum of the moments about O is 

P .OB — P ,OA 
= P(OB - OA) 

P.AB, 

and this is independent of the position of 0, 
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The product P . AB, where P is the magnitude of either of the 
forces of the couple, and AB is the perpendicular distance between 
the forces, is called the Moment of the Couple. 

It should be noticed that the moment of a couple is equal to the 
moment of either of the forces of the couple about any point in the 
line of action of the other. 

§51. It is evident that the theorem of paragraph 49 may be 
extended to any number of forces which have a single resultant. 
For the theorem holds for any two of the forces not forming a 
couple ; it also holds for the resultant of these two and any other 
of the forces not forming a couple with it, and so on until all the 
forces have been taken. The resultant of all the forces but one 
cannot form a couple with this last force since we are assuming 
that the system has a single resultant. 

We thus arrive at the general Principle of Moments, which may 
be stated as follows :— 

If any number of coplanar forces acting on a rigid body have a 
resultant, the algebraic sum of their moments about any point in their 
plane is equal to the moment of their resultant about that point. 

§ 62. If a system of coplanar forces is in equilibrium their resul¬ 
tant is zero, and its moment about any point must therefore be 
zero. 

Hence, when a system of coplanar forces is in equilibrium the 
algebraic sum of their moments about any point in their plane is zero. 

The converse of this is not necessarily tnie. For since the 
moment of a force about any point in its own line of action is zero, 
the sum of the moments of a system of coplanar forces about any 
point in the line of action of their resultant is zero. Hence, the 
fact that the sum of their moments about a point is zero does not 
necessarhy mean that they are in equilibrium, the point might be 
on the line of action of their resultant. 

EXAMPLES VII. 

1. equilater^ triangle ABC is 8 inches high, it has forces of 2, 4, and 
8 lb. wt. acting along the sides AB, BC, CA respectively. Find the 
moment of this system of forces about each angular point. (C.E.) 

2. Four forces, 3 lb. wt., 4 lb. wt., 5 lb. wt., and 6 lb. wt. respectively, 

act in a clockwise direction along the sides of a square, each side of 
which is 20 inches long. Find the value of the moments of these 
forces, alwut (a) the centre of the square, and (6) the point of inter¬ 
section of the forces 3 lb. wt. and 6 lb. wt. State clearly the units 
of the answer. (C.E.) 

3. For<^s of 4, 5, and 6 lb. wt. act along the sides BC, CA, AB of an 
equilateral triangle ABC of side 2 feet in the directions indicated by 
the order of the letters. Find the sum of their moments about the 
point of intersection of the medians of the triangle. 
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4. Four forces of 2, 4. 2, and 4 lb. wt. act along the sides AB, CB. DC, 
DA r^pectively of a square A BCD of side 3 feet. Find the sum 
of their moments (i) about A, and (ii) about the centre of the square. 

5. A, B, C, D are four points in order in a horizontal line at equal dis¬ 
tances of I foot apart. A force of 2 lb. wt. acts at B perpendicular 
to AD and downwzirds ; a force of 4 lb. wt. acts at C upwards in a 
direction making an angle of 30® with CD ; and a force of i lb. wt. 
acts upwards at D perpendicular to AD. Find the sum of their 
moments (i) about A, (ii) about C. 

6. Forces of i, 2, 3. 4, 5, and 6 lb. wt. art along the sides of a regular 
hexagon AB, BC, CD, DE, EF, FA respectively. If the side of the 
hexagon is 2 feet, find the sum of the moments of the forces (i) 
about the centre of the hexagon, (ii) about A . 


§63. The principle of moments is of extreme importance, and it 
will be used continually throughout the remainder of the book. 
In the present chapter we shall illustrate its use in dealing with 
some simple cases where a rigid rod, resting on supports, or pivoted 
about some point, is acted on by forces in addition to its own weight. 

Instead of equating the algebraic sum of the moments to zero, 
It is often convenient to equate the sum of those acting in one 
direction round the point to the sum of those acting in the opposite 
direction. 

Example (i). 


A uniform rod AB, of length 12 ft., and weighing 50 lb., rests on two 
supports, one at A and the other 2 ft. from B. Weights of 4, 5. and 10 lb. 
are attached at points 2 ft., 4 ft., and 8 ft. respectively from A. Find the 
pressures on the supports. 



C (Fig. 39) be the position of the other support, G the centre of 
gravity of the rod, D, E, F the points where the weights are attached, 
and R, S the reactions at A and B. 

The weight of the rod acts at G. 

•Taking moments for the rod about A, 

loS — 4x2-1-5x4-1-50x6-1-10x8 
8 -F 20 -|- 300 -f 80 
= 408, 

S 40*8 lb. wt. 
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Taking raoraents about C, 

loR -=10x2 + 50x44-5x6 + 4x8 
= 20 + 200 + 30 + 32 
= 282 

R = 28*2 lb. wt. 

Since we know that the sum of R and S must equal the sum of all 
the weights {including that of the rod), we might have obtained R by 
subtracting 5 from this total (69). In practice it is better, however, to 
find each reaction separately, and the fact that their sum must equal 
that of the weights provides a check on the working; otherwise a mis¬ 
take in calculating the first will cause both results to be wrong. 

Example (ii). 

A uniform beam is 12 feet long and weighs 50 lb., weights of 30 and 
40 lb. are suspended from its ends ; at what point must the beam be sup¬ 
ported so that it may rest horizontally ? 


A C 

5 X or B 


’ 


30 50 40 

Fig. 40. 

Let AB (Fig. 40) be the beam, G its centre of gravity. 

The required jxjint X is the point about which the moments of the 
three weights of 30, 40 and 50 lb. balance. 

Let BX = X, then, taking moments about X, 

^ox = 50(6 — x) + 30(12 — X) 

= 300 — 50X + 360 — ^ox, 

.*. i2o;r = 660, 

X ^ ft. 

We can also obtain this position of X by taking moments about one 
end of the rod. The resultant of the three weights acts at X and its 
magnitude is 120 lb. wt. 

Hence, taking moments about B, 

1-20X = 50 x 6 + 30 X 12 
= 300 + 360, 

I20;r = 660, 

^ ft. 


Example (iii). 

A uniform rod AB, 12 feet long and weighing 50 lb., is pivoted at a 
point 3 ft. from A. A weight of 200 lb. is suspended from A . What force 
applied at B, in a direction perpendicular to the rod, will keep it in equili¬ 
brium with A below B and AB inclined at 60® to the horizontal? 
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Let G (Fig. 41 ) be the middle point of the rod. C the position of the 

pivot. 


B 

P 


50 


Fig. 41. 

The rod will be in equilibrium when the sum of the moments about 
C of the weight acting vertically through G and the force P acting at 
B perpendicular to AB, is equal to the moment of the 200 lb. weight 
about C. 

To obtain the moments of the 50 lb. and 200 lb. weights about C, 
we must find the perpendicular distances of their lines of action from C. 

The perpendicular distance of the line of the 200 lb. weight is 3 cos 60®, 
and this is also the distance of the line of the 50 lb. weight. 

The perpendicular distance of the line of P from C is 9. 

qP + 50 X 5 == 200 X L 
• •• 9F = 300 — 75 = 225, 

P = 25 lb. wt. 

EXAMPLES VIII. 

1. A uniform rod, 18 inches long and weighing 10 lb., rests horizontally 
on supports at its ends ; if a weight of 3 lb. is attached at a point 
12 inches from one end, find the pressures on the supports. 

2. A uniform beam AB, 20 feet long and weighing 40 lb., rests on two 
support, one at A and the other 4 feet from B. If a weight of 
20 lb. is attached to the beam at a point 12 feet from A, find the 
pressures on the supports. 

3. Two men carry a load of 2 cwt. which hangs from a light pole of 
length 8 feet, each end of which rests on a shoulder of one of the 
men. The point from which the load is hung is 2 feet nearer to 
one man than the other. What is the pressure on each shoulder ? 

4 * A uniform beam 10 feet long, with a weight of 50 lb. hanging from 
one end, balances in a horizontal position about a point 3 feet from 
this end. Find the weight of the beam. 

5 * Weights of i lb., 2 lb., 3 lb., 4 lb., and 5 lb. are suspended from a 
uniform rod 6 feet long, weighing 3 lb. and supported at its 
ends, at distances of i foot, 2 feet, 3 feet, 4 feet, and 5 feet from A . 
Find the pressures on the supports. 
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6. Weights of i lb., 2 lb., 3 lb., 4 lb. are suspended from a uniform rod 
of length 5 feet and weight 3 lb., at distances of i foot, 2 feet, 3 feet, 
4 feet from one end. Find the position of the point about which 
the rod will balance. 


7. Find the magnitude and line of action of the resultant of parallel 
forces 3, 6, 8 in one direction and 12 in the opposite direction, 
acting at points A, B, C, D respectively in a straight line, where 
AB = 1 foot. BC = 3 feet, CD — 5 feet. 

8. A beam AB. 10 feet long and weighing 6 lb., is supported at A and 
at another point. A load of i lb. is suspended at B, loads of 5 lb. 
and 4 lb. at points 3 feet and 6 feet from B. If the pressure on 
the support at ^ is 4 lb. wt., where is the other support ? 

9. A heavy uniform beam, of length 12 feet and weight 60 lb., is sus¬ 
pended in a horizontal position by two vertical strings, each of 
which can just sustain a tension of 40 lb. wt. Within what dis¬ 
tance from the centre can a weight of 15 lb. be suspended without 
breaking either string ? 


10. A uniform bar AB, of weight 6 lb. and length 2^ feet, rests on two 
supports C and D, distant 4 and 24 inches from A. At points E 
and F, distant 8 and 20 inches from A respectively are suspended 
weights of 14 and 4 lb. Find the reactions at C and D, and the 
moment about the middle point of the rod of all the forces acting 
on the bar to the right of that point. 

11. A uniform rod, of length 6 feet and weight 2 lb., rests in a hori¬ 
zontal position with its ends on two supports, each of which will 
bear a weight of 12 lb. and no more. Find on what part of the 
rod a weight of 17 lb. can be placed without breaking either support. 

(I.S.) 


12. Prove that if a passenger of weight W advances a distance a along 

the top of a motor bus, a weight IF- is transferred from the back 

springs to the front springs, where 6 is the distance between the 
axles. (!•£•) 


13. A uniform bar, 2 feet long and weighing 34 lb., is suspended by two 

vertical strings. One is attached at a point 3 inches from one end, 
and can just support a weight of 18 lb. without breaking; the 
other is attached 4 inches from the other end, and can just sup¬ 
port 20 lb. A weight of 3j lb. is now attached to the rod ; find 
the limits of the positions in which it can be attached without 
breaking either string. (FS.) 

14. Coplanar forces of 10, 3, 7 tons act vertically upwards at distances 

(measured positive to the right) of 5, — 9, 2 feet respectively from 
a fixed point O in their plane. A force of 20 tons acts vertically 
downwards through O. Find the resultant. If the force through 
O be increased to 30 tons, find the resultant. 


15. A rod AB, of length {a b) and weight W, has its centre of gravity 
at distance a from A . It rests on two parallel knife edges at dis¬ 
tance c apart in the same horizontal plane, so that equal portions 
of the rod project beyond each knife edge. Prove that the pres¬ 
sures on the knife edges are respectively —~ ^ 




2 C 


2 C 


(I.E.) 



MOMENTS, examples 


47 


16. A heavy uniform rod, of weight 20 lb. and length 4 feet, is sup¬ 

ported in a symmetrical position by two props 3 feet apart. A 
weight of 4 lb. is now suspended from one end of the rod. Calcu¬ 
late the pressures on the two props. (H.S.D.) 

17. A light horizontal rod, 12 inches long, is supported by two vertical 

props, each 3 inches from an end of the rod, and is loaded with 
16 lb. at each end. What weights hung from the ends w’ill produce 
in one prop a pressure double and in the other prop a pressure half 
of that produced by the 16 lb. weights ? (H.C.) 

18. Eight feet of a plank. 24 feet long and weighing 200 lb., project over 

the side of a quay. What weight must be placed on the end of the 
plank so that a man weighing 150 lb. may be able to walk to the 
other end without the plank tipping over ? (H.C.) 

19. A horizontal beam A BCD rests on two supports at B and C, where 

AB = BC = CD. It is found that the beam will just tilt when a 
weight of p lb. is hung from A or when a weight of q lb. is hung 
from D. Find the weight of the beam ; and prove that its centre 
of gravity divides AD in the ratio 2p q '■ p + 2q. (H.C.) 


20. A uniform beam AB is 6 feet long and weighs 24 lb. It rests on 
two vertical supports at C and D, CD being a distance of 3 feet and 
the pressures on the supports at C and D are 16 lb. wt. and 8 lb. 
wt. respectively. Find the lengths oi AC and DB, assuming that 
A is nearer to C than D. (H.C.) 


21. A uniform beam rests in a horizontal position supported at a point 

distant 2 feet from one end, and carrying a weight of 10 lb. sus¬ 
pended from this end. The pressure on the support is 30 lb. wt. 
Determine the weight and length of the beam. (H.C.) 

22. A stiflf heavy rod ABGCD, w’hose weight is 12 lb. and whose centre 
of gravity is at G, is suspended by vertical strings attached to B 
and C, each of which could just support the weight of the rod. 
AB = 2 inches ; BG = 3 inches ; GC = 4 inches ; CD = 3 inches. 
Find the tensions in the strings when weights of lb., lb. 
are suspended from A and D respectively, and find the values of 

and when both strings are on the point of breaking. (I.S.) 

23. A uniform beam, 12 feet long and weighing 50 lb., rests on two sup¬ 
ports at equal distances from the ends. Find the maximum value 
of this distance so that a man weighing ii stone may stand any¬ 
where on the beam without tilting it. 




A uniform plane lamina in the form of a regular hexagon ABCDEF 
is free to rotate in its own plane which is vertical about its centre 
O. Masses of i, 2, 3, 4, 5, and 6 lb. are attached to the vertices 
A. B. C, D, E. F respectively. Find the inclination of AD to the 
vertical for which the system is in equilibrium. (N.U. 3 and 4.) 


A light horizontal rod, 20 feet long, is loaded with three 10 lb. weights 
at points respectively 3, 7, and 15 feet from one end, and it is 
subject to an upward thrust equal to 5 lb. wt. at the mid-point. 
Find the resultant of these parallel forces acting on the rod, and if 
the rod is supported at its two ends deduce the pressures on the 
supports. (C.W.B.) 
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§ 54. A lever consists essentially of a rigid bar which can turn 
about a fixed point called the Fulcrum. 

The principle of the lever was known to Archimedes ( 287-212 
B.C.), and until the sixteenth century, when the Parallelogram 
of Forces was discovered, it was the fundamental principle of 
Statics. 

This principle is simply the principle of moments, i.e. the lever 
will be in equilibrium when the algebraic sum of the moments about 
the fulcrum of the forces acting on it is zero. 

We shall now consider some practical forms of lever. 

§ 55. The Balance. 



This consists essentially of a rigid beam as in Fig. 42 , where the 
extremities of the dotted line AB represent the points where the 
scale pans are attached. 

The fulcnim is usually a knife edge made of agate fixed through 
the beam and resting on an agate plate at O. 

The scale pans hang from agate plates which rest on agate 
knife-edges at the points A and B. 

The beam is constructed so that its centre of gravity G is below 
the line AB, and the fulcrum 0 is placed very close to in such 
a manner that, when the beam is horizontal, G and H (the middle 
point of AB) are vertically below 0. This ensures that when the 
beam is horizontal the weights of the scale pans and their contents 
act at equal distances from the fulcrum. 

This is expressed by saying that the arms of the balance are 
equal, a most important point. 

A pointer, rigidly attached to the beam and at right angles to 

AB, moves over a fixed scale 5, to show whether the beam is hori¬ 
zontal. 

The weights of the scale pans and their attachments must be 
equal. We shall now show that, when these conditions are satisfied, 
the beam can rest only in a horizontal position when equal weights 
are placed in the pans, and that it can rest inclined at a definite 
angle to the horizontal when the weights are unequal. 

The points A,B, 0, and G are represented in Fig. 43 , where 
the beam AB is inclined at an angle 6 to the horizontal. 
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Let P = the weight of each scale pan. 

W — the weight of the beam. 

Wi, IV^ — the weights placed in the pans. 

a = the length of each arm (i.e. AH = BH = a), 
h = OH. 
k = HG. 


A 
P+W, 

Fig. 43. 

The beam is acted on by forces 

P + W^, P + W^, vertically downwards at A and B. 

W vertically downwards at G, 

and the vertical upward reaction at 0. 

In the figure the angle LOH — 6, AN = a cos Q, LH = h sin 0, 
and the distance of G from the vertical through H \% k sin 6. 

The distance of (P + Wi) from 0 is AM — a cos 0 — hsm 0. 

,, ,, {P + W.^) ,, O = fl cos 0 + /(sin 0. 

„ >, W „ O = h sin 0k sin 0. 

Taking moments about 0, 

(P -f IVj) (a cos 0 — A sin 0) 

= W(h + k) sin 0 + (B + W^)(a cos 0 ^ h sin 0), 

sin 0[W(h + A) + {i> + Wi^h + {B + Wy)h\ 

= cos 0 [(B + Wi)a - (B + 

. tan(?_ (H-x - W,)a _ ___ 

■ {W^ A-W^A- 2P)h A- mh + ky 

This result shows that if the weights in the pans are equal, i.e. 
Wi = W^, 0 is zero, and the beam can only rest in a horizontal 
position. 

If the weights are slightly different the beam will rest at a definite 
angle to the horizontal. 

It should be noticed that if h and k were both zero, i.e. if the 
centre of gravity of the beam and the centre of suspension coincided 
in the line AB the beam could rest in any position when equal 
weights were placed in the pans, and could rest only in a vertical 
position if the weights were different. 
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§ 66. The requisites of a good balance are that it must be 

(i) trite, (ii) sensitive, fiii) stable, (iv) rigid. 

(i) The balance will be true if the arms are equal, the weights 
of the scale pans be equal, and if the centre of gravity of 
the beam, the middle point of the beam, and the fulcrum 
are in a straight line perpendicular to the beam, 
a sensitive balance the beam must, for a very small 
difference between the weights in the scale pans, be 
inclined at an appreciable angle to the horizontal. Using 
the result obtained in the last paragraph, the ratio 
tan 9 

^ ^ may be taken as a measure of the sensitiveness, 

which is therefore equal to 


(ii) In 


a 

{W^ + + 2P)h + W{h + k)' 

This expression shows that the sensitiveness diminishes as the 
weights increase. 

If, however, h = o, i.e. if the knife edges are in a straight line, 
the sensitiveness becomes 


a 

Wk' 

and is independent of the weights in the pans. 

This condition is usually aimed at, but the slight bending of the 
beam prevents its being attained exactly. 

For given weights the sensitiveness increases with a, i.e. with 
the length of the arms ; it also increases as W decreases, so that it 
is an advantage to have a long light beam. Too light a beam 
might mean loss of rigidity, and in better balances the beam is usually 
of an open girder type. 

Diminishing k also increases the sensitiveness. 

(iii) Stability affects the time taken for the balance to come to 
rest at its position of equilibrium, and is really a dynam¬ 
ical question. Actually the condition is best satisfied 
when the moment of the forces about O is greatest, i.e. 
if IFi is the weight in each pan, when 

[ 2 {P -b W^h W{h A)] sin 9 is greatest. 

This is the case when h and k are greatest for a given value of 6. 

Since the balance is most sensitive when h and k are small, and 
most stable when they are large, it is clear that great sensitiveness 
and quickness in weighing cannot be attained together. 

§ 67. If a balance is not true and the cause is only that the scale- 
pans differ in weight, the error can be adjusted by putting pap)er 
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or sand in the lighter pan or by means of a small screw working in 
the end of the beam near the points where the pans are attached. 

If the arms of the balance are unequal no adjustment of this 
kind will make it true. 

matever the cause of inaccuracy, however, the correct weight 
of a body can be obtained as follows:— 

Place the body in one pan and balance it by placing sand in 
the other pan. 

Remove the body and put weights in the pan untU they balance 
the sand. 

These weights must be equal to the weight of the body 

This is sometimes called Borda’s method. 

§ 68. Double Weighing. 




A a, 6 0^2 B 

P| P2 

Fig. 44. 

Let the lengths of the arm be a„ a^, and the weights of the pans 
/'i and Suppose that the weight of the beam acts at a distance 
* from the fulcrum 0 (Fig. 44 ) but that the beam remains hori- 
zontal when the balance is unloaded. 

-^1^1 ^Wx-t . (i) 

W, on P, requires a weight on P, to 

make the beam horizontal, 

(-P. + = Wx+ (P, + W,}a^ . . (ii) 

in p ^3 which must be put 

m Pj to balance it, 

Frnm = Wx+ (P, + 

From 1 and (ii), = W.a,. 

From (X) and (iii), = IF.a' 

i^rom these equations W^^WW 

body is the geometric mean of the weights 
^ o balance it when it is placed in each pan in turn. Also 


(iii) 


a 


e 




giving the ratio of the arms. 
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§ 59. The Common Steelyard. 

B 


P 

Fig. 45. 

This consists of a heavy rod AB (Fig. 45 ) supported at a fixed 
fulcrum 0 , nearer to one end than the other. 

A scale pan is attached to the end of the shorter arm to carry 
the body whose weight is required. A movable weight w can slide 
along the longer arm OB, which is graduated. 

Let P = the weight of the scale pan. 
a = OA. 

Q := the weight of the rod, acting at G. 
h = OG, 

Let C be the point at which w must be placed to keep the rod 
horizontal when there is no weight in the scale pan, and OC = c. 

Then wc Pa A-Qh , . . . (i) 

If a weight W be placed in the scale pan, and x be the distance 
from C at which w will balance it, 

w(c + x) = (P -I- w)a A’Qb , . . (ii) 

From (i) and (ii) wx = Wa. 

Hence if from C we mark off distances a, za, 3 a, etc., a weight 
in the pan which balances w at the first mark is equal to w, if it 
balances at the second mark its weight is 2 w and so on. 

If w = 1 lb., the graduations correspond to pounds in the pan, 
and they can be subdivided to show ounces. 

At a distance 14 a from C the sliding weight is equivalent to 
14 lb. in the pan, i.e. the steelyard can weigh anything between 
o and 14 lb. In many cases a carrier is attached to the end of the 
longer arm, and slotted weights can be placed on the carrier. 

In this case C will again be the point at which the sliding weight 
w must be placed to keep the rod horizontal, when there is no 
weight in the pan. 

The graduations are made in the same way as before, but if w 

is at C, a weight X on the carrier will balance a weight W on the 
pan if 



X .OB .OA. 
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In this way a sinaU weight of about i ]b. may be made equivalent 
to a stone {14 lb.) in the scale pan. 

§ 60. The principle of the lever is made use of in many practical 
appliances. The usual object of these is to exert a large force at 
one pomt by applying a smaller force at another point. 

A 1 C 20 B 


t0\h. 


♦ 

11 b. 


Fig. 46 . 


Th^ with a bar AB pivoted at C, where BC = 20 . AC (Fie. 46 I 
a weight of 20 lb. at .4 can be supported by a force of i lb. wt. at 
B, Md a shghUy greater force will lift the weight at A. 

cutting pliers are examples of double levers of this 

a w2gft'ofti1b^ yt '""^ 

or a beam with one end on the ground used 
tor hftmg a heavy girder are examples of this arrangement. 

A pair of nut-crackers is one example of a double lever of this 
type used for producing a large crushing force at C 

If AB is pivoted at A and a force F appUed to C, it can only 

L nir. ^ distance moved by C, and this arrangement 
b movement, e.g. in the treadle of a lathe the foot 

able distance by a small movement of the foot. 

EXAMPLES IX. 

tte*^u°atio^ for “ro marks and the distance between 

steeled shding weight are determined in a common 

th“ Wr aJi^? i.® * if 2 or. at the end of 

shorter steelyard balances lo lb. at the end of the 
fraction oTZ len^h ®hjrag weight is at the zero mark, find what 
graduatioL^L^ *® the distance between the 

^ the end of the ^ consecutive pounds 

the ce^e of ^ balance be not immediately above 

obtained by ^^iphi^equal, a correct result is 
taking the arithmp^*-i<? body alternately in the two pans and 

iu addition tL ^how further that if, 

span being /^*^then unequal and differ by an amount A. the total 
S tnen. to obtam a correct result the arithmetic mean 

diminished by where l^i. W, are the apparent 

weights m the two cases. 

VOL. II -c 
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3. A weighing machine is constructed £is follows : A stiff beam A BCD 

is pivoted at C, BC being less than CD. Equal rods BF, DE are 
suspended from B and D. and their ends F and E are joined by a 
rod of length equal to BD, the rods being freely jointed at B, D, 
E, F : a. scale pan is attached to the middle point of FE. The 
counterpoise is a weight P which can slide along AC. If M is the 
position of P when the machine is in equilibrium without any load, 
show how to graduate the machine. (I A.) 

4. A tradesman has a pair of scales, which do not quite balance, and 

makes them balance by attaching a small weight to one of the pans. 
Show that if he tries to serv’e a customer with any weight of a com¬ 
modity by weighing part of it against half the weight on one pan, 
and the rest against half the weight in the other pan, he will always 
cheat himself. (H.S.C.) 

5. A uniform rod 3 feet long is smoothly pivoted on a fixed horizontal 
peg at its centre C ; strings attached to its ends A and B pass re¬ 
spectively through fixed smooth rings A' and B' and carry weights 
of 14 lb. each ; .< 4 ' is vertically above C and B' vertically below C, 
each being 18 inches from C. A weight of x lb. is hung on the rod 

A. Prove that if rod is to rest in other than a vertical position 
X must not be less than a certain value, and determine for what value 
of X the rod will be in equilibrium in a horizontal position. (I.A.) 

6. A balance having light arms of unequal length and scale pans of 
unequal weight does not balance when unloaded. A body known to 
weigh a lb. appears to weigh x lb., another body known to weigh 
b lb. appears to weigh y lb. Show that the true weight of a body 
which appears to weigh z lb. is 


— ay -b (a — b)z 

^-y 



(H.S.D.) 


7- A heavy non-uniform bar of length 10 feet can be balanced about its 
middle-point when a mass of 4 lb. is suspended from one end; if a 
mass of 12 lb. is suspended from the same end. the bar will balance 
about a point i foot from the centre. Find the weight of the bar 
and the position of its centre of gravity. Show how the bar might 
be graduated as a steelyard with a movable fulcrum, and prove 
that the distances of the graduations measured from the end at which 
the masses are weighed form a series in harmonical progression. 

(I-E.) 

8. Two uniform rods AB, BC of the same material and thickness are 

rigidly jointed together at B so that the angle ABC is 120®. The 
bent lever so formed is then pivoted at B so that it is free to turn 
in a vertical plane, and in the position of equilibrium BC is hori¬ 
zontal. Show that if a weight is attached to C so that in equilibrium 
AB becomes horizontal this weight must be if of BC. (I.S.) 

9. ABC is a horizontal lever pivoted at its middle point B and carrying 
a scale pan of weight at C ; is a light bar pivoted at A to 
the lever and at D, vertically above to a horizontal bar FDE 
which is freely movable about its end F, which is fixed. The weight 
of this bar is W |, and its centre of gravity is at a distance d from F 
and FD = c. Show how to graduate this bar with a movable weight 
w for varying weights W placed in the scale pan at C. If inch grad- 


COUPLES 


65 


nations correspond to lb. weights and w = J lb., hnd the value of c. 
In this case find the relation between and when d = i inch, 
and the 2ero mark is i inch from F. (I*E ) 


§ 61. Compositioii o! Couples. 

We have seen (Para. 60) that the moment of a couple is the same 
about any point in its plane. We shall now prove the following 
theorem which enables us to obtain the resultant of any number of 
couples in one plane. 

Two couples acting in the same plane are equivalent to a single 
couple whose moment is the algebraic sum of the moments of the 
separate couples. 

Case (i). When the lines of action of the forces are all parallel. 


P+Q 

k 


Q 

B F tc 


A E 


t 

P 




V 


Fig 


A7 


Let P, P, Q, Q be the forces of the couples acting as in Fig, 48 
and draw a straight line OABCD perpendicular to their lines of 
action to meet them \x\ A, B, C, D. 

The forces P and ^ at ^ and C are equivalent to a parallel force 
(P -f 9 ) at a point £ in such that P .AE = Q .EC. 

The forces P and Q at B and D are equivalent to a parallel force 
{P + Q) at a point F in BD, such that P. BF ^ Q , FD, and this 
force is in the opposite direction to the first one. 

Hence the couples are equivalent to a single couple. 

Also the moment of the resultant couple 

= the sum of the moments about O of the two forces P 4- 0 
at E and F. 

But the moment of P -f Q at £ about O 

== the sum of the moments about 0 of P at ^ and Q at C. 

Similarly, the moment of P 4- ^ at £ about 0 

= the sum of the moments about 0 of P at £ and Q at D. 

Hence the moment of the resultant couple 

= the sum of the moments of the four forces of the couples, 

= the sum of the moments of the original couples. 
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Case (ii), When the lines of action of the forces are not all parallel. 



Fig. 48. 


I^t P, P, Q, Q be the forces of the couples; and let one of the 
forces P meet one of the forces ^ in 0 (Fig. 48), and the other two 
forces meet in O'. 

The forces P,Q O can be combined into a single force R, and 
so can the forces P and Q at O'. Also these single forces will be 
equal, parallel and opposite, for they are both resultants of forces 
P and Q acting at the same angle but in opposite directions. 

Hence the two couples are equivalent to a single couple. 

Now, the moment of this resultant couple 

= the moment about O of i? at O', 

= the sum of the moments about 0 of P and Q at O', 

= the sum of the moments of the original couples. 

From the case of two couples it follows that any number of 
couples in a plane are equivalent to a single couple whose moment 
is the algebraic sum of the moments of the separate couples. 

§ 62 . From the theorem of the last paragraph we can deduce the 
following:— 

1. Two couples acting in a plane, whose moments are equal and 
opposite, balance one another. 

For their resultant is a couple of zero moment which means that 
the forces of the couple are each zero, or its arm is zero, and in the 
latter case it must consist of two equal and opposite forces in the 
same straight line which are obviously in equilibrium. 

2. Any two couples of equal moment and in the same plane are 
equivalent. 

This follows by reversing the directions of the forces of one of 
the balancing couples in (i). 

A separate proof of (i) is given in the next paragraph. There 
will be two cases according to whether the forces of the two couples 
intersect or are all parallel. 

§ 63 . Case (i). 

Let P, P, Q, Q be the forces of the couples. 

Let one of the forces P meet one of the forces ^ in O (Fig. 49). 
and let the other two forces meet in O'. 
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From O' draw perpendiculars. O'M and O'N, to the forces which 
meet at 0 , 

Since the moments are equal in magnitude, 

P - O’M = Q . O’N. 



Hence O' is on the line of action of the resultant of the forces P 

and Q acting at 0, so that 00' is the direction of this resultant. 

Similarly, the resultant of -f- 0 at 0' is in the direction O'O. 

Now ^ese resultants are equal in magnitude, for the forces at O 

and 0' are equal, and act at the same angle. Hence these resultants 

balance, and the four forces of the two couples are in equilibrium. 
Case (ii). 

Let the forces P, P, Q, Q forming the couples be all parallel. 


PA 


B E C 




t, 


pi 

Fig. 50. 

Let any straight line ABCD (Fig. 50 ). perpendicular to their 
direction, cut their lines of action in A, B, C, D. 

Since the moments are equal in magnitude, 

P.AB = Q.CD . . . . (i) 

The resultant of P at ^ and ^ at D is a parallel force fP + 0) 
acting at E where 

P.AE = Q.ED . . . . (ii) 

By subtracting (i) from (ii) 

P.BE = Q,EC, 

resultant of P at B and O at C acts 
But this latter resultant is also a paraUel force of magnitude (P + Q) 

Md m the opposite direction to the first. Hence they are in equUi- 
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§ 64. /4 force P acting at any point A of a rigid body may be trans¬ 
ferred parallel to itself, to act at any other point B of the body, by intro¬ 
ducing a couple whose moment is Pp, where p is the perpendicular 
distance of B from (he line of action of P. This couple acts so as to 

turn the body about B in the same direction as P, acting at A, tends 
to turn it. 



Fig. 51. 


Let AC (Fig. 51 ) be the line of action of P. 

Apply at B two equal and opposite forces P acting along the line 
through B parallel to AC. 

One of these, the one acting towards the right, is the original 
force P transferred to act at B. 

The other forms with the original force a couple whose moment 
is Pp where p is the perpendicular distance of B from AC. 


§ 65. Example (i). 

Prove that the combination of a couple with a force in the same plane is 
equivalent to changing the position of the line of action of the force. 


a 



Fig. 52. 


Let the couple be formed by two forces P acting at A and B (Fig. 52), 
and let Q be the force acting at C. 

We can replace the couple by any other couple of equal moment in 
the same plane. 

We <^n therefore move the couple, altering the directions of its forces 
and their magnitudes until each of them is equal to Q, so that one of 
them acts at C in the opposite direction to the force Q already acting 
there. The other force of the couple will act at C' where CC' is per¬ 
pendicular to the direction of the original force Q, and CC' ~A B. 

have two forces at C balancing each other, and a single 
iQrce y V • 
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The result is therefore to move the line of action of Q parallel to 
Itself through a distance ^ where M is the moment of the couple. 

Example (ii). 


If three forces acting on a rigid body be represented in magnitude, direc¬ 
tion, and line of action by the sides of a triangle taken in order, they arc 

equivalent to a couple whose moment is represented by twice the area of the 
triangle. 



\ 

V 

N 

E 

Fig. 53. 

triangle and P, Q, R the forces, so that 
P. are represented completely by the sides BC, CA.AB respectively. 

Draw DBE parallel to A C. and introduce at B two equal and opposite 
forces, equal to Q, acting in the directions BD and BE. 

The forces P. R and the force Q acting in the direction BD are in 
equilibrium by the tnangle of forces since they are acting at the point B 

We are thus left with two forces, each equal to Q. acting in the 
directions CA and BE. 

These form a couple whose moment is j? x the perpendicular dis- 
tance of B from CA. 

Also, since CA represents Q, this moment is represented by CA x the 
per^ndicular distance of B from CA, i.e. by twice the area of the triangle 


§ W. So far we have dealt only with coplanar forces, and have 
considered their moments about a point. 

Suppose now that we have a rigid body which is free to rotate 
about some axis fixed in the body. 

Any force (whose line of action is not parallel to. or does not 
pass through this axis) will tend to turn the body about it This 
introduces the idea of the moment of a force about an axis. 

For the present we shall consider only cases where the force is 
periiendiciUar to the axis. In this case the moment of the force 
about the axis is the product of the force and the perpendicular 
distance between the force and the axis. 

By the aid of the follownng theorem we can show that the 
principle of moments holds for moments about a fixed axis. 
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§ 67. The effect of a couple upon a rigid body is unaltered by trans¬ 
ferring it to any plane parallel to its own. 

This will follow if we can show that two equal and opposite 
couples in parallel planes balance. We know that we can alter 
the forces of one couple so as to make them equal and parallel to 
those of the other, and the arms will thus also be parallel and equal. 



Let the forces be each equal to P, AB (Fig. 54 ) being the arm 
of one couple, and CD that of the other. 

All the forces are parallel, and AB is parallel and equal to CD. 

Hence ^ BCD is a parallelogram, and the forces at A and C are 
equivalent to zP at the centre 0, and the forces at B and D are 
equivalent to 2 P at 0 in the opposite direction. Hence the four 
forces balance, and so the original couples balance. 

Hence two equal couples in the same sense and in parallel 
planes are equivalent. 


§ 68 . When a rigid body, which can rotate about a fixed axis, is 
acted on by forces, whose directions are perpendicular to this axis, it 

wtll be in equilibrium if the algebraic sum of the moments of the forces 
about the fixed axis is zero. 



Fig. 55. 


Let AB (Fig, 55 ) be the fixed axis in the body, and let the forces 
actog on the be P. Q, etc.; these forces need not be paraUel, 
but their directions must be perpendicular to AB. 
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Draw CD perpendicular to P and the axis to cut them in C and 
D respectively, and draw EF perpendicular to Q and the axis to 
cut them in E and F. 

At D introduce two equal and opposite forces, each equal to P, 
one of them being paralld to the original force P. Instead of the 
original force P we now have a force parallel to it acting at D, and 
a couple of moment P x CD. Similarly, Q is equivalent to a 
parallel force Q at F. and a couple of moment Q x EF, and so on 
for the other forces. The forces P, Q, etc., acting at D, F, etc., 
can have no effect in turning the body, they are balanced by the 
forces fixing the axis. 

The couples are equivalent to a couple 

P X CD + 5 X EF + ... in a plane parallel to the axis. 

Hence the body will be in equilibrium if 

P X CD -\- Q X EF + # o ' is zero ; 

and this expression is the algebraic sum of the moments of the 
forces about the axis. 

§ 69 . Example (i). 

A square table stands on four legs placed at the middle points of its 
sides ; find the greatest weight which can be put at one of the corners of 
the table without upsetting it, the total weight of the table and legs being W. 


0 


Fig. 56. 

Let ABCD (Fig. 56) represent the table and suppose the weight X 
be put at B. 

This will tend to tilt the table about the line FK, joining the points 
of contact with the floor of the legs EF, HK. The weight W acts at 
the middle point of A C, and is therefore at the same distance from FK 
as the weight X. 

Hence the greatest value of X is W. 

Example (ii). 

A uniform circular plate is supported horizontally at three points in 
its edge, whose distances apart are I, m, n ; find the proportion of the 
weight of the plate carried by each support. 
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Let B. C (Fig. 57) be the points of support, BC = I, CA = m, 
AB — n. 

The weight of the plate acts at the centre of the circle O, which is 
the circumcircle of the triangle ABC. 


A 



The distance of O from BC is R cos A, where R is the radius of the 
circle, and the distance of A from BC is m sin C. Hence if Pa is the 
pressure at A, taking moments about BC, 

Pa X m sinC = VV X R cos A. 


Also 



P — - cosec A 
2 

cos A 

m sin C sin A* 


\Vl* cos ^ _ n 

= ^ = 7 sin A. 

This result should be expressed in terms of /, m. and n 
Using the formula 


2 

be 


sin A =: ■r-y/s{s - a){s - 6)(5 - c) 


and remembering that a = I, b = m, c = 

sin* ^ + «)(»« + « 

m*«* * 

also 


n. 

/)(/ -f n — m)(/ -f w — m) 
16 


cos A = 


•. P* = 


_ m* 4 - n» — /* 


2mn * 

H'/* (m* + n* 

2^1 * 21^ 


-/*) 


4m*« 


== IF 


(/ + m 4* n)[m + « - /)(/ + « _ ,„)(/ + 

P(m* 4- n* — /«) 


m — ny 


(7 4 - m 4- nj(w 4- n - /)(/ 4- n - «){/ 4. m - «)' 
and similar expressioiis for the pressures at B and C. 
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1. A uniform circular table, resting on four equal legs placed svni- 
metncally round its edge, weighs loo lb. Find the least weight 
which will just upset the table when hung from its edge. 

2. A circular table stands symmetrically on three vertical legs distant 
40 inches from one another and attached to the table top at the 
verhces of the equilateral triangle ABC. The table-top weighs 

^ weight of 120 lb. is placed at L (within the triangle 
ABC) distant 6 inches and 10 inches from BC and CA respectively. 
Calculate the pressures on each leg. (H D ) 

3. A circular table stands symmetrically on three vertical legs which 
are attached to the edge of the table at the vertices of an equilateral 
triangle. Find the greatest weight which can be hung from a 

point on the edge directly opposite one of the legs without upsetting 
the table. ® 

4. Show how to find the resultant of three parallel forces not in the 

same plane. A light table stands on three equal vertical legs, and 
a weight is placed at the centre of the circle inscribed in the triangle 
formed by the points of intersection of the legs. Show that the 
pressures on the legs are proportional to the opposite sides of the 
tnangle. 5 j 

5. A circular table weighing 40 lb. is 4 feet in diameter ; it is supported 

by three equally spaced legs at its edge. Find the load that can be 
placed diametrically opposite one leg at the edge of the table, so that 
the whole weight of the table and the load is carried by the other 
two legs. (C.E.) 

6. A round table 5 feet in diameter has three symmetrically placed legs 
each 2 feet from the centre. If the table weighs 50 lb. find the least 
weight which placed on the edge of the table will cause it to over¬ 
balance. What is the greatest weight which can be placed on the 
edge without overbalancing it ? 

7 - A stool weighing 8 lb. has a circular top of diameter 2 feet. It is 
supported symmetrically in a horizontal position by three legs, 

2 feet long, each making an angle of 60* with the ground, atld fixed 
into the circular top at the vertices of an equilateral triangle, the 
lengths of its sides being x foot. Calculate the least weight which, 
when placed on the edge of the stool, will cause it to topple over. 

(Q.E.) 
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FORCES IN A PLANE ACTING ON A RIGID BODY. 

§ 70. We shall consider first problems where there are only three 
forces acting on a body. 

The three force problem is a special case, and it will be seen from 
the theorem proved in the next paragraph that, in many cases, the 
method of solution is the same as if the forces acted on a particle. 

§ V ^ body is in equilibrium under the action of three 
forces in a plane, the lines of action of these forces must all be parallel 
or all meet in a common point. 

Let P, Q, R be the forces. If they are not all parallel two of 
them, say P and Q, must meet in some point 0. 

The resultant of P and Q must then be some force passing 
through 0. 

But since the three forces are in equilibrium, this resultant must 
balance R. 

Hence R must be equal and opposite to the resultant of P and Q, 

and in the same straight line with it, and must therefore pass 
through 0. 

§ 72. From the preceding theorem we see that, imless the forces 
are parallel, we can use the same methods as if the forces were 
acting on a particle, i.e. we can use Lami’s Theorem, or the triangle 
of forces graphically, or we can resolve in two directions at right 
angles. In some cases, such as those where a body is hinged to a 
fixed point, it may be quicker to take moments about the fixed 
point. In cases where we require only the position of the body, 
this can be found by drawing a figure so as to make the three forces 
meet in a point, and using geometry or trigonometry. 

For this purpose the following Trigonometrical Formulas are 
extremely useful:— 

§ 73. If G be any point in the side AB of a triangle A BC {Fig. 58 ), 
and if G divide AB into two parts m and n, and CG divide the angle 
ACB into two parts a and p, then, if the angle CGB be 6. 

(m + n) cot 0 = n cot A — m cot 

(m + n) cot 0 = m cot a — n cot 

64 


and 
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If G is the middle jwint of AB (as it is in many problems), we 
have m = w and the formula? reduce to 

2 cot B — cot A — cot B, 

2 cot 0 — cot a — cot p. 



These results should be remembered as their use will in many 
cases shorten the working of a question very much. 

§ 74. The following points, some of which have been mentioned 
before, must be carefully remembered, as they are of fundamental 
importance:— 

(1) The weight of a body acts vertically downwards through its 
centre of gravity. 

( 2 ) When a body is leaning against a smooth surface the reaction 
is normal to the surface. 

( 3 ) When a rod is resting on a smooth peg the reaction of the peg 
is perpendicular to the rod. 

( 4 ) The tension in a light string is the same throughout the 
string, and this tension is unaffected by the string passing over 
smooth pegs or pulleys. 

( 5 ) The resultant of two equal forces bisects the angle between 
them. Thus, when a string passes over a smooth peg, the pressure 
on the peg bisects the angle between the portions of the string on 
each side of the peg. 

(6) When a rigid body is suspended from a fixed point 0, the 
centre of gravity G of the body must lie in the vertical through O. 



Fig. 59B. 

The resultant reaction at O must balance the weight, and for this 
to be possible the two forces must be in the same straight line. 
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This result follows whether 0 is a point in the body itself as in 

Fig. 59 A, or whether the body is attached to 0 by two strings as in 
Fig. 59 B. 

The above considerations, together with the fact that when 
there are only three forces they must meet in a point, enable us to 
draw an accurate figure showing the position of the body. This is 
illustrated in Examples (iii) and (iv) below. 

Example (i). 

A uniform beam AB ,6 feet long, weighs 40 lb. The end A. about which 
the beam can turn freely, is attached to a vertical wall, and the beam is kept 
xn a horizontal position by a rope attached to a point of the beam feet 
from A and to a point of the wall vertically above A . If the tension of the 
ropey yt to exceed 120 lb. wt.. show that the height above A of the point 
of attachment of the string to the wall must not be less than if feet. (I.S.) 



Fig. 60. 


Let G (Fig. 60) be the centre of the beam, C and D the points of 
attachment of the rope to the beam and to the wall. 

Let AD ^ X. and let the angle ADC = $, 


cot ^ = ix, 

5 5 


cosec » = I + or sin = 5 

*5 ^25 + i6x*‘ 

Taking moments for the beam about /f. if F be the tension in the 
rope, 

r.sin =: 3 X 40, 


r = 


Now r > 120. 


120 

X sin $’ 


120 
.*■ sin 


^>120 


.% ^sin I, 

5 ^ < + i6x\ 

••• 252^* < 25 + i 6 x \ 

» < i or If feet. 
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Example (ii). 


A heavy uniform rod AB, of weight \V, is hinged at A to a fixed point. 
It is pulled aside by a horizontal force P so that it rests inclined at an 
angle of 30° to the vertical. Find the magnitude of the force P and the 
reaction at the hinge. 

R 



Let G (Fig. 61) be the middle point of the rod. The weight W acts 
vertically downwards through G. 

Let the verticals through G and A cut the line of action of P in C 
and D, then the reaction R zt A must pass through C, the point of 
intersection of W and P. 

(a) Taking moments about A for the rod, 

P .AD = W .CD, 

and AD ^ AB cos 30®, 

CD = ^AB sin 30“, 



Also, if X and V are the horizontal and vertical 



R = Vx* + y» = 4-1 = 

»36 

If $ is the inclination of to the horizontal. 


W 


components of R, 



4 . a y 6 ^ 

{b) The triangle ADC has its sides parallel to the forces W, P, R 
taken in order, and can therefore be used as a triangle of forces, 

P R W 
DC"" AC~AD' 
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As above 
also 



Example (iii). 

A uniform heavy rod AB has the end A in contact with a smooth vertical 
wall, and one end of a string is fastened to the rod at a point C, such that 
AC = \AB. and the other end of the string is fastened to the wall vertically 
above A. Find the length of the string, if the rod rests in a position inclined 
to the vertical. 



Draw the rod AB inclined to the wall as in Fig. 62, and let G be its 
middle point. 

Since the wall is smooth, the reaction at A is normal to the wall, 
i.e. horizontal. 

Let this normal meet the line of the weight in E, then, since this 
rcacUon, the weight and the tension of the string are the only forces 
acting on the rod, they must meet in a point. 
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Hence the direction of the string must pass through E. Join EC 
and produce it ta meet the wall in D, then D must be the point of at¬ 
tachment to the wall and CD is the length of the string. 

Now since GEA^ EAD are right angles, and C is the middle point 
of AG, it is clear that the figure AEGD is a rectangle, and that AG, ED 
are its diagonals. 

CD = AC. 

i.e. the length of the string is J of the length of the rod. 

Note .—If the rod rests with B uppermost as in Fig. 62, it is clear that 
the point where the string is attached to the rod must lie between A 
and G, For the line joining E to this point must meet the wall in the 
point where the string is attached to the wall, and this is obviously 
impossible if C is at or above G. 

If the string is attached between G and B or at B, the end B must 
be lower than as in the following example :— 

Example (iv). 

A uniform rod AB, of length a, hangs with one end A against a smooth 
vertical wall, being supported by a string, of length I, attached to the other 
end of the rod and to a point of the wall vertically above A. Show that, if 
the rod rests inclined to the wall at an angle 9 , 



Fig. 63. 

Since the wall is smooth* the reaction B at ^ (Fig. 63) is horizontal. 

Now the line of the string has to pass through the point where the 
line of the weight meets R, and this is obviously impossible unless B is 
below A. 

Hence draw AB downwards and let G be its middle point. Let 
the vertical through G meet R in D, join BD and produce it to meet 
the wall in C, then BC represents the string and BC = /. 

Let AC ^ h, then DG = since G is the middle point of ^B and 
GB is parallel to AC. 
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In the triangle AGD, 


n - - 

cos 6 = = - = — 


AG 


h 

2 

a 

2 


h 

a 


In the triangle ACB, 

cos CAB 


but 


and substituting 


Example (v). 


h* + a* — /» 


2ah 

cos CA B = — cos $, 

A* -f a* - /* 


— cos 6 = 

h ^ 

— cos 6 = 
. — 2a* cos* $ = 

cos *0 =s 


2aA 

a cos 0 from (i), 
rt* cos* 0 a* ~ 
2a* cos 0 
a* cos* 0 a* ~ 
/* - a* 

3a* 






A rectangular board, 6 by 4 « suspended with its longer sides 

horizontal by means of a light string 16 feet long passing through smooth 
rings at the upper corners and over a smooth peg. Find the tension of the 
string and the pressure on each ring if the weight of the board is W. 


O 



Fig. 64. 


Let A BCD (Fig. 64) represent the board, and O the position of the 
peg, the rings being at A and B. 

Since the string is continuous and only passes over smooth surfaces, 
the tension T is the same throughout. 

The resultant of the two tensions at O bisects the angle AOB, and 
it must also balance the weight W acting vertically through G the centre 
of gravity of the board. 

Hence G must be vertically below O. 

If OG cut AB in E, AE = 3 feet, 

also AO OB = 10 feet, and OA = OB. 

AO = 5 feet, 

OE = ^25 — g = 4. feet. 
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If the angle A OE = 0 , then resolving vertically, 

2rcos <? = W. 

"'d cos 0 

5 

... r = y 

The pressure R on the ring at A is the resultant of the two forces 
1 acting at an angle OAE, where 

casOAE^^, 

<3 

i?" = r* + r« + 2 r*. 2. = 

55 5 ■ 64 ■ 

R = ^W. 

2 


The direction of R bisects the angle OAE. 
Example \vi). 


A heavy uniform rod, 13 inches long and weighing 10 lb., is suspended 
Jrom a fixed point by strings fastened to its ends, their Ungths being 12 
inches and 5 inches. Find the angle at which the rod is inclined to the 
vertical and the tensions in the strings. 



Fig. 65. 

^t (Fig. 65) represent the rod, and O the point of suspension. 
Since there are only three forces acting on the rod, the line of the 

weight must pass through O, i.e. the middle point G of the rod must 
be vertically below O. 

Let ^OAB = 0 . 

Since 12* + 5* = 13*, 

the angle AOB is a right angle, and 


GO = GA = GB, 

/_OGB = 2 

sin OGB s; sin 29 « 2 sin 9 cos 9 



12 

13 
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Let Tx and Tg be the tensions in OA and OB. 

The distance of the line of the weight from ^ or B is 

13 . „ 60 . 

— sin 2^ = — ms. 


Hence, taking moments about A for the rod, 


Tj X 12 = 10 X 


60 


r, = 


lb. wt. 


Taking moments about B, 


Ti X 5 = 
Tx - 


60 

10 X —, 

13 

-lb. wt. 

13 


Example (vii). 


A tod whose centre of gravity divides it into two portions, a and b, rests 
inside a smooth sphere in a position inclined to the horizontal. Show that, 
if 6 be its inclination to the horizontal and 2a the angle it subtends at the 
centre of the sphere, 

^ ^ b — a , 

tan 6 = i—;— tan a. 

6 + a 



Fig. 66. 


Let AB (Fig. 66) be the rod, C the centre of the sphere. Since the 
sphere is smooth the reactions at A and B must be normal to the sphere, 
and therefore pass through C. Hence the line of the weight must pass 
through C, i.e. the centre of gravity G must be vertically below C. 

Let AG ^ a, GB = b. 

Since the angle ACB = 2a, the angles A and B are each equal to 
90* — a. 

Now (a + b) cot CGB — b cot A — a cot B, 

(a + 6) cot CGB = b tan a — a tan a, 

cot CGB = r—r— tan a. 

0 -f a 

Also the angle CGB — 90® — e, 

tan e = ^ tan a . 

b + a 


. (i) 
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If the reactions are required they can now be found by taking 
moments. 

Let i?, 5 be the reactions at A and B respectively. 

Taking moments for the rod about A . 

S(a + 6) sin (90° — ot) — \Va cos 0 . 

... s = 

(a + b) cos a 

Taking moments about B, 


R{a + 6) sin (qo'’ — a) = Wb cos 0 , 



b cos 0 
[a + b) cos a 


Example (viii). 

A rod, which is not uniform, rests in a vertical plane with its lower 
end A on a smooth plane inclined at an angle a to the horizontal, and 
the upper end B against a smooth vertical wall. If G is the centre of 
gravity of the rod, and p its inclination to the horizontal, show that 


AG _ sin a sin p 
GS cos (a -f- P) 


(H.S.D.) 



B 


Let the reactions at A and B, which are normal to the plane and 
wall respectively, meet at C (Fig. 67). 

Then G must be vertically below C. 

Now Z.CBG = p, /,ACG = a, and ^CAG = 90° - fl - 


Also 


AG _ CG _ CG 
sin a sin CAG “ cos (a + / 5 )’ 


GB CG 
sin 90® sin p* 


and 


AG _ sin a sin p 
GB cos (a -p py 
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EXAMPLES XI. 

1. A uniform rod can turn freely about a hinge at one of its ends, and 
is pulled aside from the vertical by a horizontal force acting at 
the other end of the rod and equal to half the weight of the rod. 
Find the inclination to the vertical at which the rod will rest. 

2. If, in Question i, the horizontal force is three-quarters the weight 
of the rod, find the inclination to the vertical, and also the reaction 
at the hinge. 

3. A ladder AB rests against a smooth vertical wall at A and is sup¬ 
ported by a socket in which its lower end B is placed ; the vertical 
through G (the centre of gravity of the ladder and the load) meets 
the horizontal through A in K, and the same horizontal cuts the 
vertical through B in L. Prove that the triangle BKL will serve 
as a triangle of forces for the weight and the reactions at A and B. 

(IS.) 

4. A uniform beam ABoi weight W can turn in a vertical plane about 

a hinge at A, and to the other end B is tied a rope which passes 
over a smooth pulley C vertically above A so that AC = AB. 
Find the tension of the rope necessary to keep the beam at an 
angle of 60® with the horizontal. Find also the direction and 
magnitude of the reaction at the hinge. (LA.) 

5. is a uniform bar of weight W, movable about a smooth hori¬ 
zontal axis fixed &t A ; to B is attached a light cord which passes 
over a pulley C fixed vertically over A, and supports a mass of 
weight P at its free end. Show by applying the Wangle of forces 
that, in the position of equilibrium, 

CB = 2 ^.AC. (I.A.) 

6. A uniform heavy rod AB freely hinged to a fixed point A in & 

smooth wall is kept in a horizontal position parallel to the wall by 
a light cord, attached to its free end B and fastened to a point P 
in the line LM in which the wall meets the ceiling. Prove that for 
various positions of P on LM (the length of the cord being adjusted 
so that the rod is always horizontal) the tension in the cord is 
proportional to its length BP. (H.S.D.) 

7. A pole rests with its lower end P in a socket, and is supported by a 

rope joining a point Q of the pole to a point R vertically above the 
socket. Prove that if the vertical through the centre of gravity 
of the pole cuts QR in S, the triangle PRS forms a triangle of 
forces for the weight, the tension in the rope, and the reaction of 
the socket. (H.C.) 

8. A uniform rod 3 feet long is suspended by a light string of length 

5 feet passing over a smooth peg, and rests horizontally, the string 
being attached to the ends of the rod. If the rod weighs 7 lb., 
find the tension of the string. (H.C.) 

9. A uniform rod AB of weight 10 lb. is smoothly hinged at A and 

rests in a vertical plane with the end B against a smooth vertical 
wall. If the rod makes an angle of 40® with the waU, find the 
pressure on the wall and the magnitude and direction of the 
reaction at A. (H.C.) 
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xo. A uniform lamina of weight IT in the form of an isosceles triangle 
ABC right-angled at B is freely hinged to a fixed point at A and 
rests with AC vertical and C above A, equilibrium being main¬ 
tained by a horizontal string attached to C. Find the tension in 
the string and the magnitude and direction of the reaction at A. 

(H.C.) 

11. A uniform equilateral triangular lamina ABC of weight IT has 

the vertex A hinged to a fixed point, about which it can turn 
freely in a vertical plane, and rests with AB vertical, B being 
above A, and the vertex C in contact with a smooth vertical wall. 
Find the reaction between the lamina and the wall, and the mag¬ 
nitude and direction of the reaction at A, (H.C.) 

12. A uniform rod ACB of weight W is supported with its end A 
against a smooth vertical wall, with the end B uppermost, by 
means of a string attached to C and to a point D in the wall on 
the same level as B. If the inclination of CD to the wall is 30®, 
find the tension of the string and the reaction at the wall, and 
prove that AC = ^AB. 

13. A uniform rod .<4 B is in equilibrium at an angle a with the hori¬ 
zontal with its upper end A resting against a smooth peg and its 
lower end B attached to a light cord, which is fastened to a point 
C on the same level as A . Prove that the angle P at which the cord 
is inclined to the horizontal is given by the equation 

tan ^ ==s 2 tan a 4- cot a, 

and that AC == - . (H.S.C.) 

14. A uniform heavy rod, whose length is equal to the diameter of a 

smooth hemispherical bowl which is fixed with its axis vertical, 
rests with one end in the bowl and the other end outside the bowl. 
Prove that the inclination of the rod to the horizontal is about 
32® 32'. (I.S.) 

15. A sphere of weight 5 lb. and radius 21 inches is hung by a string 

8 inches long from a point in a smooth vertical wall. Find the 
tension in the string. (H.S.D.) 

16. A uniform fiagstaff, 40 feet long and weighing 240 lb., has its lower 

end attached to the ground by a swivel; it is being raised by a 
rope attached to its highest point. If the inclination of the rope 
to the horizontal is 20® when that of the fiagstaff is 50®, find 
graphically, or otherwise, the tension of the rope and the magnitude 
and direction of the reaction of the swivel. (l A.) 

17. A uniform bar AB, of weight 2W and length /, is free to turn about 
a smooth hinge at its upper end A, and a horizontal force is applied 
to the end B so that the bar is in equilibrium with P at a distance 
a from the vertical through A. Prove that the reaction at the 
hinge is equal to 

18. A rectangular block hangs suspended from a support by two wires 
of equal length attached to two points symmetrically situated on 
the upper face, the upper ends being attached to the same point 
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of the support. Show that the tension in the wires is increased 
if their lengths are shortened. If the block is cubical, of edge 
3 feet and weight 4556^ lb., and the points of attachment of the 
wires are 2 feet apart, find the shortest possible length of the wires, 
given that the breaking strain of each is 1*75 tons. (I*E.) 

19. A uniform circular plate of weight IV, whose centre is C and plane 
vertical, is freely movable in its own plane about a horizontal 
axis fixed at a point A of the circumference. The line AC is to 
be kept at a given inclination a to the vertical by causing the 
plate to rest against a fixed smooth peg at a point B on the cir¬ 
cumference. Find the position of B such that the pressure on the 
peg is least, and find this least pressure. (I-A.) 


20. A uniform circular hoop, of radius a and weight IV, free to move 
in a vertical plane, passes through a smooth fixed ring at P, and 
a point Q of the hoop is attached by an inextensible string of len^h 
/ to a fixed point O vertically above P. Prove that in the equili¬ 
brium position the tension of the string is provided that 


PO 


PO > /. 


(I.A.) 


21. A picture of weight 5 lb. is hung from a nail by a cord 5 feet long, 
fastened to two rings 3 feet apart. Find the tension in the cord. 

(I.A.) 


22. A uniform ladder of weight 40 lb. rests at an angle of 25® with the 
vertical, with one end against a smooth vertical wall and the other 
end on a rough horizontal floor, the vertical plane through the 
ladder being perpendicular to the wall. Find, to the nearest lb. 
wt., the magnitudes of the reactions at the floor and the wall. 

(H.S.D.) 




A sphere, of radius a and weight W, rests on a smooth inclined plsme 
supported by a string of length / with one end attached to a point 
on the surface of the sphere and the other end fastened to a point 
on the plane. If the angle of inclination of the plane to the hori¬ 
zontal be a prove that the tension of the string is 


IT (a -f I) sin a 
V/* + 2a/ 


(H.S.D.) 


A solid cube, with edges of length /, has a string attached to the 
middle of one edge, the other end of the string, which has also a 
length /, being fastened to a point in a smooth vertical wall. Find 
the inclination of the string to the wall when the cube hangs 
freely. (I.E.) 


25. A uniform rod AB can turn freely in a vertical plane about the end 
A, which is fixed, and the rod is held at an inclination 9 to the 
vertical by means of a string attached to B. Find the direction 
of the string that the tension in it may be as small as possible, 
and determine the reaction of the hinge in this case. 

26. An equilateral triangular lamina is suspended by threads fastened 
to two of its angular points. The directions of the threads pa^ 
through the centre of gravity of the lamina and one of them is 
horizontal and has a tension of i lb. wt. Find the tension of the 
other thread and the weight of the lamina. 
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27. A uniform rod, 10 feet long and weighing 40 lb., is placed on two 
smooth planes inclined at 30® and 60® to the horizontal. Find 
the pressures on each plane and the inclination of the rod to the 
horizontal when in equilibrium. 


28. A uniform equilateral triangular board rests in equilibrium in a 
vertical plane with one vertex in contact with a smooth vertical 
wall and another vertex tied by a string to a point in the wall. 
Draw a diagram showing a possible position of equilibrium, and 
find the incUnation of the string to the wall if its length is equal 
to a side of the board. (I.S.) 


29. A uniform rod AB oi weight W is hinged at the end A, and to the 

other end B is attached a string which passes over a small pulley 
at C and carries a weight W* hanging freely, li AC he horizontad 
and AC AB, show that, when the angle CAB = 60®, equili¬ 
brium will be maintained if 6 ]V' = V$]V. Find also the stress 
on the hinge. (C.W.B.) 

30. A heavy uniform sphere rests on two smooth inclined planes whose 
inclinations to the horizontal are a and p. If a is given, and the 
pressure on this plane is half the weight of the sphere, prove that 
P must be 


tan“* 



sin a \ 
— cos «/ 


(LA.) 


§ 76. We have now to consider the general case where there are 
more than three coplanar forces acting on a rigid body, and the 
forces need not meet in a point. 

From the principle of the transmissibility of force we know that 
a rigid body transmits the action of a force from one point of ap¬ 
plication to another, but does not alter the magnitude of the force. 

If a system of forces be in equilibrium when acting on any body, 
the system will also be in equUibrium when transferred to act on 
any other body, provided that the points of application of the 
forces are connected by some invariable relations (which is the case 
when the bodies are rigid). 

The forces must have something to act on, but the conditions of 
equilibrium depend on the forces and not on the body. 

For this reason we frequently speak of the conditions of equili¬ 
brium for a given system of forces without specifying on what they 
are acting. 

Questions are often set asking for the resultant of certain forces 
acting round the sides of a square or polygon. The sides of the 
figure merely fix the lines of action of the forces, which need not 
be acting on a body of that shape ; their resultant will be the same 
whatever the shape of the body on which they act, provided it is 
rigid. 

We shall first deduce the conditions of equilibrium for any number 
of coplanar forces from the theorem in the next paragraph. A 
more general method of treatment is given in paragraph 87. 
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§ 76. Any System of Coplanar Forces acting on a rigid body, and 
not in eqoilibriam, can be reduced either to a Single Force or a Single 
Couple. 

We can always reduce any three of the forces, say P, Q, and R, 
to two. For we can always compound P with either Q or /?, unless 
P forms a couple with each of them. 

In this case Q and R are equal, parallel, and like forces (for each 
is in the opposite direction to P), and therefore Q and R can be 
compounded. 

By taking another force of the system with the two forces ob¬ 
tained from P, Q, and R, we can again reduce the three forces to 
two, and by repeating this process we shall obviously reduce the 
system to two forces which, if not in equilibrium, must either form 
a couple or have a single resultant. 

§ 77. If the system reduces to a single force this is usually denoted 
by P : if it reduces to a couple the moment of this will be denoted 
by G, 

It is evident that the reduction of any system of forces does not 
cause any change in the sum of the resolved parts in any direction, 
for on compounding any two forces the resolved part of the resultant 
is equal to the sum of the resolved parts of its components ; hence 
the sum of the resolved parts of the last two forces is equal to the 
sum of the resolved parts of the original forces, and is also equal to 
that of the single tesultant R or the couple (in this case zero) to 
which the system finally reduces. 

In the same way the sum of the moments about any point is 
unaffected, the moment ot R or G about any point is equal to the 
sum of the moments of the separate forces. 

§ 78. Conditions of Eqailibrinm. 

If a system of forces is in equilibrium it must not, on reducing 
as in paragraph 76, give cither a single force or a couple. 

Now, if R is zero, its resolved part in any direction must be 
zero ; but to ensure, conversely, that R is zero, we must know that 
its resolved parts in two different directions are zero. If we know 
that the resolved part in one direction only is zero this direction 
might be perpendicular to the direction of 7?. but if the resolved 
part in a second direction is also zero then R must be zero. 

Also, if the resolved parts of R in any two directions are zero, 
the sums of the resolved parts of the separate forces in these direc¬ 
tions must also be zero. 

Since the moment of a couple is the same about all points in its 
plane, we see that, if G is to be zero, its moment about any point 
must be zero. Hence the sum of the moments of the separate 
forces of the system about any point in their plane must be zero. 
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Conversely, if the sum of the moments of the forces about any 
point in their plane is zero the system cannot reduce to a couple. 

It must be noted, however, that the sum of the moments about 
one or two points being zero does not prove that the system is in 
equilibrium, for these two points might happen to be on the line of 
action of the single resultant. If the sum of the moments about 
three points, not in the same straight line, is zero, then the system 
must be in equilibrium as it cannot reduce to either a force or a 
couple. 

The necessary conditions for a system of forces to be in equi¬ 
librium are that the sum of the resolved parts in any given direction, 
or the sum of the moments about any given point should be zero, 
but they are not sufficient to prove that the forces are in equilibrium. 

§ 79. The simplest set of conditions which is sufficient to ensure 
that a system of forces is in equilibrium is as follows :— 

I. The sums of the resolved parts of the forces in any iwo 
directions must be zero, 

and II. The algebraic sum of the moments of the forces about any 

point in their plane must be zero. 

I. Ensures that the system does not reduce to a single force. 

II. Ensures that it does not reduce to a couple. 

It is clear that I. and II. are really equivalent to three conditions. 

Another set of conditions already mentioned above is that the 
sums of the moments of the forces about three points not in the 
same straight line mtist be zero. 

This, again, is equivalent to three conditions. 

§ 80. In solving problems in Statics we know that we are dealing 
with a system of forces in equilibrium, and we can therefore use any 
of the conditions mentioned above. 

As a rule we obtain three equations connecting our unknown 
forces and angles as follows:— 

I. Equate to zero the algebraic sum of the resolved parts of 
all the forces in some convenient direction. 

II. Equate to zero the algebraic sum of the resolved parts of 

all the forces in some other direction (usually perpen¬ 
dicular to the direction in I.). 

III. Equate to zero the algebraic sum of the moments of the 

forces about any point in their plane. 

Note .—The directions chosen in I. and II. are usually, but not 
necessarily, the horizontal and vertical. 

The point about which we take moments is tisually chosen so as 
to exclude as many forces as possible, i.e. the point through which 
most of the forces pass. 
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§ 80 a. The method of obtaining the equations mentioned in the 
last paragraph is illustrated in the following examples. 

It will be noticed that there are, in some cases, geometrical rela¬ 
tions between lengths or angles involved which give additional 
equations to those obtained by resolving and taking moments. In 
many problems the difficulties are not really in the mechanical 
principles of the problem, but in the geometrical and trigonometrical 
knowledge required to obtain the result asked for. 

Example (i). 

A heavy uniform beam, hinged to a vertical wall, weighs 300 lb. and 
^5 long. A tie attached to the other end keeps the beam horizontal, 
and is fixed to the wall 12 feet above it. A weight of 400 lb. is hung from 
this end. Find the tension of the tie and the thrust on the beam. 

C 

12' 

A 


3001b. 4001b. 

Fig. 68, 

« 

Let ^5 (Fig. 68) represent the beam, AC the wall and BC the tie. 
Since AB = 15 ft., AC = 12 ft. 

BC == 3\/^ift.. and sin ^BC = 

V41 

If AD is the perpendicular from A to BC, 



AD = AB sin ABC = 

V41 * 

Taking moments about A for the beam and the weight, if T is the 
tension in the tie, 

60 ^ j ^ 

= 300 X ^ + 400 X 15 = 8250, 

... r = ^ 8^. 

The only horizontal forces acting on the beam are the horizontal 
components of the tension in the tie and of the reaction at A. These 
must be equal and opposite, and the thrust on the beam must be equal 
to either of them. 

Hence the thrust is 


r cos y ^5 

6 5V41 


= 687I lb. wt. 
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Example (ii). 

One end of a uniform rod of weight W is attached to a hinge, and the 
other end is supported by a string attached to the other end of the rod and 
to a point on the same level as the hinge, the rod and string being inclined 
at the same angle to the horizontal. Find the tension in the string and 
the action at the hinge. 


V 



Fig. 69. 


Let AB (Fig. 69) be the rod, G its middle point, and BC the string, 
being horizontal. 

Let ^BAC ^ /_BCA = a. AB = 1 . 


BC. 


Then AC = 2/cos a, and if be the perpendicular from A to 


AD = 2/cos a sin a. 


Hence, if T be the tension in the string, taking moments about A, 

1 IV 

T . 2/ cos a sin a = IF - cos a, or T *= -. 

2 4 sin a 

If X and Y be the horizontal components of the reaction at A, then, 
resolving horizontally, 

W cos a 


X =: T COS a = 


4 sin a 


and resolving vertically. 


y ^ IK - Tsin at === 


If R is the resultant reaction at A, 


W 


B = Vx' + y> = —Vg + cot* a 

4 

If $ is the inclination of i? to the horizontal. 


. a Y 3 4 sin a 

tan s=s V — - • - -= 3 tan a. 

X 4 cos a ^ 




82 


INTERMEDIATE MECHANICS 


Example (iii). 

A pole with one end resting on the ground is kept vertical by two ropes 
attached to fixed points on the ground at equal distances d from the foot of 
the pole, and in the same plane with it. The ropes are fastened to the 
pole at heights a, b. and the tensions are adjusted so that the vertical reaction 
on the ground is twice the weight of the pole. Prove that the total reaction 
on the ground makes an angle $ with the vertical where 


tan 




Let O^B (Fig. 70) be the pole, O the lower end, and A and B the 
points of attachment of the ropes AC, BD, so that OC == OD = d. 

Let AO = a, OB ^ b, ^OBD = and let the tensions in AC. BD 
be Ti and T,. 

Taking moments about O. 

Tid cos a = Ttd cos p . , . - (i) 

Now, since the vertical reaction on the ground is 2W. where W is 

the weight of the pole, the sum of the vertical components of the tensions 
must be equal to W, 

Ti cos a + r, cos = W' . . . (U) ‘ 

Hence, using (i), 



IV 

cos a — r, cos /? = —. 

2 


The horizontal component, X. of the reaction on the ground must 
equal the difference between the horizontal components of the tensions. 


••• ^ = r, sin a — T*, sin =5 —(tan a — tan fi) 

= 

2U bj- 


The vertical reaction is 2 IF, so that 


tan 
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Example (iv). 

A roller of 2i ittches radius lies on the ground : a uniform plank 
30 Indus long rests flat on the roller with one end on the ground and the 
other projectmg over the roller, the length of the plank being at right 
angUs ^ ihe axis of the roller. If the roller and the plank are preveLd 
jrom slipping by a cord 35 inches long attached to the axle of the roller 
and to that end of the plank which lies on the ground, prove that the Unsion 
of the cord IS ^ of the weight of the plank. 

No mention is made of friction between the bodies and tht; 

we are told that they 

re prevented from slipping by the cord w'e must assume that all the 

TOntacts ^e smooth. The problem is, as a matter of fact, indeter- 
mmate otherwise. 



Fig. 71. 

Witwl ^ (^‘8- 71) be the centre of the roUer. £> its point of contact 

touching the roller at B. G the middle 
pomt of the plank, and let LO4D =* a. 


Since 


CD = 21 ins., and AC 35 ins., 

AD = V35* — 21" = 28 ins., 

AB = 28 ins. 


rB ^ tbe roller and the plank is along the radius 

weight W of the plank acts vertically through G. 

Aaidng moments about A for the plank. 


Now 


sm a s X 


3 

5’ 


28i? = W , cos 2a. 
cos a = i and cos 2a = cos* a 

R ^ W . ^ ^ 

^ X 25 20 * 


sin* a 


2 

25 


aonS'c^m^* tending to move the roUer horizon taUy are the hori- 

musf bTeT?*"*^ ^ ^ the cord. Since these 

must be equal and opposite. 

r cos a = i? sin 2a = 7? . ^ 3 x 4 ^ 


25 


50 
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Example (v). 

A uniform rod of weight W and length 2a is free to turn about one 
end A. It is supported by means of a light string of length I, one end of 
which ts attached to a point vertically above and at a distance h from A, 
while the other end is attached to a smooth ring of weight w through which 
the rod passes. Show that in the equilibrium position the string is inclined 
at an angle $ to the vertical where 

WalU cos ^ = w(l» - 2lh cos 9 A- 




Let C (Fig, 72) be the upper end of the string, D the position of the 
nng. G the middle point of the rod, and let the angle 

CAD = a, and AD = x. 

Draw AE perpendicular to CD, then AE ^ h sin 9 ; let T be the 
tension in the string. 

Taking moments about A for both ring and rod, 


Th sin 9 = wx sin a + Wa sin a. 
Resolving along the rod for the ring only, 

r cos CDG = w cos oc. 

/^ r \^ h COS 9 / 


cos CDG = — = ^ ^ 

AD X 

^ h cos d — / 

^ -r- = w cos a 


Substituting for T in (i), 

c»s a . A sin 9 


["3os 5 ~ 


(i) 


(ii) 


Now 


I . 

sin a — sm 9 , and x cos a A 


I cos 9 , 
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hcos $ ^ I ~ wisin (f ^ --- 

. ,„r i* -hi cose _ -1 _ Wal 
L h cos $ — I J ™ X ' 


h cos $ 

_ — 2 hl cos ^ + /* 


^W^l. 

X 


85 


h cos B — I 
w(h* - 2hl cos d + z*)? = Wal{h cos B - /), 
since ^ * Vh* — 2hl cos + /«. 

Example (vi). 

a a;,7A ends miin^ on 

t^L yjT^ "" Aor. Find the 

also the Lnsion o/T*,**"/- **'' d^onnd. F,ni 

the ladder, has ascended the latter three-quarters of its lengtl 



Fig. 73. 

floor, and G^^* 5 ’ ladder, C the junction of the wall and the 

S the middle point of the ladder. 

to the reactions at A and B are normal 

lit^ i i be ^ and S. 

let r be th^tension'fn ''^^ically through G, and 

Resolving vertically. 

Resolving horizontally. 

Taking moments about B 


B = IV 

S ^ T 


(i) 

(ii) 


dBsin a = f? . AB cos a — IV 


AB 


Substituting for R from (i). 


'y 


COS a 


(iii) 


r sin a := 
T = 
S « 


« ■ 


W cos a — cos a, 
JW cot a. 

T= JH^cot a. 


From (ii) 
VOL.11.-.D 
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When the man is at D, where AD = ^AB, equations (i) and (iii) 
become 

R = W W = 2 iV, 

A'R A R 

&nd T . AB sin ol — R . AB cos a — W — cos a — W — cos a, 

^ 4 

T sin a = iW cos a — \W cos a. 


EXAMPLES XIL 


1. A heavy bar AB, of weight 40 lb. and length 8 feet, is hinged at 
A to a point in a vertical wall, and is maintained in a horizontal 
position by means of a chain attached to B and to a point in the 
wall 5 feet above A. If the bar carries a load of 20 lb. at a point 
6 feet from A, calculate the tension in the chain, and the magnitude 
and direction of the action at A between the bar and the wall. 

(I.E.) 

2. A uniform rod ACB, 6 feet long and weighing 8 Ib., is free to turn 

about a hinge at C, which is 2 feet from A. The rod is kept at 
an inclination of 45® to the vertical with A downwards by a down¬ 
ward vertical force of 10 lb. wt. at A, and a horizontal force at B. 
Find the magnitude of the force at B, and the magnitude and 
direction of the reaction at the hinge C. (I E.) 



A heavy uniform rod of weight W is hung from a point by two 
equal strings, one attached to each end of the rod. A weight w is 
hung half-way between the centre and one end of the rod. Prove 
that the ratio of the tensions in the strings is 


2 W -j- 3tf 
2W + w' 


(H.S.C.) 


4. A door 7 feet 6 inches in height is hung from two hinges placed 

9 inches from the top and bottom. The door weighs 36 lb., and 
its centre of gravity is 2 feet 3 inches distant from the line of the 
hinges. Find the total force on each hinge, it being assumed that 
half the weight of the door is supported by each hinge. (I S.) 

5. A gate hangs from two hinges A, B, its centre<of gravity being G, 

and the vertical through G meets the horizontal through A in K. 
Prove that if the whole weight is supported at A the triangle 
ABK will serve as a triangle of forces to determine the reactions 
At A, B : also modify this construction when the weight is equally 
divided between A and B. (I S.) 


6. A uniform beam rests with its ends on two smooth inclined planes 
which makes angles of 30® and 60® with the horizontal respectively- 
A weight equal to twice that of the beam can slide along its length. 
Find the position of the sliding weight when the beam rests in a 
horizontal position. (I.A.) 


7. A smooth uniform ladder rests with its extremities against a ver¬ 
tical wall and a horizontal plane, and is held by a rop>e, one end 
of which is attached to a rung of the ladder one quarter of the way 
up, the other end being fixed to a point of the base of the wall. 
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vertically below the top of the ladder. Show that if the base and 
top of the ladder be distant a and b respectively from the base of 
the wall, the ratio of the reactions P and Q between the ladder 
and the ground and wall respectively is given by 


p~ sy 


(I.A.) 


A l^der, lo feet long and 35 lb. in weight, rests with the end A 

a^nst a smooth vertical waU. and the other end B on the ground, 

which IS smooth, at a distance of 6 feet from the wall; it is main- 

t^ed in this position by a horizontal cord attached at B. Find 

the tension of the cord if the centre of gravity of the ladder is 

4 fwt from B. Find also the magnitude and direction of the force 

which, applied at A, will keep the ladder in position without the 
help of the cord. 5 ^ 

A uniform plank AB, 6 feet long and of given weight, is supported 
hc^zont^y by two pegs at C and D respectively, where 
^ ^ ® inches. Another exactly equal plank A 'B' is placed 

over the first so that A' projects 11 inches beyond A . Find the 
pre^ur^ Pi and i?, at C and D. A vertical force P is now applied 
at A but so that equilibrium is still maintained ; if P/ and P/ 
are the new pressures at C and D. show that 


- Ri 


= l|- (H.S.D.) 

10. The centre of gravity of a hemispherical bowl is on the radius round 

which the bowl is symmetrical, and divides this radius in the ratio 
m : U the bowl is placed with its curved surface in contact 

wth a plane, rough enough to prevent sliding, inclined at an angle 

the inclination of the rim of the bowl to 
the honzontal. It is found that the bowl rests in equilibrium. 

ct Its nm vertical, when d is approximately 2 s®. 
Calculate the ratio m : n. (IS) 

11. A man wishes to pull a smooth lawn roller of diameter 20 inches 

Jmd weight 200 lb. over a kerbstone 4 inches high. Find the direc¬ 
tion in which he should pull, in any position of the roUer, so as to 
raise the roller with the least effort; and show that the greatest 
force he need exert is 160 lb. ^ (H C ) 

It is required to puU a garden roUer of weight W and radius r 
whose cenlre of gravity lies on its axis, up a step of height ir 

riie rSw a han^e which acts directly on the axis of 

direction in which to pull the handle ? 
^mpare the force required to move the roUer, when appUed in 

required when the handle is puUed hori- 
^ ^nd ? tendency for the roller to slip on the step 

? anti weighing 4 lb., has a cord 5 feet 

iHnf ^ ^ ^ passes through a smooth 

nng O fixed in a smooth vertical waU. and the rod is placed in a 

vertical plane perpendicular to the waU with the end^^^gai^t 

the wall and vertically below O. Prove that the rod wiu 1 )e in 

equilibn^ if OA is 2 feet, and show that the tension of the string 
3 io- wt. ^ 


12 


13 
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14. A telegraph pole carries six wires, of which three go south, two go 
north-east, and one west. If all the wires are in one horizontal 
plane and are stretched to a tension of 200 lb. wt., find the pull 
they exert on the pole. The wires are each 40 feet above the 
ground, and a stay fixed to the pole at a point 30 feet up is made 
fast to the ^ound 15 feet from the foot of the pole. Find the 
tension in this stay if there is no tendency for the pole to overturn. 

(N.U.S.) 

15. A triangular lamina ABC in which the angles at B and C are 45® 

is of mass 3 lb. and is hung from the middle point of the side BC. 
Weights of 2 and 8 lb. respectively are hung from A and B and a 
weight M is hung from C. Find the value of M if the side BC 
makes an angle of 60® with the vertical. (Q-E.) 

§81. We shall now consider some problems where two or more 
rigid bodies are involved, and, in particular, cases where a number 
of heavy rods are smoothly jointed together. 

For the present we shall not consider the stresses in the material 
of the rods (this will be dealt with in Chapter VIII.), and it is most 
important to remember that, unless these internal stresses are asked 
for in the problem, no attempt must be made to introduce them. 

In the ordinary problems on the equilibrium of jointed heavy 

rods we only consider the forces acting at the joints (and, of course, 

the weights of the rods), i.e, we consider the equilibrium of the rods 

under the action of their own weight and the forces exerted on their 
ends by the hinges. 

§82. Consider a heavy rod AB (Fig. 74 ) freely jointed at A 
and B. 


B 



W 


Fig. 74, 

Its weight acts vertically through its centre of gravity G, and it 

is obvious that, to keep it in equilibrium by means of forces applied 

at A and B, these forces must either be vertical or they must meet 

on the line of action of the weight, i.e. the vertical through G. 

In neither case can they act along the rod (unless it is vertical). 

If, however, the rod is light, then forces applied at the ends which 

keep it in equilibrium must be equal and opposite and act along the 
rod. 

It is the confusion between the cases of the heavy rod and the 
light rod which causes most of the trouble experienced by students 
in problems on heavy rods. In the case of a heavy rod, the one 
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direction in which the forces at the ends cannot act is along the rod. 
We usually consider the horizontal and vertical components of the 
force exerted by a hinge on the rod, and in order to show these 
clearly in the diagram, it is better in drawing it not to make the 
rods meet, but to leave a space between them. 


§ 83 . Example (i). 

Two equal uniform rods AC and CB are smoothly jointed at C, and 
have their other ends attached at two points, A and B, at the same level. 

if each rod weighs 40 lb. and is inclined at 60® to the horizontal, find the 
action on the hinge C. 



Let D, E (Fig- 75 ) be the middle points of the rods, then the weights 
act verheaUy at D and E. 

^ ^ horizontal and vertical components of the action 

1* ge at C on the rod AC. Its action on BC will consist of 
equal components in opposite directions. 

l^t / be the length of either rod. 

Taking moments about A for A C, 


XI sin 60® + yi cos 60® = 40^ cos 60®, 

2 

X tin 60^ Y 20 « * 

Taking moments about B for BC. 



XI sin 60® — Yi cos 60® = 40- cos 60® 

2 

X tan 60® - y = 20 . . . (ii) 

From equations (i) and (ii) it is obvious that V - o. 
value^b*^ven ^ consists only of a horizontal force X whose 

X tan 60® as 20 



20 20 _ 

y-j lb. wt. 
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Note. —Since the whole system is symmetrical about the vertical 
through C we might have seen without writing down any equations 
that Y must be zero. For if Y acts upwards on one rod it must act 
downwards on the other, but owing to the symmetry there is no reason 
why it should not be the other way about. Hence there can be no 
vertical force exerted by the hinge on either rod. 


Example (ii). 


Two uniform bars AB, AC of equal length and of weight W and W' 
hang in a vertical plane from two hinges B and C at the same level, the 
bars being smoothly jointed at A. Prove that the horizontal component 

of the reaction at A is ~ ^ ^ where 2a is the distance BC, and h « 

4 « 

the depth of A below BC. Find also the vertical component of the reaction. 

(I.A.) 



Fig. 76. 


Let D, E (Fig. 76) be the middle points of the rods, and X, Y the 
horizontal and vertical components of the action of the hinge at .<4 on 
the rods. 

These must be in opposite directions on the two rods, but it does 
not matter whether we show them as in the figure or in reversed direc¬ 
tions. If we take them in the opposite directions to those in which 
they really act we shall simply obtain negative values for them. 

Let the angle ABC = a, then ACB = a also, and let I be the length 
of either rod. 

Taking moments about B for AB. 

XI sin a + Vf cos ot = cos a, 

W 

.-. A’tan a -f. y = . . . . (i) 

2 

Taking moments about C for A C, 

XI sin a — y/ cos a = W- cos a, 

2 


X tan « — 




2 
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Adding (i) and (ii) 


2X tan a == 


W -h IV' 


.V iV-htV'^ 

• . A — - cot a 


Subtracting (ii) from (i). 


{W + lV')a . a 

--, Since cot « = 




W ~ VV' 


4 

Example (iii). 

A square figure A BCD is formed of four equal heavy uniform rods 

jointed together, and the system is suspended from the joint A, and kept 

*n the form of a square by a string connecting the joints at A and C. Find 

and the magnitude and direction of the action at 
either of the joints B or D. 



diagram as in Fig. 77. leaving gaps at B and D, but show- 
mg the hinges at and C. leaving gaps between the hinges and the rods. 

( ^ honzontal and vertical components of the action 

of the hinge at D on AD. The action on CD will consist of equal 
components in opposite directions. 

Taking moments about A for AD, if / be the length of each rod, 


XI cos 45® + y/sin 45° = wi sin 4<i® 

2 ’ 


A + y = 


w 


Taking moments about C for CD. 


(i) 


XI cos 45 


/ 


y/sin 45 ® = IK-sin 45 ^ 

W 

A - y = — . 

2 


(ii) 


It is evident from these equations that y = o, and A = —. 
(We could not foresee here that Y — o.) 
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We now consider the equilibrium of the rod CD. The action of 
the hinge at C must have a horizontal component X equal and opposite 
to the X at D, and a vertical component W upwards to balance the 
weight W (since there is no vertical force at D). The hinge at C must 
also (by symmetry) exert an equal upward force W on the rod BC. 

Hence this hinge must exert a total upward vertical force zW, and 
this must be supplied by the string OC. The tension in the string is 
therefore 2\V. 

Since V = o the reaction at D is a horizontal force X which we 

W 

found equal to —. 

2 

Example (iv). 

Four equal uniform rods are freely jointed to form a rhombus A BCD. 
The rhombus f5 suspended from the joint A, and is maintained in the form 
of a square by means of a rod of negligible weight joining the middle points 
of BC and CD. Find the vertical and horizontal components of the re¬ 
actions at the joints B and D. 



Since EF has no weight the forces exerted on it by the rods at E 
and F must be along its length and equal and opposite. Also since 
the figure would tend to collapse so that B and D moved inwards, it is 
evident that there is a thrust T in EF. 

Now we know that the hinge A is supporting all four rods, so that, 
if W is the weight of each, this hinge must be exerting an upward pull 
of 2l^ on each of the rods AB, AD. 

Hence there must be a downward pull of IK at jD and B on AD 
and AB (this is also evident from the fact that the hinges at B and D 
are supporting the two lower rods), and an upward pull of W on CD 
and CB. 

Let X be the horizontal component of the action of the hinge at D. 

Taking moments about A for AD, if I is the length of a rod, 

XI cos 45“ = Wl sin 45“ h IK^ sin 45“, 

X = Iw. 

2 
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The vertical and horizontal components of the reaction at D are 

therefore W and , and by s>Tnmetry they will be the same at B. 

If we were asked for the thrust in EF we could find it by taking 
moments about C for CD, this gives, ^ ® 

t|cos 45°+ I^|sm45® = . / cos 45'^ + W". / sin 45“. 




W ^ 
22 
T^4W. 


Example (v). 

Two equal heavy beams AB. AC are smoothly jointed at A, and B is 
joined by a string to the mid-point of AC : the beams rest with B and C 
on a smooth horizontal plane ; if the angle BAC = 60°, fnd the tension 
in the string m terms of the weight of a beam. (H.S.D.) 


Y 



Let D (Fig. 79) be the mid-point of AC, E that of AB. 

Since AB = AC and the angle BAC = 60°, the triangle ABC is 
equilateral. ® 

Hence BD is perpendicular to AC. 

Since the beams are of equal weight W and the lines of the weights 

are equidistant from B and C, the vertical reactions at B and C are 
each equal to W. 

(This can also be shown by taking moments about C and B for 
both beams.) 

Let T be the tension in the string, and I the length of each beam 
faking moments about A for A C, 



if 'VC required the reaction at A. it could be obtained as follows. 

f tZu- ^ and vertical com|>onents of the action 

of the hinge at A on AC. 
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Resolving horizontally for A C, 


X = T cos 30® = 


W. 


Resolving vertically for AC. 

y+W=.lV-\-Tsm 30®. 


1 W 

y = 

2 A 


The resultant reaction R is given by 


R = vx' + y» = wJ± + L = — 

^ 16 16 2 


It is inclined to the horizontal at an angle 


i.e. at an angle of 30®. 


tan-^^ = tan“*^_ 
A V3 


— * 


Example (vi). 

Two smooth spheres each of radius a and weight W lie in contact in a 
smooth spherical bowl of radius h. Prove that the pressure between them ts 


Wa 

Vb* — 2ab 


(H.S.D.) 



Let A, B, C (Fig. 80) be the centres of the bowl and the two spheres. 
The points of contact of the spheres with the bowl, D and E, will 
lie on the lines joining the centres AB and AC. The point of contact 
of the spheres F is on BC. 

By symmetry F is vertically below A. 

Let the angle BAF = a, then, since AB ^ b — a. 


and 


a 

sin a == T- 

b — a 


cos a 



The reactions of the bowl at D and E are equal (by symmetry). 
Let each be equal to R. 
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Resolving vertically for both spheres. 

2R cos a = 2W, 
r. R — W sec a. 

Resolving horizontally for one sphere, 

P = R sin a, 

where P is the pressure between the spheres, 

P = W tan a = — 

v6* — 205 

Example (vii). 

Six equal weightless rods hinged together at their ends form a regular 
hexagon ABCDEF. The rod AB is held horizontally and a weight W is 
hung front the middle point of DE, the hexagonal shape being maintained 
by a light rod CF. Find the stress in the rod CF. 


F 

T, 

W 

Fig. 8i. 



Let ABCDEF (Fig. 8i) represent the framework. 

Since the rods are light and acted on by forces at their ends only 

(except ED), the stresses in the rods must be along the length of the 
rods. 

I^t T, be the tension in CD or EF, and T, that in BC or FA . The 
vertical components of the tension must support the weight W, 


zTj cos 30® = W, 



The vertical stress at either or B is evidently 




r* cos 30® 
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If T is the thrust in CF, resolving horizontally for the hinge C, 

T — cos 6o° -f- r, cos 6o° 

= JL 

2V3 ' 2V3 V3' 



3 


EXAMPLES XIII. 

1. Three equal uniform rods, each of weight W, are smoothly jointed 

so as to form an equilateral triangle. If the triangle be supported 

at the middle point of one of its sides, find the actions at the 
joints. 

2. A square A BCD is formed by four equal uniform rods, freely 
jointed together, and the system is supported at the lower joint 
C, and kept in shape by a light rod joining C and A. Find the 
thrust in the rod, and the magnitude and direction of the action 
at either of the joints B or D. 

3. A rhombus ABCD is formed by four equal uniform rods freely 
jointed together, and the system is suspended from the joint A, 
and kept in shape, with the angle CAD = 30®, by a string con¬ 
necting A and C. Find the tension in the string and the magnitude 
and direction of the reaction at B or Z). 

AB and BC are two uniform exactly similar rods, each of weight 
W, freely hinged together at B, and carrying small rings of negli¬ 
gible weight which enable the ends A and C to move without friction 
on a fixed horizontal wire. The rods are placed so as to include 
a right angle, ^vith the joint B below the wire, and are prevented 
from closing up by means of a rigid stay of negligible weight joining 
the middle points of the rods. Find the stress in this stay and the 
reactions dX A, B, and C. (H.C.) 

5. AB and BC are two rods of equal length freely jointed at B, the 

weight of is W and that of BC is iW. They are placed in a 
vertical plane inclined to one another at 90° with the ends A and C 
on a horizontal plane. What horizontal forces must be applied 
at A and C to maintain equilibrium ? (I E*) 

6. Two rods AB and BC, a feet and b feet long, of the same material 

and cross-section, are freely jointed at B and hang with their ends 
A and C attached to two points at the same level, and at such a 
distance apart that ABC is a right angle. If the material of the 
rods weighs W lb. per foot, find the reactions at the joint B, and 
at the points of attachment A and C. (I-E.) 

7. Two uniform ladders, each of length a and weight W, are hinged 

at their upper ends, and stand on a smooth horizontal plane. A 

weight W is hung from a rung of one of the ladders at a distance 

b from its lower end, and the ladders are prevented from slipping 

by means of a rope of length 2c attached to their lower ends. Find 

the pressure of each ladder on the groqnd, and the tension in the 
rope. 
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Two uniform rods AB, BC of the same material and thickness, but 
of diflerent lengths, are freely jointed at B, and the ends A and C 
are fixed in the same vertical line. Show that the stress at the 
joint B acts along BD the bisector of the angle ABC, and that 
its magnitude is 



BD 

AC* 


where W is the weight of the two rods. 


9. A step ladder of weight 2W Consists of two equal parts, jointed at 
the top, and held together by a rope half-way between the top and 
bottom, so that when the rope is tight the angle between the two 
halves of the ladder is 2 tan“^Y®«. A man of weight $W mounts 
the ladder and then stops two-thirds of the way up. Neglecting 
tte friction between the ladder and the ground, find the tension 
in the rope and the reaction at the hinge. (I S.) 


10. Two uniform boards rest against smooth parallel walls, their lower 
ends being in contact on a smooth hori2ontal floor. I^ove that if 
the weights of the boards are w, w\ and their inclinations to the 
vertical 6 , O', the condition for equilibrium is w tan $ =s w' tan 6 '. 

(I.A.) 

11. Two heavy plane rectangular areas, of the same lengths, but of 
different widths, are hinged together along their equal sides and 
placed on a smooth horizontal plane with the hinge horizontal 
and uppermost. They are kept from sliding by a string attached 
to the middle points of their lower edges. If their weights are 

and their inclinations to the plane are d and ^ respectively, 
prove that the action between them at the hinge makes an angle 
with the horizontal whose tangent is 


tan ^ tan 6 


(H.S.D.) 


12. AB, BC, CD, DE, EA are five equal uniform rods, each of weight 
W, freely jointed at their extremities and suspended from the 
joint A in the form of a regular pentagon, this configuration being 
maintained by light strings joining A to C and to D. Find the 
reactions at B and E, and show that the tension in either string 
is 2W cos 18®. (H.S.D.) 


13. Three equal rods AB, BC, CD and a rod AD of double their length 
are freely hinged together a,t A, B, C, D, and the framework is 
suspended from the middle point of BC. If w is the weight of 
each of the equal rods and zw that of the longest rod, find the 
magnitudes of the forces on the hinges. Show that the line of 

action of the forces at A and B meet at a depth —below BC. 

(H.S.C.) 


14. A frame is formed of three uniform rods, BC, CA, AB of lengths 
15* 20, 25 inches, and weighing i oz. per inch, smoothly joined by 
weightless pins at their ends. It is suspended from such a point 
D in the longest side AB that it rests in equilibrium with AB 
horizontal. Find the distance of D from the middle point of A B 
and the stresses at the joints. (Ex.) 
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15 


16 


17 


A C and BC are two light rods freely jointed at C, and freely jointed 
to a wall^at A and B so that is horizontal and the angle 
ACB = a®, and the point B is vertically below A. A weight W is 
suspended from C. Find the tension in ^ C and the thrust in BC. 
Prove that the tension in A C, if also a weight be suspended 
from the middle point of BC, is J cot a(IF' + 2 IK). (H.S.D.) 

A disc of radius a and weight W rests, as shown in Fig. 82, between 
two light rods which are smoothly hinged 
together at O with their ends A, B resting 
on a smooth table, and are maintained in 
equilibrium by a string AB ', OA — OB = c, 

A OB = 2a ; the whole figure is in a vertical 
plane. Find the tension in the string. 

(H.S.C.) 

BA, AC are heavy uniform rods, of weight 
6 lb. and 3 lb. respectively, smoothly hinged 
to each other at A and to a light rod BC. 

The hinges at B and C are supported by 
vertical strings so that BC is horizontal with 



Fig. 82. 


18. 


19- 


20. 


A below BC ; the perpendicular from A on BC is of length 3 feet, 
and Its foot divides BC so that BD is 2 feet and VC is 4 feet. 
Prove that the reaction at A is horizontal ’ find the reaction and 
also the thrust in BC. (H.S.D.) 

Two uniform rods AB, BC, ahke in all respects .and each of weight 
IV, are rigidly jointed at B so that is a right angle, and the 
end A is hinged freely to a fixed point from which the two rods 
hang in equilibrium. Show that AB makes an angle tan*-^ with 
the vertical. If the rods are freely jointed at B, but A and C are 
connected by a light inextensible string of such length that ABC 

is a right angle, show that the tension in the string is -^51. (H.C.) 

2V5 

AB and BC are two uniform rods of weights W and W' respectively. 
They are freely hinged together at B and the end A is freely pivoted 
to a fixed point A, while the end C is constrained to move on a 
fixed horizontal wire, passing through A, by means of a small, 
smooth ring of negligible mass. Show that the horizontal force 
which must be applied at C to keep the rods in the position in 
which the angles C^B and ACB are $ and ^ and B is below AC, is 

+ W') ix>s <f> cos 0 cosec (0 + ^). (H.C.) 

Two smooth planes, each inclined to the horizontal at an angle a 
have a common horizontal line. A uniform cylinder, of weight IK, 
rests in the space between them touching each plane along a gene¬ 
rator. A second uniform cylinder, of weight W', is placed between 
the tot cylinder and one of the planes, and its radius is such that, 
m this position, the plane through the axis of the two cylinders is 
horizontal. If the system remains in equilibrium, find the reac¬ 
tions between the planes and the two cylinders and the reaction 
between the two cylinders, and show that equilibrium cannot 
exist if W' is greater than IV. (H.C.) 

Two unifoim rods AB, BC, of equal lengths but of dififerent weights* 
are freely jointed at B, and jointed at A and C to two fixed points 
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in the same horizontal line, at such a distance apart that ABC is 
a right angle. Show that the tangent of the angle which the 
direction of the reaction at B makes with the rod BA is the ratio 
of the weight of ^5 to that of BC. (I.S.) 

zz. Two uniform rods AB, AC. of weight It',. and of equal length, 
are smoothly hinged at A , and rest with B. C on a smooth horizontal 
plane, being kept in equilibrium by an inextensible string joining 
BC. A weight w is suspended from a point in .<4 C at a distance of 
lAC from A. Prove that the tension of the string is 

+ W', + \w) tan ^A. (L.S.) 

23. Each half of a step ladder is 5I feet long, and the two parts are 

connected by a cord 28 inches long attached to points in them 
distant 16 inches from their free extremities. The half with the 
steps weighs 16 lb. and the other half weighs 4 lb. Find the 
tension in the cord when a man weighing ii stone is standing on 
the ladder i| feet from the top. it being assumed that the cord is 
fully stretched and that the reactions between the ladder and 
ground are vertical. (I S.) 

24. Inside a fixed smooth hollow cylinder of radius b. whose axis is 
horizontal, there are placed symmetrically and longitudinally two 
equal smooth cylinders, each of radius a, and a third cylinder of 
equal radius but double weight is placed symmetrically on the 
first two, all the axes being parallel. Prove that the third cylinder 
will force the other two apart if b is greater than a(i V13). 

(H.S.D.) 

25. Two equal rods OA, OB. each 16J feet long, and weighing 10 lb., 
are connected at O, and their other ends are placed on a smooth 
horizontal plane. A, B, O, being in the same vertical plane. If a 
s^ing 20g feet long connects A and B, find (i) the pressure at O, 
(ii) the pressures at A and B, (iii) the tension in the string. 

26. A cubical box of height h is standing on rough level ground, and 

a uniform rod of length za and weight IV leans symmetrically 
against it at an angle 8 with the ground, the top of the rod pro¬ 
jecting above the box. The ground is rough enough to prevent 
slipping ; the contact between the rod and the box is smooth. 
Prove that the pressure of the rod has no tendency to overturn the 
box if 0 < 45°. Find, when 8 > 45®, the moment of the couple 
which tends to overturn the box ; and show that it is a maximum 
when 8 = 69® 6'. (H.S.C.) 


27. A circular cylinder is maintained in equilibrium, with its axis 
horizontal and touching along its length an inclined plane, by 
means of a rod AB of weight equal to that of the cylinder hinged 
to the plane below the cylinder at A and being a tangent to the 
cylinder at its upper end B. The vertical plane through the rod 
intersects the inclined plane in a line of greatest slope, and con¬ 
tains the centre of gravity of the cylinder. If all the surfaces 
are smooth prove that 


tan « = 


sin 28 
5 — cos 2 8' 


where a is the inclination of the plane to the horizontal and 8 is 
the angle which the rod AB makes with the plane. (H.S.D.) 
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Two equal heavy cylinders of radius a are placed in contact on the 
same level, inside a smooth fixed cylinder of radius 6 (>. 2a) ; a 
third equal cylinder of radius a is placed on the other two, the axes 
of all the cylinders being horizontal and parallel. Show that the 
two lower cylinders will not separate if 

b<a{i +2v7). (H.S.C.) 

A uniform rod of length I rests in equilibrium partly in and partly 
outside a smooth hemispherical bowl of radius a whose rim is 
horizontal. Show that the inclination 6 of the rod to the hori¬ 
zontal is determined by / cos ^ = 4a cos 2$. Show also that / must 
be less than 4a and greater than 


2V2 




(C.S.) 


A light equilateral triangle ABC is free to rotate in a vertical plane 
about an axis through its centre. At the comers A, B, and C are 
attached weights of 3, 4, and 5 lb. respectively, while along AB di 
force P is applied to maintain equilibrium. Find the magnitude 
of P when is inclined at an angle B to the downward vertical 
through A. Plot P as a function of 0 , and hence (or otherwise) 
find the value of 6 for which (i) P is a maximum, and (ii) P is 
zero. (N.U.) 


31. A straight rod ABC of negligible weight is horizontal, and is pivoted 
at a smooth hinge A. A load of 200 lb. hangs from C. The rod 
is supported at its middle point B by a uniform rigid rod BD of 
negli^ble weight, D being a smooth hinge fixed vertically below 
A, with AD = AB. Find the horizontal and vertical components 
of the stresses at D and B. 


32. The two sides of a pair of steps are uniform and of the same length, 

but of unequal weights, Wi, W^, and they are smoothly jointed 
together at the top. If the steps stand on a rough horizontal 
plane with each part inclined at an angle a to the vertical, prove 
that the normal reactions at the foot of each side are i(3lF, W^) 
and -f 3!^*). and find the frictional forces at the foot of each 

side. (N.U.3.) 

33. Two unifomi bars AB, BC are smoothly jointed at B and the end 

C is pivoted to a point on a wall by a smooth pivot. The bar AB 
is 5 feet long and weighs 20 lb., the bar BC is 4 feet long and 
weighs 10 lb. The two bars are kept in a horizontal line by a 
prop placed under AB. Find the position of the prop and the 
reaction at C. (N.U.3.) 

34. Three smooth circular cylinders with plane ends, equal in all 
respects, are in contact along generators with their axes horizontal 
and the plane containing the axes of the lower cylinders also hori¬ 
zontal. They are kept in equilibrium by strings, attached to the 
ends of the axes of the lower cylinders at right angles to these 
axes, and each inclined at 0 to the vertical. Prove that the 
pressure between the lower cylinders is 

fF(3V3 tan g — i) 

2 VJ 

where W is the v^ight of each cylinder. What happens if cot 0 is 
greater than 3V3 ? (H.C.) 
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36. 


35. Two equal uniform rods AB and AC. each of length 4 feet and 

weight 5 lb., are smoothly jointed at A. They are placed sym¬ 
metrically on a smooth fixed sphere of radius i foot, so that A is 
vertically above the centre. Show that the angle between the 
rods when in equilibrium is a right angle, and find the magnitude 
of the reaction at the joint. {N.U. 3 and 4.) 

36. A uniform rod, of length 2a and mass m, is pivoted at its lower end 

to a fixed point O. A light string fastened at one end to a fixed 
point at a distance 2a vertically alx>ve O passes over a small smooth 
groove in the free upper end of the rod and supports a mass Af at its 
other end. Find the inclination of the upper part of the string to 
the vertical in the position of equilibrium. (N.U.3.) 

37. Two uniform rods AB and CD, each of weight W and length a, are 
smoothly jointed together at O, where OB = OD = b. The rods 
rest in a vertical plane with the ends A and C on a smooth table, 
and the ends B and D connected by a light string. I'rove that 

aW 

the reaction at the joint is tan a, where a is the inclination of 


either rod to the vertical. 


(C.W.B.) 


38. One end of an inelastic string is fastened to one extremity of a 
smooth uniform rod, and the other to a light ring which slides on 
the rod, and the string is hung over a small smooth peg. Show 
that the inclination of the rod to the vertical cannot be less than 
45®, and that if Q be the inclination of the rod to the vertical 

a tan* 0 = /(i + tan* 8 ), 

where / is the length of the string and a the length of the rod. 

39 - A smooth fixed hemispherical bowl with horizontal rim contains a 
particle of weight 6 W, which is attached to another particle of 
weight W by means of a string passing over the rim of the bowl 
and hanging vertically. Prove that, in the position of equilibrium, 
the radius through the first particle makes an angle sin~‘(i) with 
the vertical. (I S.) 

40. A rod AB can turn freely about A and is smoothly jointed at B to 

a second rod BC, whose other end C is constrained to remain in a 
smooth groove passing through A. A force F is applied to BC 
along CA. Prove that the couple produced in AB is F . A K, where 
K is the point in which BC produced cuts the perpendicular at 
A to AC. (I.E.) 

41. A ladder of length I placed vertically against the wall of a house 
of height h, is let down slowly to the ground by a rope from the 
top of the house, the foot of the ladder always pivoting against 
the foot of the wall, and the ladder moving in a vertical plane 
perpendicular to the wall. The rop>e is tied to the top of the ladder. 
Prove that the initial tension of the rope just as the top of the 
ladder leaves the wall is 


h - I 
zh * 


(H.S.C.) 
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§ 84- We shall now consider some cases where we require the 
resultant of a number of forces whose magnitudes and lines of action 
are given. 

Usually we are not told on what the forces are acting, but as 
already mentioned, this does not affect their resultant. Their effect 
is the same provided the body on which they act is rigid. 

The magnitude of the resultant is, as a rule, best obtained by 
resolving the forces in two directions at right angles, adding the 
resolved parts in these directions and compounding the two com¬ 
ponents so obtained into a single force. 

The ratio of these two components gives the direction of the 
resultant, i.e. the tangent of the angle made by it with one of the 
directions in which we resolved. 

To fix the position of the line of action we can either find one 
point on it, and give this and the direction, or in some cases it is 
easier to find the points in which the resultant cuts two given lines ; 
the latter are often conveniently obtained by taking moments. No 
general method should be laid down, the shortest method of obtain¬ 
ing the required result differs considerably in different cases. 

Various methods are used in the following examples. 


Example (i). 

Find the magnitude, direction, and line of action of the resultant of 
three forces i, 2, 3 units acting in order round the three sides of an equilateral 
triangle of side 2a. 



Fig. 83. 


Let the forces i, 2, 3 act along the sides AB. BC, CA of the equi¬ 
lateral triangle ABC. as shown in Fig. 83. 

Resolve the forces along and perpendicular to BC. 

The force i is equivalent to J acting at B in the direction CB. and 
V 3 

— acting at D i)erpendicular to BC and downwards. 
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The force 3 is equivalent to | acting at C in the direction CB, and 




acting at C perpendicular to BC and upwards. 


The components along BC balance the force 2, and we are left with 

unlike parallel forces at B and at C. 

2 2 

Their resultant is v'3 acting upwards perpendicular to BC, at a 
point D in BC produced such that 

= ^BD, 

2 2 


or 

or 


3CZ) =. BD, 

CD = iBC = a 


Example (ii). 

A BCD is a given quadrilateral; forces are represented in magnitude, 
lines of action, and senses by the sides AB, BC, DC {cyclical order 
interrupted), and DA, What are the magnitude and line of action of the 
resultant? (I.S.) 



The resultant of the forces AB, BC (Fig. 84) is equal and parallel 
to and acts at B. 

The resultant of this force and DA is equal and parallel to DC, 
and acts at E where a parallel to CA through B meets DA pro* 
duced. 

We now have two parallel forces, each equal to DC, one acting 
along DC and one parallel to DC at E, 

Their resultant is a force 2DC acting at E the middle point of 
DE. 
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Example (iii). 

. hexagon ; forces P, 2P, 3P. 5P, 6P act along 

AB, BC, DC. EF. AF respectively ; show that a force can be deUrmined 
to act along ED so that the six forces are equivalent to a couple and find 
the moment of the couple. /f c \ 



Fig. 85. 


Draw the hexagon and insert the forces as in Fig. 85. 

[In cases like this it is worth looking at the magnitude and directions 

of the forces carefully to see if the sum of the resolved parts in any 
direction is zero.] ^ 

We notice that on resolving perpendicular to AB or ED, we get 

6P cos 30° in direction AE and 5P cos 30® in direction EA. 

The resultant of these is Pcos 30® in direction AE. 

The forces 2P and 3P give 3P cos 30® in direction DB and 2P cos 30® 
in direction BD. 

The resultant of these is P cos 30® in direction DB. 

This forms a couple with the P cos 30® along AE. 

Resolving along AB and ED, we have 


— 6P cos 60® + P -f 2P cos 60® along AB, 

= - ^P + P P, 

— —P along AB. 

Also 

- 5P cos 60® + 3P cos 60® along ED. 

= — 2P COS 60® along ED, 

“ — P along ED. 


Hence if we introduce a force ^P along ED. we shall have -f- P along 
ED and P along BA, forming another couple. The whole system 
will be equivalent to two couples, and therefore to a single couple. 

If a is the side of the hexagon the moment of the couple formed by 
the forces P cos 30® along AE, DB is 



The moment of the couple formed by forces P along BA and ED is 

P . V3 . a j' . 

Hence the moment of the resultant couple is 
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Example (iv). 

Four forces P, Q, R, and S act along the sides of a rectangle ABCD 
in the directions AB, BC, CD, DA respectively. If AB a and AD = b, 
find the magnitude of the resultant of the system of forces and the distance 
from A of the points in which the line of acticni of the resultant cuts the 
sides AB, AD. 



E 

Fig, 86 . 

Draw the rectangle ABCD and insert the forces as in Fig. 86. Re¬ 
solving parallel to AB, the sum of the resolved parts is 

P-R, 

and resolving perpendicular to AB, the sum of the resolved parts is 

Q-s. 

The magnitude of the resultant is 

V(P - RY -f (0 - 5)«. 

If the resultant cuts AB at a point E distant x from A, then since 
E is on the line of action of the resultant the sum of the moments of 
the forces about it is zero, 

Q{^ - a) 

^(0 - 5 ) 

X 

Similarly, if the resultant cuts 
taking moments about F, 

Py = 
y(P ~ R) = 

y = 

Note ,— 

If P is greater than R (as assumed above), F will be below A . 

If R is greater than P, F will be above A . 

If S is greater than Q, E will be to the left of A instead of to the 
right, as shown in Fig. 86. 


— R6 -f Sx, 

= Rb + Qa, 

Rb + Qa 

~ Q-s ■ 

AD at a point F distant y from A, 

Qa -h R{b - 1 - y). 

Qa + Rb. 

Qa -I- Rb 
P - R ' 
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EXAMPLES XIV. 


2 . 


I. P. C are three points on a line ABCD. such that AB BC = a. 
Forces of 3. 6, and 4 lb. wt. respectively act at B. C in direc¬ 
tions making angles of 60°, 120°, and 270^ with AD. Show that 
they reduce to a single force, and find where its line of action cuts 

(I.S.) 

Forces 3P, 4P, and 5P respectively act along the sides of a right- 
angled triangle of sides 3 feet, 4 feet, 5 feet, in the same circular 
sense viewed from any point of the triangle. Find the forces 
which, acting at the ends of the side 5 feet long and at right angles 
to it, will maintain equilibrium with these forces. 

3. Forces of 3, 3, and 5 lb. wt. act respectively along the sides BA, AC, 

BC of an equilateral triangle of altitude 4 feet. Find the distance 
from A of the line of action of the resultant. (LA.) 

4. ABCD is a squ^e, E and F are the mid-points of BC and CD 

respectively. Find the magnitude and direction of the resultant 
of the forces 2, 5, 10, i units paraUel to the directions AB, AE, 
FA, AD respectively, (LA.) 

5. ABC is an equilateral triangle, forces of 4, 2, and i lb. wt. act 

along the sides AB, AC, BC respectively, in the directions indicated 
by the letters. Prove that their resultant is a force of 3V3 lb. 
wt. in a direction at right angles to BC, and find the point in which 
the line of action meets BC. (LA.) 

6. Find the resultant of the following forces acting along the sides of 

a square ABCD ; 21 lb. wt. along CD, 15 lb. wt. along DA, 3 lb. 
wt. along BA, 9 lb. wt. along CB ; and show that its line of action 
bisects two of the sides of the square. (LS.) 

7. Find the magnitude of the resultant of the following forces acting 

along the sides of a square ABCD ; ii lb. wt. along DA, 7 Ib. wt. 
along CB, 19 lb. wt. along CD, 5 lb. wt. along BA ; and prove that 
its line of action bisects AD and trisects CD. (I.A.) 

AD is an altitude of triangle ABC in which BC = 6. CA ^ 7, 
= 5 - A force of 12 lb. along DA is equilibrated by parallel 
forces at B and C. If the directions of all the forces are rotated 
about A, B, C respectively through the same angle so as to be 
perpendicular to AB, prove that the resultant of the forces is a 
couple and find its moment. (I.S.) 

ABCD is a trapezium in which the parallel sides AD and BC are 
in tte ratio 2:3, and AB ^ AD = DC ; find the magnitude and 
position of the resultant of forces, 3P from B towards C, P from 
B towards A, 2P from D towards A, and 2|P from D towards C. 

(LE.) 

A unit force acts along the side of a square ABCD. Find the 
magnitudes and directions of the forces which must act along the 
remaining three sides in order to maintain equilibrium. Find the 
resultant if (i) the force along BC is reversed, (ii) the forces along 
BC and AD are both reversed. (H.S.D.) 


8 


10 
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11. A BCD is a rectangular board in which AB = DC — 3 feet, 

BC ^ AD = 6 feet. One rope pulls it along AD with a force of 
15 lb. wt., another rope pulls it along BC with a force of 25 lb. 
wt., a third rope pulls it aJong CD with a force of 16 lb. wt. Find 
what force along AB will make the resultant pass through G. the 
mid-point of the rectangle A BCD, and calculate the resultant 
completely. (I.S.) 

12. ABCD is a square, of side a, traced on a lamina ; E, F are points 
on BA and BC produced through A and C respectively, so that 
BE = 3a, BF — 3a. A system of forces acting on the lamina 
consists of P along AB, 2P along BC, 3P along CD. 4P along DA 

and 2 V2P along EF. Prove that the resultant of the system is 
a couple of moment Pa. (H.S.D.) 

13. Forces i, 2, 3, 4 lb. wt. respectively act along the sides AB, BC. 

CD, DA of a square of side i foot. Find the distance from the 
centre of the square of the line of action of the resultant. What 
additional force along the diagonal BD will make the whole system 
have a resultant passing through A ? (H.S.D.) 

14. A rectangle ABCD can turn freely in a horizontal plane about its 
centre, which is fixed, and forces of i, 2, and 3 lb. wt. act along 
AB, BC, and DC respectively. If AB = 1 foot, BC = 2 feet, 
determine the force which must be applied along AD to keep the 
rectangle at rest. 

15. ABC is an equilateral triangle ; forces of 4 lb. wt., 2 lb. wt., and 
2 lb. wt. act along the sides AB, AC, BC in the directions indicated 
by the letters. Prove that if E is the point where the perpen¬ 
dicular to BC at B meets CA produced and if F bisects AB-, the 

resultant is 2 V7 lb. wt., acting along fp. (H.C.) 

16. ABCD is a quadrilateral in which AB = BC, CD = DA, A and C 

are right angles, B is 60®, D is 120®. Equal forces V^P act along 
AD and DC ] equal forces P act along CB and BA. Find the 
magnitude of their resultant, and the point in which it cuts BD 
produced. (H.C.) 

17. ABCD is a square ; four forces, whose algebraic magnitudes form 

an arithmetical progression, act along the sides taken in order. 
Show that, if their resultant passes through a comer of the square, 
the progression is a diminishing one ; in which, if the common 
difference is 2p, the greatest force is $P or 3P. (H.C.) 

18. Forces of magnitude F, 2F, 3P, 4F act along the sides BA, BC, 
CD, DA of a quadrilateral ABCD in the directions indicated by 
the order of the letters, the quadrilateral being such that AB and 
BC are two sides of a square A BCE and D is the mid-point of CE. 
Find the magnitude and direction of the resultant, and find the 
distances from B at which its line of action meets AB and BC. 

(I.E.) 

19. Forces of magnitude F, 2F, 3F, 4P, 5F, 6P act along the sides of 

a regular hexagon, taken in order. Show that they are equivalent 
to a single force 6P acting parallel to one of the given forces, the 
distance of the line of action of that force and of the resultant from 
the centre of the hexagon being in the ratio 2 : 7. (FE.) 
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20. A BCD is a square and E is taken in AD so that AE = lAD. Find 

the magnitude and line of action of the resultant of a force of 20 lb. 

wt., acting at E along EB and a force of 15 lb. wt., acting at D 
along DC. ^ 


21. is a square, of side 2a ; F is the mid-point of AD. and Q 

that of DC ; and the following forces act: 20 from A to B 10 
from C to D, 40 from A to Q. 30 from P to B. Show that'the 
resultant is a force of 50. and that the length of the perpendicular 

TomA on its line of action is about •26a. (Represent the resultant 
m a figure.) 5 j 

equilibrium act along the sides of a quadrilateral 
Show that the resultant of the forces acting along AB 
and RC acts along BD, and find the ratios of all the forces, when 

the angles ABC and BCD is 50°. and each of the angles 
BDC and BAC is a right angle. s) 


23. ABCD is a rectangle in which BC = nAB. I'rove that the system 
of forces r, nP. P.nP acting along AB. CB. CD. AD would main- 

am equilibrium. Find, when BC — jAB. the magnitude and 
position of the resultant of forces r, 3, i, 5 lb. wt., acting along the 
sides AB, BC. CD, and DA of the rectangle. (I E ) 

24. ^rces of 5, 6, and 7 lb. wt. respectively act along the sides BC, 
CA. AB of an equilateral triangle of side i foot. Calculate the 
magnitude of their resultant, and the distance from A of the point 
in which its line of action cuts AB. 


25. Forces 3 -P. 4 -P. E. 5P act along the sides AB. CB, CD, DA of a 

square lamina ABCD of side 3 inches in the order indicated. Prove 
that the resultant of the forces meets AD produced at a point 
distant I ^ inches from D ; and find the distance from B at which 
the resultant meets AB. (N.U.3.) 

26. Four forces P, P, Q, Q act along the sides AB. BC. CD, DA of a 
rhombus ; find the sum of their moments about the centre O of 

Prove that their resultant is at a distance i BD 

~P — Q ^^iscuss the case when P = Q. (C.W.B.) 


7. , B, C, D are four points in a straight line at equal intervals of 

2 eet. At A, B, D forces of 2, 3, and 4 lb. wt. respectively act 
perpendicular to AD upwards ; at C a force of 9 lb. wt. acts per¬ 
pendicular to AD downwards. Show that the system is equivalent 
to a couple, and find where the 3 lb. \vt. should have been applied 
to produce equilibrium. (I-S.) 

28. ^rces of magnitude 4, 5, 6. and 7 lb. wt. act along the sides AB. 

o lu respectively of a 12-inch square, and a force of 

8 lb. wt. acts from B to the middle point of DC. Find the magni¬ 
tude of the resultant and the distance of its line of action from A. 

(Q-E.) 


§ 86 . 7 /te Yesnltani of two forces, acting at a point O in directions 
OA and OB and represented in magnitude by l.OA and m . OB is re¬ 
presented by (lA m)0C, where C is a point in AB such that 
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For let C (Fig. 87 ) divide /4B so that 

I .CA = m, CB. 

Complete the parallelograms OCAD, OCBK. 

B 



The force I . OA is equivalent to forces represented by I. OC 
and I. OD, 

The force m, OB is equivalent to forces represented by m . OC 
and m . OE. 

Hence the forces I . OA and m . OB are equivalent to a force 
represented by {/ + m)0C, and forces represented by I . OD and 
m . OE. 

But OD = CA and OE = CB and I . CA — m . CB. 

these two latter forces are equal and opposite and are there¬ 
fore in equilibrium. 

Hence the resxiltant of I. OA and m . OB is represented by 

(/ + m)0C. 

If I = m = 1 , the resultant of forces OA, OB is 2 OC, where C is 
the middle point of AB. This is also obvious from the fact that in 
this case OC is half the diagonal of the parallelogram, of which 
OA and OB are adjacent sides. 

Example (i). 

Forces represented by 2BC, CA, BA act along the sides of a triangle 
ABC. Show that their resultant is tDE, where D bisects BC and E is a 
point on CA such that CE = \CA. (H.C.) 


A 



In Fig. 88 the resultant of 2BC and BA is 3BF, where £ is a point 
in such that 2C£ = EA, i.e. CE == \CA. 
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Also CA = 3CE, and the resultant of forces 3B£ and 3C£ is 6D£, 
where D is the middle point of BC. 

Example (ii). 

ABCDEF is a regular hexagon and O is any point. Prove that the 
resultant of forces represented by OA, OB. OC, OD. OE. OF is 60 P. where 
P is the centre of the circumcircle of the hexagon. 



Fig. 89. 


In Fig. 89 P is the mid-point of AD. BE. and CF, Let O be any 
point and join OP. 

The resultant of OA and OD is 20 I\ 

The resultant of OB and OE is 2OP. 

The resultant of OC and OF is 2OP. 

the resultant of OA. OB. OC. OD, OE, OF is 60 P. 

Example (iii). 

A/ IS the point of trisection of the side AC of a triangle ABC which is 
nearer to A, and N is the point of trisection of the side AB which is nearer 
to B. Resolve a force represented in magnitude and direction by MN. 
into three forces acting each along a side of the triangle. (I.S.) 


A 



Fig. 90. 

Join AfB (Fig. 90). 

Since W divides AB in the ratio 2 : i, the force MN is equivalent 
to forces f AfB and \MA . 

The latter is along CA and equal to ICA. 

Since M divides AC in the ratio i : 2, a force MB is equivalent to 
forces ^AB and \CB. 

Hence fAfB is equivalent to ^^B and gCB. 

The force MN is therefore equivalent to forces 

^ ^ UB, gCB. ICA. 

acting along the sides. 
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Example (iv). 

ABCDEF is a plane lamina in the form of a regular hexagon. Forces 
act from A and B towards the other four vertices proportional in magnitude 
to the distance from them. Prove that the resultant is proportional to 
tAE, and find the line of action. 


F 


Fig. 91. 



The resultant of forces proportional to AF and AE (Fig. 91) is 
proportional to 2AG, where G is the mid-point of EF. 

Similarly, the resultant of and is proportional to 2Aff, 
where H is the mid-point of CD. 

The resultant of 2AG and 2AH is proportional to 4AK, where K is 
the mid-point of GH.^ 

Similarly, the resultant of the forces along BC, BD, BE, BF is 
represented by 4BK. 

Finally, the resultant oi 4AK and 4BK is represented by BLK, 
where L is the mid-point of AB, and it is clear that LK ~ ^AE. 

Hence the resultant is proportional to and acts along LK. 


EXAMPLES XV. 


1. The sides BC and DA of a quadrilateral A BCD are bisected in 
F and H respectively. Show that if two forces parallel and equal 
U> AB and DC act at a point, their resultant is parallel to HF and 
equal to 2HF. 


2. O is any point in the plane of a triangle ABC, and D, E, F are the 

middle points of the sides. Show that the system of forces re- 

pre^^^by OA, OB, OC is equivalent to the system represented 
by OZy, OEf OF. 


circum-centre. and H the ortho-centre of a triangle 
.^BC, prove that the resultant of forces represented by HA HB 
HC will be represented in magnitude and direction by 2HO. 



-4BCB is a quadrilateral, of which A and C are opposite vertices. 

Iwo forces acting at A are represented in magnitudes and direc- 

taons by AB and AD ; and two forces acting at C are represented 

in magmtudes and directions by CB and CD. Show that the 

r^ultant force is represented in magnitude and direction by four 

times the line joining the middle points of the diagonals of the 
quadrilateral. 
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5. ^ 5 CZ) IS a quadnlateral; forces are completely represented by 
the lines AB, BC, AD, DC. Prove that their resultant is repre¬ 
sented in magnitude and direction by 2AC, and that its line of 
action bisects BD. 

^ triangle and G the point of intersection of its medians : 
if O is any point m the plane of the triangle, prove that the resultant 
of forces represented by OA, OB, OC is represented by 3OG. 

7. ABCD is a quadrilateral and O is any point in its plane E F G 
H the mid-points of A B. BC, CD, DA respectively. ’ Prove 
that the resultant of forces represented by OA OB OC OD is 
represented by ^OK where K bisects EG. 

8. A point P on the circumference of a circle is joined to fixed points 
A and .e on the circle. Forces 2PA, 3PP act along PA PB 
respecUvely, and their resultant is represented in direction and 
ma^itude by PQ. Find the locus of 0 as P moves round the 

(H.S.C.) 

9. T^ee for^s AB, 2BC, 2AC act, in the directions indicated by the 

letters, along the sides of a triangle ABC. Find their resultant. 

and deduce that the Ime joming the middle point of .45 to the 

p^t of ^section of BC nearer to C cuts AC produced in E where 
AO - CE. g j 

10. .4 ^d B are fixed points ; P moves in such a way that the resultant 

of forces represented by P .4 and PB is always double the former 
force. Fmd the locus of P. 

11. If the resultant of forces represented by lines drawn from a point 

ir® wmers of a quadrilateral be of constant magnitude, prove 
that the locus of P is a circle, and find its centre and radius. 

12. ABCD is a paraUelogram and £ is a point in AD. Find a point 
F m BC such that the resultant of forces represented by AE and 
AF may act in the direction AC. 

13. The sid^ BC. CA, AB of a triangle . 4 BC are bisected in £>, £, P 
^pec^ely. Find the resultant of forces represented by DA, 


12 . 


13- 


14. O is any point on a median of a triangle ABC. Forces act from 0 
towards B, and C proportional to the distances of O from these 

I^ove that their resultant is represented in magnitude 
and direction by 3OG, where G is the centroid of the triangle. 

15. Forces completely represented by . 45 , C 5 , CD, .45 act in the sides 

of a quadrilateral ABCD. Prove that their resultant is com- 
plete^ represented by ^HK, where H and K are the middle points 
of 4 C and BD respectively. (C.W.B.) 

16. . 45 C is an equilateral triangle and G is its centroid. Forces of 

I, I, 4, 2 2, I lb. wt. act along 5 G, CA, AB, AG, BG. CG respec- 
tivel)^ Determine the magnitude and direction of their resultant 
and the distance from A at which it cuts . 45 . (I.S.) 

17. ProT^ tiiat the resultant of any number of concurrent forces l.OA, 

^ H" w + w -|- ... ) 0 G, where G is the 

Mntte of gravity of masses proportional to /, m, n . . . placed at 
A, ts, o .. . respectively. (H.S.C.) 
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§ 86 . We shall now consider a more general method of reducing 
a system of coplanar forces. 

From the theorem proved in the next paragraph we can deduce 
the theorem of paragraph 76, and also easily obtain the various 
sets of conditions necessary and sufficient for a system of forces to 
be in equilibrium. 


§87. Any sysient of coplanar forces acting on a rigid body can, in 
general, he replaced by a single force acting at an arbitrary point in 
the plane of the forces together with a couple. 



Fig. 92. 

n forces P^, P^, etc., act at the points A^, A^, etc., and let 

0 (Fig. 92 ) be any point in the plane of the forces. Take 0 as origin 
of co-ordinates, and Jet the co-ordinates of A^, A 2 , etc., referred to 
rect^giUar axes through 0 be {x^, y^), {x^, y^), etc. 

Consider any one of the forces P acting at the point A (x, y). 
Resolve P into its components P^, parallel to OX, OY. 

We can transfer parallel to itself to act at O by introducing 
a couple whose moment is yP^* and we can transfer P^ parallel to 
Itself to act at 0 by introducing a couple xP^. 

These couples are in opposite senses, and the algebraic sum of 
their moments is xP^ — yP^. 

Similarly for all the forces. 

Let X be the algebraic sum of all the forces transferred to act 

ong the axis of x, and Y the sum of those acting along the axis 
of y. 

These can be compounded into a single resultant R acting at O, 
and the couples can be added (with their proper signs) to form a 
smgle couple of moment G. 

If the resultant R makes an angle B with the axis of x, 

R® = -f- Y®, and tan B = 

It should be noticed that the values of R and 9 are independent of 
the position of the point 0 , since they do not contain the co-ordin¬ 
ates of any of the points Aj, A 2 , etc. 
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The moment of the resultant couple is 

G = 2:(xP,~yP,), 

where Py are the components of P parallel to the axis, and the 
£ denotes summation for all the forces. 

It is evident that G is the sum of the moments of all forces about 
the origin 0, and its value will depend on the pKDsition of O. 

§ 88. Conditions of Equilibrium for a System of Coplanar Forces, 

Let the forces be reduced to a single force R at any arbitrary 
point 0 and a couple G. 

Then for equilibrium we must have P = o and G ~ o. 

If P = o, we must have both X = o and Y — o. 

This gives us three conditions, which can be stated as follows :— 

The algebraic sums of the resolved parts of the forces in any 
two directions which are not parallel must be zero. 

^ The algebraic sum of the moments of all the forces about any 
arbitrary point must be zero. 

§ 89. Change of Base. 

If we take a point 0*(x', y') as base instead of the origin, the 
couple for this base may be obtained from that for the origin 0 by 
writing X — x’ and y — y* for x and y in the value for G. 

G = £{x - x')Py -£{y- y)P,. 

= £xPy - £yP^ - £x'Py 4 - Xyp^^ 

= G~ x'£Py + y£P,, 
since x\ y' are constant, 

^,G~x'Y-\-yX. 

In this result G is the sum of the moments about the origin, 
x', y' are the co-ordinates of the base, X and Y the sums of the 
resolved parts of the forces parallel to the axes. 

§ 90. Line of Action of Resultant. 

If the system is not in equilibrium, and we reduce to a force R 
at the point x, y, and a couple G\ 

P* = X* -f- y*. 

= yX. 

Now if P is zero, X = o and y = o, and the system reduces to 
a couple G, since this cannot vanish too. 

If jR is not zero, we may, by properly choosing the base, make 
the couple G' vanish, so that the system reduces to the single force 
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R. This is the case when the co-ordinates {x. y) of the base satisfy 
the equation 

G — xY -\- yX = o. 
i.e. the base must lie on this line. 

y 

Now this line makes an angle tan“*— with the axis of x, and is 

therefore parallel to R, and since R acts at the base {x, y) this straight 
line is the line of action of R. The equation of the line of action 
of the resultant is therefore 

G — xY + yX ^ o. 


§ 91. Other forms of the Conditions of Equilibrium. 

(1) A system of coplanat forces will he in equilibrium if the sum of 
the moments of all the forces about two different points {say 0 and C) is 
zero, and the sum of the resolved parts in some one direction, not per¬ 
pendicular to OC, is also zero. 

Taking 0 as origin, C as base {x. y), we have 

G = o, 

G' = G-xY -\-yX^o, 

X = o. 

and these give X ~ o, V = o, G = o, provided x is not zero, i.e. 
provided C is not on they axis (so that X is perpendicular to OC). 

( 2 ) A system of coplanar forces will he in equilibrium if the sum of 
the moments about three different points, 0, C, C not all in the same 
straight line, are each zero. 

Taking 0 as origin. C as x, y, and C* as x’ y', these conditions 
give 

G = o, 

G — xY 4- yX = o. 

G - x'y + yx = o. 

.*. — xY A- yX — o. 

-x^Y A-yx = o, 

X = o and V = o, unless xy' — x'y = o, i.e. unless O, C, C' 
are in a straight line. 


§ 92 , Example (i). 

A force acting in the xy plane has moments —60 ft. lb., —156 //. lb., 
and 84 ft. lb., about the origin, the point (8, o) and the point (o, 10) respec¬ 
tively, the co-ordinates being in feet. Find the magnitude of the force 
and the points in which it cuts the co-ordinate axes. (1-E.) 

Let X, Y he the components of the force along the axes and G its 
moment about the origin. 
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The moment about th*e point {x, is G — xY + yX, 

G = — 6o, 

and _ 6o - 8y = - 156, 

— 60 + loX = 84, 

_ Y = 12, and X = I4'4, 

R = y/X* + y* =: V(i4-4)" + 12* = 12 V1-44 + 1 = 1872 lb. wt. 

The equation of the line of action of the force R is 


and when y — o 


— 60 — i2X + i4-4>' = o, 

X = — s It.. 


when X sz o 



4-16 ft. 


Example (ii). 

Prove that any system of forces may, in an infinite number of ways, 
be resolved into two forces, the lines of action of which are tangents to a 
given circle. If for any such resolution the magnitudes of the forces are 

the angle between their lines of action is 2 a show that 

FjF, cos* a = constant. (H.S.C.) 



Fig. 93. 


Let C (Fig. 93) be the centre of the given circle, aa its diameter. 
Since we may assume the system not in equilibrium, it can be 
reduced to a single couple or a single force. 

If it reduces to a couple G, this is obviously equivalent to two equal 

forces — in opposite directions along any pair of pairallel tangents to 
the circle. 


In this case FjF, cos* a = —a constant. 

4a* 

If the system reduces to a single force R, let .<4 F be its line of action. 
Take any point O on AB, and from O draw tangents, to the circle 
OT^. It is obvious that R can be resolved into two forces, Fj 
and F*. one along each of these tangents, and by taking different posi¬ 
tions in AB for O we get an infinite number of ways of resolving. 



COPLANAR FORCES. EXAMPLES 




If the forces and F, act as shown, then, since their resultant is R, 

— 2FiF, cos 2a = . . . (j) 

^so ^e sum of their moments about C is equal to the moment of 
ftoout C, and this is constant. 


(^1 + F^) a = constant (say G). 

+ F. = 5 . . 

••• F.* + F.* + 2F,F. = 

and from (i), 

■^1* + -^1* — 4 -Pi-Pi cos" a + 2F>F, =: R*, 

4F,F, cos* a = ^ — F*. 

a’ 

• F^F^ cos* a ^ constant. 

Note that, if F is zero, this reduces to the preceding case. 



Example (iii). 

Show that a system of coplanar forces may be represented in an infinite 
numocr of ways by two forces, one through each of two fixed points in their 
* ^ B arc the fixed points and AP and BQ represent on 

s<^ fixed scaU any two such forces, prove that the loci of P and Q are 
straight lines parallel to AB. (H.S.C.) 


R 



Fig. 94. 

^ ^ points, and AB = a. 

a e .<4 as base and reduce the system to a force F at .^4 and a 
couple G. 

The couple may be replaced by two equal, opposite, and parallel 

forces acting at A and B the magnitude of each being —~— where a 
ic • 1. “ sin a 

tne luchnation of their direction to 

hav tK forces at A can be compounded into a single force, and we 
j ^ force at A and a force at B. These can obviously be varied 

If p number of ways by varying a. 

Q represents the force at B, the distance of Q from ^ F is 

BQ sin a = - = constant. 

a 


VOL.n,*E 
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Hence the locus of Q for difierent values of a is a straight line parallel 
to AB. 

Now AP is the resultant of R and the force —:— of the couple 

a sin a ^ 

acting at A . 

The distance of P from is the length of the projection of AP on 
a line perpendicular to and this must equal the sum of the pro- 

jections of R and the force —:— on this line. 

a sm a 

If 9 is the inclination of R to AB, the sum of these projections is 

B sin d H-:— sin a 

a sm a 


= B sin ^ -I- 

a 

and this expression is obviously constant. 

Hence the locus of P is also a straight line parallel to AB. 


Example (iv). 

An equilateral triangular lamina ABC resting on a smooth horizontal 
plane is acted upon by a force of 5 Ih. wt. along BC, 3 lb. wt. along AC, 
and 2 lb. wt. along AD, where AD is perpendicular to BC. Find the force 
at B and the couple which will keep the lamina at rest. 


A 



Draw the triangle and insert the forces as in Fig. 95, and let a be 
the length of a side. 

The force 3 is equivalent to an equal and parallel force at B and a 
couple of moment 



The force 2 is equivalent to an equal and parallel force at B and a 
couple of moment 
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Reviving the forces at B along and perpendicular to BC we eet 
along BC ’ ® 


5 + 3^13 
^ 2 2' 


perpendicular to BC, 


2 + 


3V^3_4 + 3V3 


If R is the resultant force at B, 

+ 5^3 -= 53 + 6V3, 

R = 7 ‘ 962 . 

If is the inclination of R to BC, 

tan d --- = .7074. 

& = 35 ° 16' nearly (below BC). 

The resultant couple is 

(i + ^)o = 3 - 598 a 

A force equal and opposite to R acting at B, and a couple in the 

opposite sense equal to this resultant couple will keep the lamina at 
rest* 


Example (v). 

Show that a given force may be resolved into three components, acting 
in three given lines which are not all parallel or concurrent. 

A 



give^L^^c: F r^ts BC i^™ 

Then F can be resolved into two components acting along DA and 
C respectively, and the force along DA can be resolved into two 
^mponents along AB and CA respectively. The resolutions can be 

fs^p^r^l^ right-hand figure, where the dotted line 
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Similarly, if two of the lines AB, CD are parallel, as in Fig. 97, 
and EG is the third line. 


A 


C 


Fig. 97. 

Let F cut CD in H. 

Then F can be resolved into two components along CD and HE 

respectively. 

The force along HE can be then resolved into two components 

acting along GE and BA respectively. 

EXAMPLES XVI. 

1. Prove that any force P, whose magnitude and line of action are 
given, can be replaced by two forces Q and R, of which Q acts 
through a given point O, and R along a given line in the plane 
containing O and the line of action P. If the magnitude of R is 
equal to P, show that its line of action must touch a circle, with 
O as centre, and that the magnitude of Q is not greater than 2P. 

(I.S.) 

2. A square lamina ABCD on a smooth horizontal table can turn 

about a smooth peg fixed at the point of trisection of the diagonal 
BD, which is nearer to B. It is acted on by a force of 5 lb. wt. 
along AD and a force of 3 lb. wt. zilong CB. Find the force which, 
acting at ^ in the direction A B, will keep it in equilibrium and the 
resultant pressure on the peg. (H.S.C.) 

3. Points P, Q, R are taken in the sides BC, CA, AB respectively of a 
triangle ABC so that 

BP _CQ _BR _ 

PC~^~1^~'^' 

BC = 4 units, CA =5, = G. Prove that two forces of 8 lb. 

wt. and 10 lb. wt., acting at P and Q perpendicular to BC, CA 
respectively, and inwards to the triangle, are equivalent to a force 
of 12 Ib. wt., acting at R perpendicular to AB and outwards, 
together with a couple ; find also the moment of this couple. All 
the forces are coplanar with the triangle. (H.S.C.) 

4. Forces of magnitudes i, 2, 3, 4, 5, 6 units act in the same sense 

along the sides of a regular hexagon taken in order, and a force 
acts at the centre of the hexagon. If the several forces are equi¬ 
valent to a couple, find the moment of the couple, and the magni¬ 
tude and direction of the force at the centre. (H.S.D.) 

5. A system of forces acts on a plate in the form of an equilateral 

trismgle of side 2a units. The moments of the forces about the 
three vertices are G^, G«, G« units respectively. Find the magni¬ 
tude of the resultant. (H.S.C.) 
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8 . 


lO 


II 


12 . 


13 


M 


A of fo^ act in a plane, and the sum of the a- components 

IS -Y, me sum of the y components is Y, and the sum of the moments 
a^ut the ongin is N. Find the equation of the line of action of 
the resultant. (H.S.D.) 

^BCZ) is a square whose side is 2 feet. P is the middle point of 

i o ^ of magnitudes lo. lo, 30. 40 act along 

1 2 * Ci;, QB, CP m the directions indicated by the order of the 
letters. Fmd the magnitude of the resultant, and the distances 
from A of the points where its line of action meets AB and AD. 

Forces 3P, 2P, P, 2P act along the sides AB. CB, CD. AD oi 3. 
^u^eABCD m the directions indicated by the order of the letters. 
Fmd the magnitude and the line of action of the resultant. (H.C.) 

A force in the plane of two rectangular axes has components X and 
y in the directions of the axes of x and y respectively, and its line 
of actaon passes through the point {x\ y'). Prove that it is equi- 
v^ent to a force whose components are X and Y acting at the 
ongm, together with a couple of moment x'Y — y'X. Parallel 
orces P^, P, . . . act in the plane of these axes at points 
(^ 1 . yi), (^1. ;Vi)j yt), • . . respectively. Prove that the forces 
are in equihbnum whatever their common direction, if ZP = o 
ZPx = o. ZPy =. o. (H.C.) 

ABCDEF is a regular hexagon. Forces of i. 3, 2, and 4 Ib. wt. act 

^ong AB, BE. ED and DA respectively. Find the magnitude of 

the resultant. Take AB &s x axis and AE uls y axis, and find the 

equation of the line of action. Indicate by an arrow the direction 
of the resultant. (j g j 

Ox, Oy are rectangular axes, and P is a point whose co-ordinates 
( 3 . 4 )- Find the intercepts made on Ox, Oy by the line of 
action of the resultant of a force of 7 units along OP, and a counter¬ 
clockwise couple of moment 21 units. (IS) 

rectai^le in which . 4 B = 5 feet, SC = 3 feet. Forces 
Of 2 lb. wt., 4 lb. wt.. 3 lb. wt., 11 lb. wt. act along AB, BC, DC DA 
r^F«cbvely, the sense in each case being indicated by the order 
of th^B le^rs. If this system is reduced to a force acting at the 
pomt of mtersection oi AC and BD, together with a couple, deter¬ 
mine the magmtude and direction of the force, and the moment 
ana sense of the couple* g j 

Forces act at the comers of a square of 
side 8 inches, as shown in Fig. 98. Find 
by calculation the magnitude and direc¬ 
tion of the resultant force acting at the 
centre and the resultant couple. 

A plane regular hexagon OABCDE has 
a side of 2 inches. Forces of magnitude 
I* 2, 3 » 4 « 5 * &nd 6 (in lb. wt.) act along 
the sides OA, AB. BC, CD. DE, and 
EO respectively, in the sense indicated 
by the order of the letters. Find the 
resultant force at O and the resultant 8>b.wt. 
moment about 0 . (j.C.) Pig. 98 
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15. Prove that a system of coplanar forces is in equilibrium if the sum 
of the moments about each of three non-coUinear points is zero. 
A couple of 10 ft. lb. units acts on a square board ABCD of side 
2 feet. Replace the couple by forces acting along AB, BD, CA. 

(N,U.3.) 

16. ABC is a tricingle in which AB = AC = 4 inches, BC = 3 inches. 
£ is the mid-point of AB, F 3k point on BC such that CF = i inch. 
Find three forces along the sides of the triangle ABC which will 
together be equivalent to a force of 4 lb. wt. along EF, representing 
them in an accurate diagram on a scale of i lb. wt. to i inch. 

(Ex.) 

17. Forces i, 2, 3, 4 act in the sides AB, BC, CD, DA of a square 
ABCD. Reduce the system to a force through A and a force 
in BC. 

18. ABC is a triangular lamina with — 6 inches, BC = 8 inches, 

and C a right angle. A force 10 lb. wt. acts along AB. Prove that 
this can be completely balanced by two forces acting perpendicular 
to AC, BC respectively at their middle points. Find the magni¬ 
tudes of these forces. (N.U.) 

19. A system of forces acting on a rigid lamina in a plane is reduced 

firstly to a single force acting at a point A in the lamina, and 
secondly to a single force acting at another point B and a couple 
of moment G. Prove that if the system were reduced to a single 
force acting at the mid-point ot A B and a couple, the moment of 
the couple would be JG. (N.U.3.) 

20. Forces 3, 4, 2, i lb. wt. act respectively along the sides AB, BC, CD, 
DA of a square ABCD of side 3 feet. Reduce the system to (i) a 
force at A and a couple, (ii) two parallel forces through B and C. 

21. A, B are any two points in a lamina, on which a system of forces 

coplanar with it are acting, and when the forces are reduced to a 
single force at each of these points and a couple, the moments of 
the couples are and G^ respectively. Prove that when the 
reduction is made to a force at the raid-point oi AB and a couple 
the moment of the couple is i(Ga -j- G^). (C.W.B.) 

22. Forces P, Q. P, Q act along the sides AB, BC, CD, DA respectively 

of a square ; if these four forces and a fifth force R of given magni¬ 
tude in the same plane have a resultant which passes through the 
centre of the square, prove that the line of action of R touches 
a fixed circle. (FS.) 

23. A uniform square lamina ABCD of side 2 feet, and weighing 15 lb*, 

can turn freely in a vertical plane about A, which is ^ed, and is 
kept in equilibrium with the diagonal A C horizontal by means of a 
pull exerted in a horizontal string through its highest point D, 
together with a couple. Find the moment of the couple when the 
magnitude of the reaction at A is 25 lb. wt. (FS.) 
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GRAPHICAL CONSTRUCTIONS. 

§ 93. The magnitude and direction of the resultant of any number 
of coplanar forces can be found graphically by means of the polygon 
of forces. When the forces act at a point the resultant must pass 
through this point, so that we know its line of action. When the 
forces are acting on a rigid body we can still find the magnitude and 
direction of the resultant by drawing the polygon of forces, but we 
require a further construction to determine the line of action. 

We shall now consider how this may be done, and also how to 
apply the graphical method to determine the stresses in a framework 
of light rods acted on by given forces. 

§ 94. To find, graphically, the Resultant of any number of Coplanar 
Forces. 



Let the lines of action of the forces P, Q, R, S. be as in Fig. 99A. 
Draw the figure abcde (Fig. 993) having its sides ab, be, cd, de 
paraUel and proportional to P, Q, R, S respectively, and join ae. 

By the polygon of forces ae represents the resultant of P, O, R 
and S in magnitude and direction. 

Take any point 0 and join it to a, b, c, d. and e. 

The force P is equivalent to forces represented by ao, ob ; Q is 
equivalent to bo, oc, and so on. 

Take any point A on the line of action of P and draw AE and yfB 

parallel to oa and ob, and let AB meet the line of action of Q in B. 

P is equivalent to forces represented by ao and oh acting along EA 
and BA. ° 

Through B draw BC parallel to oc to meet R in C. 
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Q is equivalent to forces bo, oc acting along AB, CB, and the 
former of these balances the force ob along BA . 

From C draw CD parallel to od to meet S in D. 

R is equivalent to forces co, od acting along BC, DC, and the 
former balances the force oc acting along CB. 

From D draw DE parallel to oe to meet AE in E. 

S is equivalent to forces do, oe acting along CD and ED, and the 
former balances the force od acting along DC. 

Hence the forces P, Q, R, and S are equivalent to forces ao, oe 
acting along EA, ED, and since these intersect in E, their resultant 
must pass through E. 


The resultant is therefore a force X passing through E, parallel 
to ae and represented in magnitude by ae. 

We have therefore determined the line of action of the resultant 
as well os its magnitude and direction. 

The figure abcde is called the Force Polygon for the given system, 
and the figure ABCDE is called a Link or Funicular Polygon. 

If the link polygon were formed of strings it would be kept in 
equilibrium in the shape ABCDE by the forces P, Q, R, and S acting 

at A, B, C, D, and a force equal and opposite to their resultant 
acting at E. 


This is the origin of the name funicular polygon, which means 
a rope polygon. 

It is evident that by taking different positions for A and o the 
shape of the funicular polygon can be varied in any number of ways, 
but the final point of intersection of AE and DE will always lie 
on the same straight line, the line of action of the resultant. 


§ 96. If the point e of the force polygon coincides with a the 
polygon is said to close, and the resultant force vanishes. 

This does not mean, however, that the forces are in equilibrium. 
hor in this case oe and oa coincide, and AE, DE will be parallel, 
and the forces acting along them will be equal and opposite. 

Hence imless DEA is a straight line, i.e. unless the funicular 
polygon closes, we are left with a couple. 

This means that if the forces are in equilibrium, both the force 
polygon and the funicular polygon must close. 


§ 96. In most cases in which the graphical method is used it is 
known that the forces are in equilibrium. The forces are usually 
acting on some sort of framework, and the problem is to find the 
stresses in the various parts or ** members of this framework. 


The methods of modifying the constructions of the preceding para¬ 
graphs for this purpose are illustrated in the following examples. 

In considering the equilibrium of a light rod it is evident that, if 
the only forces acting on it are applied at the ends, these forces must 
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be directed along the rod or they cannot balance one another ; they 
must also, of course, be equal and opposite. The stress in a light 
rod, acted on by forces at the ends only, must therefore consist of 
a thrust or a tension along the length of the rod. 

A rod which is in a state of thrust is called a Strut, a rod in a state 
of tension is called a Tie. 


§ 97. A closed polygon of light rods, freely jointed at their extremities 
is in equilibrium under the action of a given system of forces applied at 
the joints ; to find the stresses in the rods. 



Let AB, BC, CD, DE, EA represent the rods freely jointed at 
their ends, and let forces P, Q, R, S, and T act at the joints as in Fig. 

lOOA. 

Let the resulting actions along the rods be T^, T^, T^, 
respectively. 

Draw the force polygon abcde (Fig. ioob) having its sides parallel 
and proportional to P, Q, R, S, and T respectively. Since the forces 
are in equilibrium this polygon must close. Through a draw ao 
parallel to AE, and through b draw bo parallel to AB. The triangle 
boa has its sides parallel to the forces P, and which act at A. 
Its sides are therefore proportional to these forces, and the sides bo 
and oa represent and Tr^ on the same scale that ab represents P. 

Join oc, od, oe. 

The sides ob, be of the triangle obc represent two of the forces. 
Tj and Q, which act at B. Hence co represents the third force acting 
at B, i.e. T^. 

Similarly do represents and eo represents T^. 

The lines oa, ob, oc, od, oe, therefore represent, in magnitude and 
direction, the forces along the sides of the framework. 

§ 98. It is clear that, of the figures in the last paragraph, abcde is 
the force polygon and ABCDE a funicular polygon for the system of 
forces P, Q. R, S, T. 

Also if abcde represents a jointed framework acted on by forces 
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oa, oh. 00 , od, oe, then ABODE is the force polygon for this system 
of forces, abode being the funicular polygon. 

Hence either of these polygons may be taken as the framework, 
or funicular p>olygon, and then the other is the force p)oIygon. For 
this reason such figures are said to be Reciprocal. 

§ 99. Bow's Notation. 

There is another system of lettering the figures which may be used. 
Consider the framework of paragraph 97. 


S 



Fig. ioi. 


Draw the framework and forces as in Fig. loi, and instead of 

lettering the corners of the framework, letter the spaces between the 

forces and bars, e.g. let the space between T and P be called A, that 

between P and Q be called B, that between Q and R be called C, and 
so on. 

The line of action of P is the boundary between the spaces A and 
B, and in the force polygon the line representing P is called ab, that 
representing Q is called be and so on. 

The force polygon is then abode. 

Calling the pole of the force polygon o the space within the funi¬ 
cular is then called 0. 

A small letter attached to an angle of the force polygon corresponds 
to a big letter attached to a space of the funicular. 

§ 100. Example (i). 

A rope fastened to two points A, B carries a weight of 50 lb. which 
can slide smoothly along the rope. The co-ordinates of B with respect to 
the horizontal and vertical at A are 8 feet and 1-2 feet, and the length of 
the rope is 10 feet. Find graphically the position of equilibrium and the 
tension of the rope. (I E.) 

Draw AC (Fig. 102) horizontally to scale to represent 8 feet, and 
CB perpendicular to it to represent 1*2 feet. 

Since the weight can slide smoothly on the rope, the tensions on 
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the two sides of it must be equal, and hence the two portions of the 
rope must be equally inclined to the vertical. Draw AD vertically 
through A, and with centre B and radius lo feet (to scale) cut AD 'm D. 

B 

1 - 2 ' 


Fig. 102 . 

At A draw AE so that LDAE = LADE to cut BD in E. 

Then AE = DE, and AE and BE are equally inclined to the vertical. 
Hence AEB represents the rope, and the weight of 50 lb. is acting 
vertically at E. 

The tension can now be found by drawing the triangle of forces for £. 
Example (ii). 

ABCD is a quadrilateral formed of four light rods freely jointed at 
their extremities. The angles at A and B are each right angles, the angle 
ADC is 60® and AD ^ CD. It is stiffened by a rod AC, and at B and 
D act forces of 40 lb. wt., in such a manner that the frame is in equilibrium. 
Find the tensions or thrusts in the rods. 

40 


Fig. 103. 

Since AD ^ DC and ADC = 60®, the triangle ADC is equilateral 
and the angle CAB = 30®. 

Draw as in Fig. 103, and AC, making BAC ^ 30® to cut the 

perpendicular to /fB at B in C. Then construct the triangle A CD on 
A C. 

Since the two forces of 40 lb. balance they must act in the same 
straight line, i.e. along BD, and in opposite directions. Take them as 
acting outwards. 
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r>raw the triangle of forces for the comer D, and obtain the tensions 
m AD and DC. T„ T,. (r* = 15.1, T, = 30*2). 

Draw the triangle of forces for the comer B. and obtain the tensions 
in AB and BC, T, and T^, (Tg — 26-2, = 30*2). The thmst in AC 

is found by drawing the triangle of forces for A or C. (This thrust is 
30-2.) 


Example (iii). 

Three beads are threaded on to a string, whose ends are attached to 
two pegs, A and B, one of which is vertically below the other, the length 
of the string being greater than AB. A weight of 10 lb. is attached to the 
middle bead, while the other two heads are pulled outwards in opposite 
directions with horizontal forces of 5 lb. wt. Draw the force diagram and 
deduce from it the incluiation of the various portions of the string to the 
horizontal. (N.U.) 



Since the beads can move freely on the string the tension is the 
same throughout, and the portions of the string on each side of a bead 
must be equally inclined to the horizontal or vertical. 

Consider the equilibrium of the bead with the 10 lb. weight attached 
and the one with the force of 5 lb. wt. acting to the right. Draw XY 
vertically (Fig. 104) to represent 10 lb. wt. and YZ (= \XY) to re¬ 
present 5 lb. wt. These forces are balanced by equal tensions equally 
inclined in each case to the lines of action of the forces. The force 
triangles for the two weights must therefore be isosceles and the sides 
ending at Y must be coincident. They are therefore obtained by 
joining XZ and joining V to its mid-point M. 

MZ. MY give the inclinations to the horizontal of the portions of 
the string at the 5 lb. wt. force, and the portions at the 10 Ib. wt. are 
parallel to them. 

By drawing YW to the left to represent the 5 lb. wt. force acting 
to the left, we get the same figure but reversed. 

The string will be in the form shown in Fig. 104A. 

The angle BAC is tan“* J. 
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EXAMPLES XVII. 

1. ABC is a triangle whose sides AB, BC, CA are respectively 12, 10, 
and 15 inches long, and BD is the perpendicular from B on CA. 
Find graphically the magnitude and line of action of the resultant 
of the following forces :—8 from ^ to C, 4 from C to B, 3 from 
i? to 2 from B to D. 

2. A framework is built up of rigid bars AB ~ AD = 2 feet, BC = CD 

= 15 inches, smoothly hinged together. The framework is placed 
on a horizontal table in such a manner that the angle BAD = 60®, 
and A, C are on opposite sides of BD. B and D are joined by a 
string capable of supporting a weight of 28 lb. Find the greatest 
forces which can be applied to A and C so that the framework is 
in equilibrium in the given position with the string intact, and 
determine the corresponding stresses in the members of the frame¬ 
work, stating whether they are tensions or compressions. 

(H.S.D.) 

3. A rod AB 10 feet long, hinged to a wall at B and carrying a weight 
of 105 lb. at - 4 , is supported by a cord attached to the middle point 
C of the rod and carried to a point D of the wall 7 feet above B. 
the length of CD being 6 feet. Draw a diagram to scale, and from 
a triangle of forces estimate the tension in the cord and the magni¬ 
tude and direction of the reaction of the hinge B. 

4. A uniform beam AB, weighing 100 lb., is supported by strings AC 
and BD, the latter being vertical and the angles CAB and ABD 
being each 105®. The rod is maintained in this position by a hori¬ 
zontal force F applied at B. Show that the value of F is about 
25 lb. wt. 

5. Five equal light rods are freely jointed together at their extremities 

to form a pentagon ABCDE. The system is suspended from the 
joint A, and a load w is suspended from the joint C, the shape of 
a regular pentagon being kept by rods BE, BD. Draw a diagram 
showing graphically the magnitudes of the stresses in the various 
rods, and find which of the rods are in compression and which in 
tension. (LS.) 

6. An equilateral triangle ABC formed of three light rods, each 2 feet 

long jointed at their ends, is supported at a point in which is 
15 inches from A, and a weight of 13 lb. is hung from a point in 
AB y inches from A. Find (by graphical or other method) the 
tension in the rod BC, and the action between the other two rods 
at A. (LA.) 

7. Three light bars are jointed together to form a triangular frame¬ 
work ABC in which the angles A and C are each 30®. The frame¬ 
work can turn in a vertical plane about the point B, and is kept in 
equilibrium with AB horizontal by a weight of 100 lb. hung at C 
and a vertical force P dit A. Find, graphically or otherwise, the 
magnitudes of the force P and of the stresses in the rods. 

(H.S.D.) 

8. ABCDEF is a regular hexagon and forces of 2, 5, and 3 lb. wt. act 

at A in the directions / 4 C, DA, and FA respectively. Find graphic¬ 
ally their resultant in magnitude and direction, and verify the 
results by calculation. (H.S.D.) 
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9. Five light rods form a parallelogram A BCD and its diagonal BD. 
The sides AD and BC of the parallelogram are twice as long as 
the other two sides, and the angles at A and C are 60®. Two equal 
and opposite forces of magnitude F axe applied at A and C along 
the diagonal so that the parallelogram remains in equilibrium. 
Find the stresses in all the rods. (I S.) 

10. The framework shown in Fig. 105 is formed by smoothly jointed 
rods, the len^h of A B and is 3 feet, of BC and DC 4 feet, the 
distance AC is 5 feet, and E is the point mid-way between A and 
C. Forces of 40 lb. act at C and E as shown. Find the tension 
or compression in each rod of the framework. (Q-^*) 

A 


Fig. 105. Fig. 106. 

11. A regular pentagon ABCDE (Fig. 106) jointed at the angles is 

stiffened by two jointed bars AC, AD. Two equal and opposite 
forces, each equal to 3 lb. wt., are applied at B and E. Find the 
stress in each bar of the framework, stating whether it is tensile or 
compressive. (Q-E.) 

12. A rectangle ABCD in which the sides AB, BC are respectively 
8 and 12 cm. is formed by smoothly jointed rods, and is made stiff 
by a diagonal BD ; the frame is hung up from A and a weight of 
10 kilos, is fastened at C ; draw a stress diagram for the forces 
in the rods (which are supposed to be light) and hence find the 
stresses, distinguishing between thrusts and tensions. (I S«) 

13. Forces 3 lb. wt.. 2 lb. wt., — 3*5 lb. wt. act in order round three con¬ 
secutive sides of a regular hexagon of side 2 inches drawn on a 
rigid lamina. Give a graphical construction for the magnitude, 
direction, and line of action of their resultant. 

(N.U.3O 

14. Fig. 107 represents a framework of nine ^ 
smoothly-jointed bars supported by ropes at 
A, B in the directions shown, and carT3dng 
loads at X, Y. Find graphically the forces 
in each bar, indicating the results in your 
figure, and showing whether they are tensions D 
or thrusts. (Neglect the weight of the bars.) 

15- Four rods AB, BC, CD, and DE of a frame¬ 
work ABCDE form sides of a regular hexagon 
and the framework is stiffened by rods join¬ 
ing AC, AE, and CE. Equal forces of 20 lb. 
wt. are applied at the joints B and D from 
outside along directions perpendicular to AC 
and CE respectively, and the frame is kept 
in equilibrium by forces applied at A and E Fig. 107. 






PARALLEL FORCES 


131 


along AB and ED respectively. Find the magnitude of these forces 
and the stresses in the various members of the frame. (N.U.) 

i6. Forces i, 3, — 4 Ib. wt. act in order round the sides of an equilateral 
triangle of side 2 inches drawn on a rigid lamina. Give a graphical 
construction for the magnitude, direction, and position of their 
resultant. (C.W.B.) 

^ 7 * Three equal strings of negligible weight are knotted together to 
form an equilateral triangle ABC. A mass of 30 lb. is suspended 
from A, while the triangle and weight are supported by strings at 
B and C so that BC is horizontal. If the supporting strings are 
equally inclined at an angle of 135® to BC, find the tensions in the 
strings by a graphical method. (N.U. 3 and 4.) 

§ 101. The case when the forces are parallel is a very important 
one in practice. The method is exactly similar to that in paragraph 
04, but now the force polygon will be a straight line. 


F 


o 


z 


Fig. ioSa. Fig. io8b. 

Let the forces be P, Q, R, 5, T and their lines of action as in Fig. 
io8a. 

Letter the spaces A, B,C, D, E, F diS shown, and on a line parallel 
to the direction of the forces mark off ab dowmwards to represent P 
to scale (Fig. io8b), he upwards to represent Q, cd, de, and ef to 
represent R, 5, and T. 

Then af represents the resultant in magnitude and direction. 

Take any point o and join oa, oh, oc, od, oe, and of. 

The force P is equivalent to forces represented by ao, oh, Q to 
forces represented by ho, oc, and so on. 

Take any point p on the line of action of P and draw py, pq 
parallel to ao, oh, and let pq meet the line of action of Q in q. 

P is equivalent to forces ao, oh along py and pq. 

From q draw qr parallel to oc to meet in r. 

Q is equivalent to forces ho, oc acting along qp, qr, and the former 
balances the force oh along pq. 
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From r draw rs parallel to od to meet S in s. 

R is equivalent to forces co, od acting along rg, rs, and the former 
balances the force oc acting along qr. 

From s draw st parallel to oe to meet T in /. 

S is equivalent to forces do, oe acting along sr, si, and the former 
balances the force od acting along rs. 

From / draw tz parallel to of. 

T is equivalent to forces eo, of, acting along is, tz, and the former 
balances the force oe acting along st. 

We are thus left with a force ao along py and a force of along tz. 

Produce yp, zt to meet in x, then the resultant of the forces must 
pass through x. 

The resultant is a force X represented in magnitude and direction 
by af and passing through x. 

Example (i). 

A light beam having given weights attached to it at given points of its 
length is supported at its ends. To find the reactions on the supports. 




Let the weights be P, Q, R acting as shown in Fig. 109A, and let 
S, T be the reactions on the supports. 

Letter the spaces A, B, C, D, za shown, and draw the force polygon 
abed (Fig. 109B). Take any point o and join oa, ob, oc, od. 

Take any point p in the line of action of P, and draw ps parallel 
to oa to cut S in s and pq parallel to ob to cut Q in q. 

From q draw qr parallel to oc to cut R in r, and from r draw ri par¬ 
allel to od to cut T in t. 

The forces P, Q, R are equivalent to forces represented by ao and 
od acting along ps and rt. 

Join st and draw ox parallel to to cut adin x. 

The force ao acting along ps is equivalent to a force represented by 
ax acting downwards along the line of S, and a force ;ro acting along ts. 

The force od acting along rt is equivalent to xd acting downwards 
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along the line of T and a force ox acting along st. This latter force 

balances the force xo acting in the direction ts, and we are left with 

vertical forces represented by ax and xd acting along the lines of S 
and T. 

The reactions at the ends must be equal and opposite to these 
forces, and are therefore equal and opposite to ax and xd. 


EXAMPLES XVIII. 

1. Three like forces of 3, 5, and 4 lb. wt. respectively are parallel to one 
another, and the lines of action are at intervals of 1 foot. Give a 
graphical construction for the position of their resultant. (I-S.) 

2. A beam 30 feet long is supported at its two ends, which are on the 

same level. Loads of 5. 3, 9, and 2 tons rest on this beam at dis¬ 
tances of 8, 12, 17, and 25 feet from the left-hand end. Obtain 
the reactions at the supports graphically by link anfl vector poly¬ 
gons. Also calculate the reactions. (LC.) 

3- Find graphically the position of the resultant of four parallel 
forces of magnitudes + 7» + 4. — 5, -h 2 lb., the distances between 
them being i, 0*5, and 1*2 inches in the order given. (I E ) 

4. Loads of 2, 3, and 5 lb. are placed on a beam 10 feet long at dis¬ 
tances of I, 3, and 5 feet from one end. Find graphically the line 
of action of the resultant. 

5- A horizontal beam 20 feet long is supported at its ends and carries 
loads of 2, 3, 6, and 4 lb. at distances of 3, 6, 12, and 15 feet respec¬ 
tively from one end. Find graphically the thrusts on the ends. 

6. Weights of 8, 3, 2, and 6 lb. are suspended at distances of 2, 3. 
o, and 8 feet from one end of a light beam 10 feet long supported 
at its ends. Find graphically the thrusts on the supports. 

7. Like parallel forces of 2, 4, 6, 8, and 10 lb. wt. act at distances of 
I foot apart. Find graphically the position of the line of action of 
their resultant. 

loads on the wheel of a locomotive are 10, 10, 18, 16, 8, and 
0 tons respectively, and their distances apart are 4, 10, 8, 6, and 
4 feet respectively. Find graphically the magnitude and position 
of the resultant thrust on the rails, and check the result by 
calculation. 

9. A horizontal bar 10 feet long carries weights of 4, 5, 6, and 7 lb. 
at distonces respectively 2, 5, 7, and 9 feet from one end ; give 
g^phical constructions (i) for the resultant of the weights, (ii) for 
pressures on the supports when the bar is supported at its 
two ends, neglecting the weight of the bar itself. (Q.E.) 

*0. The spaces between and the loads taken by the axles of a locomotive 
are as follows, reading from front to rear:— 

Spaces . . 9 10 8 10 feet. 

Loads . .12 12 25 25 5 tons. 



134 


INTERMEDIATE MECHANICS 


Find by a graphical construction the horizontal distance of the 
centre of gravity of the locomotive from its front axle. (Q*E.) 

II. A uniform beam AB, of weight lOo lb. and length 20 feet, is sup¬ 
ported at A and at a point 4 feet from B. It carries loads 60 lb. 
wt. at points 5 feet and 8 feet from A and a load 80 lb. wt. at B. 
Find graphically the pressures on the supports. 

§ 102. Example (i). 

A framework of seven rods is in the form of three equilateral triangles 
ABC, BCD, CDE. It rests on smooth vertical supports at A and E, 
with BD and ACE horizontal, and BD above ACE, and carries loads of 
5 cwt. at B, 5 cwt. at C, and 10 cwt. at D. Neglecting the weights of the 
rods, find the reactions at A and E, and determine, preferably by means of 
a stress diagram, the stresses in each of the rods, indicating which are 
thrusts and which are tensions. 


5 10 



Draw the framework and insert the external forces as in Fig. no. 

The lettering of the spaces will depend on whether we obtain P and 
Q graphically or calculate them by taking moments. 

(i) To obtain them graphically letter as shown, the whole of the 
space under AE being called W. 

Draw the force polygon (which will be a vertical line) taking 
I inch = 4 cwt., rs = 10, si = 5, tu = 5. 

Take any pole 0 and join or, os, ot, ou. 

Take any point a on the vertical through C and draw ab parallel 
to os, to meet the vertical through D jn b, and ac parallel to ot to meet 
the vertical through B in c. 

Draw cd parallel to uo to meet the vertical through A in d, and be 
parallel to or to meet the vertical through E in e. 

Draw ow parallel to de to meet the force polygon in w, then uw 
represents P and tvr represents Q. 

Now consider the equilibrium of A and construct the triangle of 
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forces for A by drawing wz parallel to AC and uz parallel to AB. Since 
uw represents P. wz represents the stress in (a tension) and zu the 
stress in (a thrust). 

For the comer B construct the polygon of forces. Since tu represents 
the force of 5 cwt. at B and uz the thrust on B due to AB, draw zy 
parallel to BC and ty parallel to BD. 

Then zy represents the stress in BC (a tension) and yt the stress in 
BD (a thrust). 

To draw the polygon for the comer D we have rs representing the 
force of 10 cwt. If we now draw sy parallel and equal to ty this will 
represent the thmst on D due to BD. If we now draw yx parallel to 
DC and vx parallel to DE, then yx represents the stress in DC (a tension) 
and xr the stress in DE (a thrust). 

Since wr represents Q and tx the thrust in E due to BE, wrx must 
be the triangle of forces for £, i.e. x must fall so that wx is parallel to 
CE, and this is a check on the accuracy of the drawing, xw represents 
the stress in EC, and as it is away from £ it is a tension. 

We have now obtained the reactions at A and E and the stresses in 
all the rods. These are approximately— 

■P = Q = 11^, Stresses in AB=-{- ^o, AC =—5, 
BC=-4j, BD=+5, CF=-6L DE=-i-i 3 

(2) If we calculate P and Q by taking moments, B cwt. 

^ cwt- We then letter the spaces as in Fig. in, and draw the 

force polygon as described below. 



On a vertical line with scale i inch 4 cwt., mark off rs = 10, 
“ 5* and then tu ^ 8f upwards to represent P, Now mark off 
uw =8 5 to represent the weight of 5 cwt. at C, wr represents Q the 
reaction at E. 

Construct the triangle of forces for A by drawing uz parallel to AC 
and tz parallel to AB. uz represents the stress in AC (a tension) and 
et the stress in AB (a thrust). 

Of the polygon for B we have already st and tz, and to complete 
it we draw zy parallel to BC and sy parallel to BD. 

zy represents the stress in BC (a tension) and vs the stress in BD 
(a thrust). 

Of the polygon for D we have already rs and sy and to complete 
It we draw yx parallel to DC and rx parallel to DE. 
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yx represents the stress in CD (a tension), and xr the stress in DE 
(a thrust). 

Since iw represents Q and rx the thrust on E due to DE, wx must 
be the third side of the triangle for E, i.e. wx must be parallel to CE 
and xw represents the stress in CE (a tension). 

We notice that we have also a closed polygon yzuwx for the comer C. 

% 

Example (ii). 

ABC is a triangular fratnewark oj light rods jreely jointed together 
and placed on supports at A and B so that AB is horizontal and C above 
AB, and the plane ABC is vertical. BC = 22 feet, CA = 18 feet, 
AB = 20 feet. A weight of 200 lb. is suspended from C. Find by the 
methods of graphical statics the thrusts or tensions in the three rods. 

(H.S.D.) 



Fig. 112. 

Draw the framework to scale as in Fig. 112, with the lines of action 
of the external forces outside the framework. The external forces are 
the 200 lb. wt., and the vertical reactions of the supports P and Q at 
A and B. 

The reactions P and Q should be found graphically as in paragraph 
101. In doing this the downward vertical through C is drawn, the 
effect on the supports being the same as if the 200 lb. wt. force acted 
at D where this vertical cuts AB. 

Letter the spaces formed by the lines of action of the external 
forces and the bars of the framework, X, V, Z, IF as shown. 

The space Y extends indefinitely to the left, being separated from 
the other spaces by the 200 lb. force, the bar AC, and the force P. 

Similarly, the space X extends indefinitely to the right. 

Draw the force diagram for all the external forces. This will be a 
vertical straight line xy representing 200 lb. wt. to scale, yz representing 
P, and zx representing Q. (The position of z is found as in paragraph 
101 .) 

Consider the equilibrium of the corner A ; it is acted on by P and 
the stresses \x\ AB and AC. Now yz represents P and we complete 
the triangle of forces for A by drawing zw parallel to A B, and yw par- 
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allel to AC. Then iw represents the stress in AB, and as this acts in 
the direction away from A, the bar AB is in tension. 

wy represents the stress in A C. and this is towards A, so that there 
is a thrust in A C. 

Considering the comer B. zx represents Q, and we complete the 
triangle for B by drawing xw parallel to CB, and zw parallel to A B. 
The point w should be the same as before, and this gives a check on the 
accuracy of the drawing, xw represents the stress in CB, and is towards 
B so that it is a thrust, wz represents the stress in A B, anu cts away 

from B as it should do, since we have already found that AB is in 
tension. 

The tensions and thrusts can be denoted by arrows, as shown, or 
by putting — for a tension and -f* for a thrust. Sometimes they are 
distinguished by putting one and two strokes through the bar. Great 
care must be taken to remember that in obtaining the directions of 
the forces from the triangle of forces we must go round the triangle in 
order, e.g. for A^ since yz represents P, zw represents the stress in AB, 
i.e. it acts towards the right away from A. 

Example (iii). 

Forces of 5, 9, - 7, 3, and — 10 lb. wt. act along parallel straight lines, 
and their distances apart, in the order given, are 10, 5, 7, 3 inches. Find 

by means of the vector and link polygons the magnitude and sense of the 
resultant couple. 



Draw the space diagram as in Fig. 113A, and letter it as shown. 

Draw the force polygon as shown in Fig. 113B. In this figure 

* 5 i S3 9, ci as 7, de ^ 3, and ef or ea =* 10, i.e. the polygon 
closes. 

Number the lines joining o to a, 6, etc., as shown, the line oa re¬ 
presents two equal and parallel forces in opposite directions. Construct 
the funicular by drawing parallels to oa, etc., in the space diagram. 
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The lines of action of the equal forces given by i and 6 are parallel, 
but the forces are in opposite directions, as shown. The force of 5 
represented by ab is equivalent to forces represented by ob and ao, 
and the latter is i in the funicular. The force of lo represented by 
ef is equivalent to eo and oa, and the latter is 6 in the funicular. 

The moment of the resultant couple is obtained by multiplying 
the actual distance represented by the distances between i and 6 in 
the funicular by the magnitude of the force represented by oa. The 
sense of the couple is shown in the first figure. 

Example (iv). 

A crane, as in Fig. 114, is pinned at A and kept vertical by a hori¬ 
zontal pressure at B. 

If a load of 10 tons be suspended from E, show how to find the reactions 
at A, B and the forces in CE, DE graphically. Also calculate the reactions 
and forces. 



Fig. I14. 

Draw the figure to scale, say | inch = i foot. 

Since the rod AD is acted on by forces at points other than its ends 
the stress in it will not be a simple thrust or tension. To find the 
reactions at A and B we consider all the external forces acting on the 
crane, i.e. these two reactions and the weight of 10 tons. 

Draw BF horizontal to meet the vertical through E in F, then the 
reaction at A must pass through F. 

Join AF. The triangle ABF will serve as a triangle of forces for 
the reactions and the lo-ton weight. The lengths of BA, AF, FB are 

2, 2\/5, 4 inches, and these represent 10 tons, the reaction at A and the 
reaction at B. 

Hence the reaction at A is 10V5 tons weight, and the reaction at 
B is 20 tons weight. 

The triangle DCE is a triangle of forces for the comer E. 

The lengths of DC, CE, ED are 3, 5, and 4 inches, and these represent 
10 tons weight, the stress in CE and the stress in ED respectively. Hence 
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the stress in CE is — tons weight (a thrust), and the stress in ED is ^ 

tons weight (a tension). 

To calculate the reaction at B and A. 

Let P be the reaction at B, then, taking moments about A for the 
whole frame, 

4P = 8 X 10, 

P = 20 tons weight. 

Let X, Y be the horizontal and vertical components of the reaction 
A then, 

X — P 20 tons weight, 
y = 10 tons weight. 

If R is the resultant reaction, 

R = V20* + 10* 10 tons weight. 

R is inclined to the horizontal at an angle tan"^ 

To calculate the stresses in CE, ED, 

Let T, be the thrust in CE. 

Resolving vertically for the comer £, 

Ti sin CED = 10, 

-T = 10, or T = - - tons weight. 

3 3 

Let T, be the tension in ED, 

Resolving horizontally for the corner E, 

= T cos CED = — X - — — tons weight. 

3 5 3 
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EXAMPLES XIX. 


I. Fig. 115 represents the framework of a roof whose weight may 
be regarded as distributed in the 

manner shown. Find the stress in C 

each of the nine members and in¬ 
dicate its nature. 

AE = EC = ED ^ 2 CF 

= 2 FD = 2 FB. 


Weight at £ — 200 lb., at £ — 100 
lb., at C = 150 lb., and ACB is a 
right angle. 



B 


2. The framework ABCDEF (Fig. 116) is composed of light rods, 
smoothly jointed ; it is hung from smooth pins at A, B, and 
carries weights as shown. Find the stresses in all the rods to the 
nearest unit, and mark with a double line the rods which are under 
a thrust. 



3. Fig. 117 represents a framework of nine light rods loaded as in¬ 
dicated, resting on vertical supports at B with AB horizontal. 
Find the reactions at A and B and the stresses in all the rods. 


30cwt. D 20cwt. 



The framework in Fig. 118 consists of four light bars, AB^ BC, 
CD, DB freely jointed at B, C, D and attached to a vertical wall 
at A and D. A weight of J cwt. 
is suspended from C. Find the 
stresses in all the bars and the 
reactions at A and Z). Mark the 
struts with double lines. 

A framework of nine equal light 
rods freely jointed together is 
formed by four equilateral tri¬ 
angles ABC, CBD, CDE, EDF, 
the whole forming a parallelogram 



Fig. 118. 
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ABFE. The framework is placed in a vertical plane with the 
lowest rod AB horizontal, a weight of 20 cwt. is suspended from 
F and vertical forces at A and B maintain equilibrium. Draw 
a force diagram .Jo show the stresses in the rods. 

6- Fig. 119 represents a framework of light bars smoothly jointed so 
as to form three isosceles right-angled triangles. The frame is 
hinged at A to a fixed point and kept in position by a light hori¬ 
zontal rod OB hinged to it at B and to a fixed point O ; it is loaded 
as shown. Find the reaction at A and the tension in OB, and 
draw a stress diagram to give the stresses in all the bars. 



Fig. 119. 

7 * The framework in Fig. 120 consists of nine smoothly-jointed light 
rods, smoothly hinged to a fixed point at A , kept in position by a 
horizontal reaction at B, and loaded with 10 cwt. each at C and 
A the ^gles in the figure are all 45® or 90®. Determine the 
stresses in the rods, marking the strute with a double line. 



Fig. 120. 

8. Fig. 121 represents a loaded framework of light rods, attached to a 
vertical wall at A and B, with ADF, BCE horizontal. Assuming 
t^t the reaction at B is wholly along BC, find the magnitude and 
dir^tion of the reaction at A, and find the stresses in all the rods, 
indicting which are in a state of thrust and which are in a state of 
tension. Measurements in a stress diagram will be sufficient. 



20 cwt 20 cwt. 

Fig. 121. 


9 - ABCDE (Fig. 122) is a light smoothly-jointed vertical frame held 
so that ED is horizontal, the angles and lengths being as follows. 
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lO. 


ABED is a parallelogram, AB ^ -z feet, BC 
right angle, and AC = CD. A weight 
W is hung at A. Find the stresses in 
the six rods, specifying their nature in 
each case. (I S.) 

Draw a triangle AET with AT = AE. 

Let AE represent to scale the horizontal, 
and A T the vertical part of a structure 
in which AT = feet. Divide AE into 
four equal parts, and letter the dividing 
points. B, C, D. Join TB. TC. TD, 
and let these lines with TE represent 
tie bars. Consider AB, BC, CD, DE 
to be rigid, weightless bars, and suppose 
loads of I ton to be suspended from the 
points B, C,D, and E. Obtain graphic¬ 
ally or otherwise the tensions in the tie 

bars- (I.E.) 


= 4 feet, ABC is a 



II. Fig. 123 represents a crane composed of four freely-jointed, light 
bars, AC, BC, BD, CD in a vertical plane, supporting a weight of 
4 tons at D : AB and CD are horizontal, and BC vertical. Find, 
graphically or otherwise, the force acting along each bar. 



12, Fig. 124 represents a bridge girder freely supported at A and E ; 

CF and CH are squares, and AB = BF = DE. Loads of 10, 15, 
and 12 tons are applied at B, C, and D. Determine the stresses in 
AB, BF, BG, FG. and CG. (I.E.) 

13. Draw a rectangle ABCD with AB ~ DC = 6 inches, AD = BC = 2 

inches. Bisect DC in E, and trisect .^B in F and G, F being nearer 
to A than to B. Join DF, FE, EG, GC, and let the figure represent 
a bridge truss to scale. Determine the forces in all the members 
when the truss is supported at A and B with AB level, and loaded 
with a ton at F. (LE.) 



In the frame ABCDE (Fig. 125) of freely-jointed bars. 


AD = DC = CB = £B 

= DE, 

and AC = CB = i SAD. 

It is freely supported at 
A, and B is hinged to a 
support at the same level. 
A force of i ton acts at C 
as shown ; find the reac¬ 
tions at A and B, and 
show how to draw a stress 
diagram for the bars. 

(I.E.) 
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^ 5 * The frame of smoothly-jointed rods represented in Fig. 126 is 
supported at A and B, A B being horizontal, and weights of 8 and 
4 cwt. are suspended from C 
and D. The acute angles in 
the figure are 30® or 60®. 

Find by a stress diagram the 
stresses in each member of 
the frame. (I S.) 

16. Three equal light bars are 



triangular framework ABC. 

The framework is suspended 
from A , and weights of 4 lb. 
and 5 lb. are attached at B and C. Find, graphically or otherwise, 
the angle which AB makes with the vertical, and the force along 

(H.S.D.) 

^ 7 * Fig- *27 represents a smoothly-jointed framework of nine weight¬ 
less bars, AB, BC, CD, BF, CE, and EF being each i foot long, 

and AF, BE and ED being each V2 feet long. The framework is 
supported at A and D, and loads of 3 tons and 6 tons are suspended 
from F and E respectively. Obtain graphically the stress in each 
bar, indicating its nature. (H.S.D.) 



18. Find the stresses in the bars of the wall crane shown in Fig. 128 
due to a load of 5 tons hanging from a chain at D. The chain 
passes over pulleys at D and E ‘ it is fixed to the wall at F, and 
AE ED. (I.E.) 



5 tons. 



Fig. 128. 


Fig. 129. 


* 9 - A roof truss ABCDE (Fig. 129) is loaded at C with 2 tons and at 
E with I ton. If CAB = 60®, ABC — 30®, and E is the mid- 
I^int of BC, find the reactions at A and B and tabulate the ten¬ 
sile and compressive stresses in the members. (I-F-) 
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20. In Fig. 130 the two vertical pillars are 24 feet apart, and on them 
rests a framework of smoothly-jointed light rods. QR is hori¬ 
zontal, and of length 12 feet; QS, which is 6 feet long, is inclined to 
QR at 120® ; QP is at right angles to QS. Draw the force diagram 
and find the stresses in the various rods, given that a weight of 
18 cwt. is suspended from Q. Mark the rods which are in com¬ 
pression with a -h, and those in tension with a —. (H.S.D). 



Fig. 130. 


21. Five light rods form the sides of a square hinged frame A BCD 
and the diagonal BD. The frame is supported by vertical forces 
at A and C with the rod BD vertical and D above B. Find the 
stresses in the rods when a load W is suspended from B. (I>E-} 

22. Four equal light rods forming a square frame are smoothly jointed 

&t A, B, C, and 2 >; the joints B and D are connected by a light 
rod and the frame is suspended from A. Weights of i, 2, and 
3 lb. are hung from B, C, and D. Show that if Q is the inclination 
of AD to the vertical, tan d = ^. Find by the aid of a force 
diagram the stresses in the rods. (H.S.D.) 

^ 3 - The framework in Fig. 131, which consists of five light rods smoothly 
jointed, is supported by vertical strings at B and D, and has a 
weight of 16 cwt. attached to it at ^ 4 . Determine graphically or 
otherwise the tensions in the strings and the stresses in the rods, 
marking tensions with a — and thrusts with a 


C 



Fig. 131. 


The jointed framework A BCD shown in Fig. 132 is hinged to a 

^ weight of 500 lb. is hung from D. 
Determine the forces in the mem- 
^^uUrion construction (graphical), and (2) by direct 

(QE-) 
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25. In tte frame shown in Fig. 133 DC is 4 feet long, the angles ADC 
smd BDC are respectively 90® and 120°. and a load of 10 cwt. 

h^gs from D. Draw the force diagram, and find the forces in 
the members of the frame. (Q E ) 


C 



Fig. 133. 


26. Fig. 134 represents a framework of pin-jointed light rods, attached 
to a wall at A and £, and loaded with 10 cwt. at D and 20 cwt. at 
C. Draw a for ^ diagram to represent 
the stresses in all the rods and the 6 

reaction of the pin at A, and mark A 

the rods under thrust with a double /1\ 

line. Find the values of the stresses / ^ \ 

assuming that there is no stress in the / \ 

rod AE. (The angles are either 90® / \ 

or 45 ^) (H.C.) 



-"D 

Fig. 134. 


Fig. 135 


27. In the symmetrical framework of 
* 35 . the triangles ABC, ADC are 
equilateral, and the angle A EC 
js 30^* The framework carries 
lo^ of 20 lb. at each of the 

^ supported 
at D. Find the stresses in the 
rods AE, AD, AB, AC. (H.C.) 

28. The angles in the framework of 
TOely-jointed light rods shown in 
Fjg. 136 are 30® or 60® or 90® or 
*20 . It is fixed by a joint at 
A and tied at B; a weight of 
30 lb. is suspended from C and 
10 lb* from Find the stresses 


pin-jointed rods shown in Fig. 



Fig. 136. 
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in the rods and prove that two rods are ties and three are 
struts. (H.C.) 

The framework in Fig. 137 consists of five light rods, smoothly 
jointed at A, B, C, D, hinged to a fixed support at A, and further 
supported by a vertical reaction at B. Find the magnitude and 
direction of the reaction of the support at A and the stresses in 
the rods, when a weight of 80 lb. is suspended from D. (H.C.) 



lOlb 


30. The framework in Fig. 138 consists of seven light, smoothly-jointed 

rods, the horizontal and vertical rods being equal. It is loaded at 
C and Z) with equal weights iq lb., and a horizontal force of 10 lb. 
wt. acts at £. The framework is hinged at R to a fixed support 
and anchored at A . Find the stresses in the rods and mark those 
rods which are ties. (H.C.) 

31. A framework is composed of seven light rods, jointed to form three 

equilateral triangles ABC, BCD, CDE. The framework rests on 
smooth vertical supports at A and E, with ACE and BD hori¬ 
zontal and BD above ACE, and carries a load of 10 cwt. at the 
joint B and a load of 15 cwt. at the joint C. Determine, preferably 
by me^s of a stress diagram, the stresses in the rods of the frame¬ 
work, indicating which are in a state of tension and which are in a 
state of thrust. (H.C.) 

32. A framework consists of seven light rods AB, BC, CA, BD, CD, DE, 

CE smwthly jointed together so that ABC, BCD, CDE are right- 
angled isosceles triangles, the right angles being at B, C, D respec¬ 
tively, and ACE are in one straight line, which is parallel to BD. 
It is pivoted to a fixed point at A and rests with AB vertical and 
B above A and the joint E against a support, which exerts a pres¬ 
sure at right angles to AE. It carries loads of 10 cwt. at each of 
the joints B, C, D. Show that 
there is no stress in CD, and find 
the stresses in the other rods, 
indicating which are thrusts and 
which are tensions. (H.C.) 

33. In the jointed frame, shown in 
^ig* 139. AB and CZ> are hori¬ 
zontal. The frame is supported 
at A and B and carries a load of 
100 lb. at C. Find, either graphic¬ 
ally or by calculation, the sup- 



Fig. 139. 

porting forces at A and B and the forces in the five members of 

' (Q.E.) 


A V 

the frame* 
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34. A uniform bar AB is 2 feet 6 inches long and weighs 10 lb. It is 

suspended by strings AX, BY, respectively 2 feet and 2 feet 6 
inches long, which are tied to the ends of the bcir and to two points 
X, Y at the same level and 4 feet apart. A weight is suspended 
from the bar at a point 6 inches from B, and in the position of 
equilibrium it is found that the string AX makes an angle 25® with 
the vertical. Find the weight which is suspended from the bar. 
(Use a graphical method if you can, and give sufficient explanation 
to make the details of the work clear.) (N.U.3.) 

35. A roof-truss is composed of nine bars, as shown in Fig. 140. the 
bars, AB. BC. AE, EC. DE. 

EF being 15 feet long and the 
bars AD, CF being 6 feet long ; 
it is supported at D and F 
with DEF horizontal. It may 
be assumed that the bars are 
smoothly jointed together and 
that their weights are neglig¬ 
ible. If the roof-truss carries 
loads of 10 cwt., 30 cwt., and 
15 cwt. at A, B and C. deter¬ 
mine graphically the forces on 
the supports and the stresses 
in the bars. (N.U.4.) 

36. Draw a diagram to show the stress in each member of the frame 

in Fig. 141, loaded and supported as shown. Indicate by arrows 
whether the bars are in tension or thrust. (C.W.B.) 



30 



§103. Nambei of Bars required to Stiffen a Framework. 

In the preceding paragraphs it has been assumed that the frame¬ 
works involved were sliff, i.e. that they were not deformed by the 
external forces acting on them. 

We shall now consider how many bars are necessary to stiffen a 
frame with a given number of joints. 

Suppose there are n joints Ai, A^. . . . A„, then, assuming n to 
be not less than 2, we begin by stiffening two, A^ and A 2, by means 
of one bar. The remaining n — 2 joints have now to be connected 
to these. In order to connect rigidly a third joint / 1 3 to these two, 
Jt must be joined to both of them, and thus requires two more bars. 
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To connect a fourth joint A 4 to these it must be joined to any two 
of the first three, and this requires two more bars. Proceeding in 
this manner we see that, except for the first two joints, each of the 
remaining n — 2 joints requires two bars to stiffen it. 

He^ice to make a system of n joints rigid, a framework of 
2 {n — 2) + I, i.e. 2n — 3 bars is sufficient. 

§ 104 . A system of joints made rigid by just the necessary number 
of bars is said to be simply stiff or just stiff. 

When there are more bars than the necessary number the system 
is said to be overstiff. 

When a simply stiff frame is subjected to a given system of 
external forces, acting on the joints which keep it in equilibrium, 
we can obtain sufficient equations to determine the reactions in all 
the bars. 

For the conditions of equilibrium for the n joints, resolving in two 
directions for each, give 2n equations. 

These equations, however, must involve the three conditions of 
equilibrium of the frame as a whole. This leaves therefore 2« — 3 
indei>endent equations, which in general are just sufficient to 
determine the unknown stresses in the 2n — 3 bars. 

If there are more than the necessary number of bars we have not 
enough equations to determine all the stresses. 

It must be noticed that because there are 2^ — 3 bars to n joints 
it does not necessarily follow that the framework is stiff; one part 
may be stiffened by more than the necessary number of rods, and 
another part may not have a sufficient number. In addition to 
this there are what are called critical forms " where, although 
the frame has a structure which would be ordinarily sufficient for 
rigidity, it admits of very small deformation owing to some s|>ecial 
relation between the len^hs of the bars. These cases will not be 
considered. 

§ 106 . In all the cases considered so far the framework has had 
at least one joint where only two bars meet (often called a '* single 
joint). In these cases we must always start at such a joint where 
one of the external forces is acting, for we can then determine the 
stresses in the two bars hinged to that joint. 

In some frameworks, however, there are no single joints where 
external forces are applied, and in such cases the ordinary method 
fails—^we have no comer to start on. 

There are various special methods for dealing with such cases, 
and we shall consider one of them which can generally be applied. 
This is called the method of sections.** 
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§106. Method of Sections. 

This method can be applied whenever the frame can be regarded 
as made up of two distinct portions which are connected by three 
bars, i.e. if we can draw a line across the framework which cuts only 
three bars and divides it into two parts; the bars being not con¬ 
current or parallel. 



Thus suppose we want to hnd the stresses in the bars A^A^, 
A^A^, ^4^45, of a framework of which a portion is shown in Fig. 142. 

These bars can be cut by a line BCD which cuts no other bars. 
It we imagine the right-hand portion of the framework removed then 
stresses P. Q, R in the three cut bars must be in equilibriiun with the 
external force or forces acting on the left-hand portion. These' 
external forces can be reduced to a single force (or a couple) which 
can be resolved into three components acting along lines of the 
bars A^Aj^, since these are not all parallel or all con¬ 

current, by the method of Example V, paragraph 92 . 

Hence the stresses P, Q, R are determinate. 

In many cases the stresses can be obtained by taking moments. 

Thus, if, in the figure above, the external force is a force F at A i, 
and we take moments about A^, for the left-hand portion of the frame, 
the moment of P is equal to the moment of F. Having found R 
we take moments about A^ and determine Q. P can be found by 
taking moments about A^. 

The method of sections is, as mentioned in the last paragraph, 
especially useful when all the joints at which known forces act have 
three or more bars as Aj in the figure. 

It may also be used in the case of a complicated framework when 
we require the stresses in certain bars only. 

Example. 

The symmetrical framework of smoothly jointed light rods shown in 
143 is freely supported at A and B, and loaded with 10 tons at C. 
Show how to draw a stress diagram for the frame and determine the stress 
in FC. 

VOL. II.—F 
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It is clear, from symmetry, that the vertical reactions at A and B 
are each 5 tons. 

At each of the comers A, C, B where we have known forces acting 
there are, however, more than two bars ; the ordinary method there¬ 
fore fails, and we proceed by the method of sections. 


20v 


60 


60 


10 




n 














Fig. 143. 


We can cut the three bars AC, CD, FG by a straight line meeting 
them in X, Y, Z respectively. 

Using these letters to denote the stresses in the respective bars, and 
considering the equilibrium of the part of the frame to the left of the 
section, we can obtain the three stresses by resolving the 5 ton force 
at A along the lines of the cut bars. 

We can also obtain these stresses by taking moments for the left- 
hand portion of the framework. 

Taking moments about C, we have, 

• i 5\/3 = 5 ■ 10. 

-7 10 

• •• ^ = —7= tons weight. 

3V3 

We can also find X and Y by taking moments about D and A, and 
then apply the triangle of forces to the comers D and F, and so deter¬ 
mine the stresses in AD and AF. 

Otherwise having found Z, the stress in FG, we can start drawing 
the stress diagram in the ordinary way from the comer F as we now 
know one of the three forces acting there. 
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EXAMPLES XX. 

1. Sketch tte force diagxcim for the Warren girder shown in Fig. 1-^4, 
each triangle being isosceles and having its altitude equal to its 



base, C^culate the forces in the bars cut by the dotted line by 
considering the equilibrium of the frame to either side of this line. 

(I.C.) 

2. Draw the for^ ^agram for the symmetrical frame illustrated in 
* 45 * explaining how to proceed when the usual method fails. 



Fig. 145- 

3. The symmeWcal framework shown in Fig. 146 is freely supported 
at A and C, and loaded with 10 tons at B, 2 tons at E, and 2 tons 

10 tom 



at D. Find by the method of sections the stresses in ^ B. EB, and 
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§ 107 . External Force acting on the Bars. 

In the cases considered so far the external forces acting on the 
frame have been supposed to act only at the joints. When external 
forces are applied to the bars themselves, the stress in each bar will 
no longer consist of a purely longitudinal thrust or tension. We 
sh^l see later (Chapter VIII.) that in such cases the stress at any 
point of the barmay consist of three parts: (i) atension or thrust along 
the bar; (ii) a couple tending to bend the bar; (iii) a force acting across 
the bar perpendicular to its length. AU three of these vary from 
point to point of the bar, so that we cannot express the stress in a 
bar acted on by external forces as a definite quantity in the way we 
have done for bars acted on at their ends only. 

We can, however, find the forces exerted by the bar on the joints 
at its ends in the following way. 


A B 



Let a bar AB, jointed at the ends, be acted on by a force W as 
shown in Fig. 147. 

Resolve W into two parallel components P and Q A and B. 
This transformation of W cannot affect the distribution of stress over 
the rest of the framework, so that when the forces P and Q are com¬ 
bined with the other forces acting at the joints A and B we can find 
the stresses in the bars in the ordinary way. The values foimd in 
this way for unloaded bars will be the actual values of the stresses 
in those bars, but the value foimd for AB will give only the thrust 
or tension in it. 

To find the pressure exerted by AB on A we compound with this 
thrust or tension a force equal to P. Similarly for the pressure exerted 
on B. 

Example. 

Fig. 148 represents a roof trass composed of seven equal bars, AE, EC> 
CD, DB, EF, FD, CF, and two long horizontal bars, AF, FB. AB w 
10 feet. 

The end B is fixed, the end A supported on a roller. The dead 
weight of the roof is distributed as indicated (1000 lb. each at A and B. 
2000 lb. each at E, C. and D). Wind blowing frotn the right causes pres- 
sures as indicated perpendicular to CDB (2500 lb. at B and C, 5000 lb. 
at D). Neglecting the weights of the bars, draw the force diagram. 

What happens if both A and B are fixed ? (C.S.) 
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There will be a vertical reaction Y' at ^, and horizontal and vertical 
reactions ^ and Y at B. 


2000 2500 



Fig. 148. 


These can be calculated by taking moments and resolving for the 
whole frame. The values are 

X = 5000, Y := 9800, Y' = 6800. 

Letter the spaces as shown, and draw the force polygon ghklmnpqrstg 

(Fig. 149), starting with gh to represent X, hk to represent the 2500 at 
B, kl the 1000 at B and so on. 



Fig. 149. 

Now draw the polygon for the comer A. this is actually a triangle 

W WW94 

Next draw the polygon qruv for E, npqvwn for C. hnnwzl for D, 
hor B we have the polygon ghklztg, and zt gives the stress in BF 
I. tensions can be read off from the force diagram. 

If A 18 fixed as well as B, the horizontal thru.st X is indeterminate, as 
we have two unknown horizontal reactions in the same straight line 
and cannot find them separately. 
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EXAMPLE. 


1^*6- 150 represents a roof truss on which the dead weight of the roof is 
distributed, as shown (r ton each at A and B, 2 tons each at E, 


2 



C, D). The end A is fixed, the end B supported on a.roller. Wind 
blowing from the right causes pressures as indicated perpendicular 
to BC. Neglecting the weight of the bars, draw the force diagram 
and find the tensions and thrusts in the various members. 



CHAPTER V. 


FRICTION. 

§ 108. The Laws of Friction and their application to the equi¬ 
librium of a particle on a rough surface were considered in Chapter I. 
We shall now consider cases where bodies other than particles 
are in equilibrium under frictional as well as other forces. These 
cases present special difficulties but, in most cases, these can be 
overcome by a special method of treatment involving the use of the 

angle of friction. It is for this reason that a separate chapter is 
devoted to them. 

Before proceeding to discuss definite problems, there are one or 

two general points in connection with friction which are worth 
noticing. 

§ 109. Friction plays an important part in everyday mechanics. 
When a person is walking there is a tendency for the feet to slip 
backwards; this is prevented by the friction of the ground which 
acts in the forward direction, and the force of friction is really the 
propelling force. Without friction it would be impossible to walk. 

A rj^way engine cannot move forward, even without a train 
behind it, unless there is an external force acting in the forward 
direction. The engine can only cause its own driving wheels to rotate. 
If these are resting on smooth rails they wdll revolve without causing 
any forward motion. In practice the friction between the driving 
wheel and the rail tends to prevent rotation or rather to prevent 
slipping at the point of contact C (Fig. 151), The wheel is thus made 



to roll along the raU and the friction force called into play acts in a 
forward direction. This friction gives the magnitude of the tractive 
force of the engine. The other wheels of the engine or the wheels 
of a carriage of the train are being drawn forward by a force applied 
to the axle as at B. Such wheels on smooth rails would simply skid 
forward without turning, the effect of friction which acts in the 
backward direction, as F\ causes them to roll. 

'55 
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§ 110 . Action of Brakes. 

The brakes on a motor car tend to stop the wheels rotating. If 
they actually lock the wheels (i.e. prevent them rotating altogether) 
sliding friction acts at the points of contact with the ground and 
reduces the car to rest. 

In most cases, however, the brakes merely check the rotation of 
the wheels which still keep rolling, and in this case it is not perhaps 
obvious how the force tending to stop the car is produced. 

It is obvious that checking the rotation of the wheel cannot, in 
itself, produce a retarding force on the car. If the groimd were 
smooth then even locking the wheels would have no such effect. 

When a wheel, whose centre is A (Fig. 151) and point of contact 
C, is rolling freely there is no slipping at C. The backward velocity 
of C relative to A is equal to the forward velocity of A. Hence 
if the rotation of the wheel is checked the backward velocity of C is 
diminished, so that C tends to move forward with A. This brings 
into play a backward friction force at C, and it is this force which 
retards the forward motion of the wheel. 

§ 111 . Problems involving friction can be classified roughly as 
follows:— 

1. Those in which the body is rigid and equilibrium can only be 
broken by sliding, the direction of motion being obvious. For ex¬ 
ample, a ladder resting on rough ground against a rough wall in a 
vertical plane perpendicular to the wall. If no other forces act it is 
obvious that if motion ensues in the vertical plane it will be such that 
the lower end of the ladder slips away from the wall and the upper 
end slips downwards at the same time. One end cannot slip without 
the other. 

2. Those in which equilibrium may be broken either by sliding 
or tilting. For example, a block or cylinder resting on a rough plane 
which is gradually tilted. If the vertical through the centre of gravity 
comes outside the base before sliding commences the body will topple 
over befor^ sliding. 

3. Those in which we have a non-rigid body such as two jointed 


B 



rods A B, BC (Fig. 152) jointed at B and resting on a rough horizontal 
plane. In this case it is not necessary for slipping to occur at both 
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A and C. The friction may be limiting at ^ or at C without being 

limiting at both. It may of course be limiting at both. If there 

are no external forces other than the weights of the rod and weights 

placed on them, then, in equilibrium, the frictions at A and C must 

be equal and opposite since they are the only horizontal forces 
acting. 

Care must be taken, however, not to assume that either of them 
is limiting, i.e. equal to fiR. 

4. More difficult problems where the direction of motion is not 
obvious ; or where equilibrium may be broken by sliding or rolling, 
e.g. a ladder resting on rough ground and against a rough wall, 
but not in a vertical plane perpendicular to the wall ; or a rough 
cylinder resting on two others which in turn rest on a rough hori¬ 
zontal plane. 

Examples of various kinds are illustrated in the foUowing para¬ 
graphs, 

§ 112 . Examples (i). 

Ow end of a uniform ladder, of weight W, rests against a smooth wall, 
and the other end on rough horizontal ground, the coefficient of friction 
being fi. Find the inclination of the ladder to the horizontal when it is 
on the point of slipping, and the reactions of the wall and ground. 



Let (Fig. 153) be the ladder, G its centre of gravity, C the inter¬ 
section of the wall and the ground. Since the wall is smooth the re¬ 
action B at B must be perpendicular to the wall. 

If 5 is the normal pressure on the ground at A, then, since the 
ladder is on the point of slipping, the friction at A is iiS. 

There are thus four forces acting on the ladder, and by resolving 
horizontally and vertically, and taking moments about C or we 

obtain three equations to find the unknown reactions R and S, and the 
angle B. 

Resolving horizontally, R = fiS , 

Resolving vertically, S == IK . 

Taking moments about C, Rl sin 0 IV cos B = SI cos 0 




158 


INTERMEDIATE MECHANICS 


From (i) and (ii) R = fiW = W tan X, where A is the angle of 
friction. 

\V 

From (iii) W tan A sin ^ + — cos ff = IV cos B, 

W 

W tan A tan B = —, 

2 

tan 6 — ~ cot A. 

2 


The resultant reaction at the ground is VS* 4- 

— S Vi tan* A 
= W sec A. 

The angle of inclination of the ladder can also be found by con< 
sidering the resultant reaction of the ground at A instead of the two 
components S and y.S. This reduces the number of forces to three, 
which must therefore meet in a point, viz. the point E where the vertical 
through G cuts the line of action of R. 

Also since the ladder is on the point of slipping, the resultant reaction 
at A makes an angle A, the angle of friction, with the normal at A. 
Applying the formula of paragraph 73 to the triangle EAB, 

2 cot EGB = cot AEG — cot GEB, 

but EGB = go® — 0 , AEG = A, and GEB ^ 90°, 

2 tan B = cot A, 

or tan B = \ cot A. 

The geometrical method is particularly useful when we require 
only the position of a body in limiting equilibrium, as we obtain the 
result without introducing the reactions and having to solve equations. 
Even when reactions are required it is often quicker to use this method 
to find the position of the b^y and then find the reactions by resolving 
or taking moments. 

Example (ii). 

One end of a uniform ladder, of weight W, rests against a rough wall, 
and the other end on rough horizontal ground, the coefficients of friction 
at the ground and wall being fjt and V respectively. Find the inclination 
of the ladder to the horizontal when it is on the point of slipping, and the 
reactions at the wall and ground. 

Let AB (Fig. 154) be the ladder, G its centre of gravity, R and 5 
the normal reactions at the wall and ground. Since both ends are 
on the point of slipping, we have a force of friction VR acting upwards 
at B, and uS acting towards the wall at A. 
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Let tf be the inclination of the ladder to the ground, and 2I its length. 
Resolving horizontally, 

= /? . . (i) 

Resolving vertically, 


S -\- . (ii) 

Taking moments about C. 

Wl cos 6 = S2I cos 6 — R2I sin 6 . 

cos 0 = zS cos — zi? sin . . (iii) 



From (i) and (ii) we have S(i -1- nfi') = W, 


S = 


and R = 


I 4- f*/*" 

Substituting ftS for R in (iii), 

W cos $ = 2S(cos 6 — fisin 0 ), 


I + 


I = 

. I + 

• • 

2 


2W , 

- M tan «), 
I — tan 0 , 


or 

or 


/* tan 0 = ^, 
tan 0 = 1^1^'. 

2fA 


In this case the value of 0 can be found much more easily by using 

the resultant reactions at A and B and the geometrical method explained 
in Example (i). 

These reactions must make angles A and A' with the normals at A 

and B (where tan A tan A' = /*'), and must meet at E on the 
vertical through C. 
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Then AEG 

2 tan $ 

2 tan d 

tan 9 

We can then find 


= A. GEB = 90® - A', EGB = 90® 
= cot A — tan A', 



V / 

^ 

2 /* 


R and S by resolving as above. 



Example (iii). 

One end of a uniform ladder, of weight W, rests against a smooth wall, 
and the other end on rough ground, which slopes down from the wall at an 
angle a to the horizon. Find the inclination of the ladder to the horizontal 
when it is on the point of sliding, and show that the reaction of the wall is 
then W tan (A — a) where A is the angle of friction. 



6 


^55) ladder, G its centre of gravity, and 0 the 

inclination to the horizontal. 

Since the wall is smooth, the reaction i? at ^ is perpendicular to 
the wall. 

The resultant reaction at A makes an angle A with the normal at 
A, and also passes through E where the line of action of R meets the 
vertical through G. 

The angle AEG is equal to (A — a) and EGB =* 90® — $, 
also 2 cot EGB = cot AEG — cot GEB, 

2 tan 9 =5 cot (A — a), since GEB = 90®. 

If 2/ be the length of the ladder, then, taking moments about A, 
Ril sin 9 = Wl cos 9 , 

W W 

... i? — cot ^ =s — . 2 tan (A — a), 

— W tan (A — fit). 
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Example (iv). 

A uniform ladder rests with its lower end on rough horizontal ground 
and its upper end against a rough vertical wall, the ground and wall beuig 
equally rough, and the angle of friction A. Show that the greatest inclina¬ 
tion of the ladder to the vertical is 2A. 

When the ladder is in this position can it be ascended without slipping ? 


E 



Let AB (Fig. 156) be the ladder, G its centre of gravity, 6 the in¬ 
clination to the vertical. When the ladder is on the point of slipping 
the resultant reactions at A and B make angles equal to A with the 
normals at those points, and they must also meet at some point E on 
the vertical through G. 

AEG = A, GEB = 90® - A, EGB = 6 , 

2 cot 0 = cot A — tan A 


I 

tan A 


— tan A 


I — tan* A 
tan A * 


tan 9 s 


2 tan A 
r~ tan* A* 



If an additional weight is placed anywhere on the ladder between 

A and G, the centre of gravity of the ladder and added weight is moved 

to a point below G. The vertical through the new centre of gravity 

will then be to the left of that shown in the figure, and it is clear that 

the reactions at A and B can still meet on this vertical without their 

inclination to the normals at A and B being greater than A ; they will, 

as a matter of fact, be less than A, so that the equilibrium is no longer 
limiting. 

When the added weight reaches G the equilibrium is again limi ting, 
When the added weight gets above G the centre of gravity moves 
above G (say to G^ and the reactions at A and B are unable to meet 
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on the vertical through G\ as this would require one of the inclinations 
to the normal to be greater than A. The ladder can therefore be ascended 
only as far as its centre. 

If an additional weight is added at the foot of the ladder (as by 
some one standing on the bottom rung), the centre of gravity is brought 
below G. In this case the ladder can be ascended by another person 
above G, but only to such a height as to bring the centre of gravity of 
the ladder and the two added weights back to G. 

Example (v). 

The upper end of a uniform ladder rests against a rough vertical wall 
and the lower end on a rouqh horizontal plane, the coefficient of friction in 
both cases being Prove that if the inclination of the ladder to the vertical 
is tan~^^, a weight equal to that of the leader cannot be attached to it at a 
point more than of the distance from the foot of it without destroying 
equilibrium. 



Let AB (Fig. 157) be the ladder, G its centre of gravity, fV its weight, 
and V the position of the extra weight IV when the ladder is on the 
point of slipping. 

If P, S are the normal reactions at the wall and ground the frictions 

at these points are -i? and is. 

3 3 

Resolving horizontally, /? = ^5 . . . . . (>) 

3 

Resolving vertically, S + = 2IV .(ii) 

3 

S + -S = 2lVorS ^ 

9 5 

and p = py. 

Taking moments about A, if 2I is the length of the ladder, AD =* x 

T 

and ABC = $, where tan $ ~ 

2 
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+ PT^rsin 0 > Rzl cos 6 4- 1 ^ 2 /sin 0. 
sin 4- sin 0 > cos 0 4- ^\V sin 0. 

X 6 2 

cot 0 4 - - - I. 

-i. - - 3 t ^ 

^5 5 ^ 5 * 

•*• ^ ^ ^ length of the ladder. 

This problem can also (as in Ex. IV.) be dealt with by the geo¬ 

metrical method. 


E 



Fig. 158. 


For equilibrium it is necessary for the resultant reactions at A and 
B to meet on the vertical through the centre of gravity of the ladder 
and any added weight. 

If G (Fig. 158) is the centre of gravity of the ladder alone and G' that 
of the ladder and added weight in the limiting position, then the re¬ 
actions at A and B will meet the vertical through G' in E so that 

tan AEG' = cot G'EB = 

and {AG' 4- G'B) cot 0 = AG' cot AEG' - G'B cot G'EB, 

Hence, since cot 0 = 2, cot AEG' = 3, and cot G'EB = 4, 

= ZAG' - \{ 2 l - AG'). 

4f 1 . 

Also, if X is the distance of the added weight W above A, since the 

centre of gravity of this and the ladder is at G', we have, taking moments 
about A, 

Wx -ir Wl = 2W 

^ T ^ length of the ladder. 
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Example (vi). 

A uniform rod rests in limiting equilibrium inside a rough hollow 
sphere, the rod being in a vertical plai%e through the centre of the sphere. 

4 

Show that the rod makes with the horizontal an angle tan”*-- 

cos 2a + cos 2c 

where c is the angle of friction, and 2a the angle subtended at ike centre of 
the rod. 



Let AB (Fig. 159) be the rod, G its centre of gravity, O the centre 
of the sphere. Then the reactions at A and B meet at a point E on 
the vertical through G, and are inclined at the same angle c to the radii 
OA, OB, since these are the normals to the sphere at A and B. 

Now, EAG = OAG — e = go® — a — € — 90® — (a + <). 

EBG = OBG + e — 90® — a + < = 90® — (a — c). 

and 2 cot EGB = cot EAG — cot EBG. 

= cot [90® — (a + «)] — cot [90® — (a — e)], 

= tan (a + c) — tan (a — e), 

_ sin (a + e) sin (a — «) 

^ cos (a -f c) cos (a — e)* 

_ sin 2c 

cos (a -f- <) cos (a — c)' 

sin 2€ 

cos 2a + cos 2c‘ 

Also EGB is the complement of the inclination of the rod to the 
horizontal, 

inclination to horizontal is 


cot EGB = 


sm 2c 


2 cos (a + c) cos (a — c] 


tan“* 


sin 2c 

cos 2a + cos 2c* 


EXAMPLES XXI. 

1. A uniform ladder rests with one end on horizontal ground and 
the other against a vertical wall, the coefficients of friction being 
respectively J and Find the inclination of the ladder to the 
vertical when it is about to slip. 

2. A uniform ladder rests with one end on rough horizontal ground, 
the coefficient of friction being 4* the other end against a 
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smooth vertical wall. If the inclination of the ladder is 45®, show 
that a man whose weight is equal to that of the ladder can only 
ascend three-quarters of the length of the ladder. 

3. In the case given in the last example find what weight must be 
placed on the bottom of the ladder to enable the man to ascend to 
the top. 

4. A uniform ladder of weight W leans against a smooth vertical wall, 
and its foot is on rough ground which slopes down from the wall 
at ^ inclination a to the horizontal. Prove that, if the ladder is in 
limiting equilibrium, its inclination to the wall is 

tan“* [2 tan (c — a)], 

where e is the angle of friction. Prove also that the resultant 
reaction with the ground is then W sec (e — a). (I S.) 

5 * A uniform stick of length I is placed in the rough ring of an umbrella- 
stand at a height h above the ground. It rests also on a smooth 
floor. Show that equilibrium is impossible unless the stick is 
vertical, if the coefficient of friction is less than 


6. A uniform rod of length I rests in a vertical plane against (and over) 
a smooth horizontal bar at a height h, the lower end of the rod being 
on level ^ound. Show that if the rod is on the point of slipping 
when its inclination to the horizontal is $, then the coefficient of 
friction between the rod and the ground is 

/ sin 2 0 sin 6 ^ . 

4^ — I sin 2 6 cos 0 ' ' 

7. A u^orm thin heavy rod AB rests beriveen two planes OA, OB 
inclined at 45® to the vertical and meeting in a horizontal line. 
The end A of the rod and the plane OA are rough, the other end 
B and the plane OB are smooth. Show that the rod will rest in 
any position in which it makes an angle 0 with the smooth plane, 
provided that tan 0 lies between 1 — 2ft and i -j- 2^. 

8. Two equal uniform rods AB, BC of length 2/, are rigidly con¬ 
nected at B, so that ABC is a right angle. Prove that if the rods 
rest in limiting equilibrium in contact with a fixed circular hoop 
of radius a, so that AB is horizontal, and BC a vertical tangent 
to the circle, then 

2a(i - m) = ^(i + M*). 

where ft is the coefficient of friction between the rods and the 
hoop. (I.S.) 

9 - A uniform ladder rests, with one end on the ground and the other 
end against a vertical wall, in a plane perpendicular to the line 
of intersection of wall and ground. The coefficients of friction at 
the wall and ground are both equal to tan 15®. Show that the 
inclination of the ladder to the ground cannot be less than 60®. 

Show that the ladder can just rest at an inclination of io'' if a 
weight 

V3 + I 


of its own is attached to its lower end. 


(H.C.) 
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10 . 


A uniform rod rests in limiting equilibrium equally inclined to two 
planes, the one horizontal and the other inclined at 120® to it. 
If the angle of friction between the rod and the inclined plane is 
30®, show that the coefficient of friction between the rod and the 


horizontal plane is ^^3. 


(H.S.D.) 


11. A uniform plank AB, of length 8 feet and weight 20 lb., rests with 

one end ^ on a rough floor, leaning at an inclination tan-‘ - to the 

horizontal, against the edge of a smooth table of height 4 feet. 
Show that the coefficient of friction /x between the plank and the 

floor is greater than If /x = £, find what weight can be hung 

from the end B of the plank without it slipping. (H.S.D.) 

12. A uniform heavy rod of weight IV rests inclined at 45° to the hori¬ 
zontal with one end on the ground and the other against a vertical 
wall, the vertical plane through the rod being at right angles to 
the wall. The ground and wall are equally rough, the coefficient 
of friction between each of them and the rod being Show that 
the friction at the lower end of the rod may have any value between 

and ^IV, and find the corresponding values of the frictions 
at the upper^end. Discuss the case in which each coefiicient of 
friction is V2 — i. (H.S.C.) 

13. A ladder weighing 100 lb. rests with one end on the rough ground 
and the other against a smooth vertical wall. If the inclination 
of the ladder to the horizontal is 60®, determine the frictional force 
necessary to keep the ladder at rest. If the coefficient of friction 
between the ladder and the ground be 


4 ' 

determine the greatest weight which can be suspended from the 
top of the ladder without causing it to slip. 

14. A uniform rod is placed inside a rough cylindrical drum which is 

fixed with its axis horizontal. If the rod rests in a vertical plane 
perpendicular to the axis of the drum, show that its least possible 
inclination to the vertical is tan“‘ (cot 2X + cos y cosec 2A), where 
A is the angle of friction between the rod and the drum, and y is 
the angle the rod subtends at the nearest point of the axis of the 
drum. (N.U.3.) 

15. The foot of a ladder, of length 30 feet and mass 50 lb., rests on a 

rough horizontal surface, while the upper end rests in contact 
with a rough vertical wall, the ladder being in a vertical plane 
perpendicular to the wall. If the first rung of the ladder is 12 
inches from the foot and the rest are at intervals of 12 inches, 
find the highest rung to which a man weighing 150 lb. can climb 
without causing the ladder to slip, when the ladder is inclined at 
Oo® to the horizontal and the coefficient of friction at each end 
is 0-25. (N.U. 3 and 4.) 

16. A uniform ladder of length 2a rests on a rough horizontal plane at 
a point O, and is held inclined at an angle ct to the vertical by a 
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rope tied at its top end and passing over a pulley fixed at a point 
distant 2a vertically above O. Prove that equilibrium is possible 
only if the coefficient of friction between the ladder and the plane 

is greater than tan j. (C.W.B.) 


17. Show that if the coefficients of friction with a vertical wall and a 

horizontal floor are respectively | and the least inclination to the 
horizontal at which a uniform ladder can rest in a vertical plane 
with one end on the floor and the other against the wall is about 
51° 20'. (C.W.B.) 

18. A uniform rod rests in limiting equilibrium equally inclined to two 
planes, the one horizontal and the other inclined at an angle of 
135* it. If the angle of friction between the rod and the inclined 
plane is 22^®, show that the coefficient of friction between the rod 


and the horizontal plane is ^(3^2 + i). 


(H.S.D.) 



A uniform rod AB rests with one end A in contact with a rough 
inclined plane, which makes 30® with the horizontal; the rod 
makes an angle 30® with the upward direction of the plane, and is 
in a vertical plane through the line of greatest slope. It is kept 
in equilibrium by means of a string attached to the other end B, 
and pulled parallel to the plane, ^ove that the angle of friction 


at A must be at least tan~* 



(H.S.D.) 


§118. Example (i). 


A cone, of radius r and height h, rests on a rough plane, and the 
inclination of the plane to the horizon is gradually increased ; show that 
the cone will slide before it topples over if the coefficient of friction is less 

than i'. 
h 


A 



Let W be the weight of the cone, G (Fig. 160) its centre of gravity, 
a the inclination of the plane. 

The cone will slide if 1 ^^ sin a > cos «, i.e. if tan a> ft. 

Taking moments about B, the cone will topple over if 

W sin a . - > cos a . r, 

4 
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If fi is less than tan a reaches the value before it reaches the 

value and the cone will slide. 
h 

If n is greater than —, tan a reaches the value ~ first and the cone 

n h 

will topple over. 

R M = the cone begins to slide and topple over at the same time. 


Example (ii). 

A block in the form of a cube of side 2a stands on a horizontal plane, 
the coefficient of friction between the block and plane being /i. A gradually 
increasing horizmilal force is applied to a vertical face of the cube, at right 
angles to it, and in a vertical plane through the centre of gravity of the cid)e. 
Show that, if ti. the cube will tend to slide without upsetting, but that, 
*/ M > i. Ike cube will tend to upset without sliding, if the point of appli¬ 
cation of the force is at a greater height above the plane than 


P 


W 

Fig. 161. 



Let ABCD (Fig. 161) be the vertical section of the cube, through its 
centre of gravity G, in which the force P acts, and let the height of P 
above the plane be x. 

For sliding. P > ftiV. 

For tilting. Px > IVa, or P > W 

X 

fx d I 

Since the least value of - is — or —, P will reach the value uW first 

X 2a 2 

if /i -< if so that in this case the cube slides without tilting. 

If > i, the cube will tilt or slide first according as 



FRICTION 


169 


EXAMPLES XXII. 

1. A uniform cylinder, of radius r and height h. is placed with its 
plane base on a rough plane whose inclination to the horizontal is 
gradually increased. Show that the cylinder will topple over before 

it slides if is less than the coefficient of friction. 

2. A right cone is placed with its base on a rough inclined plane ; if 
0-25 be the (^fficient of friction, find the angle of the cone when it 
is on the point of slipping and turning over at the same time. 

3- An equilateral triangle rests in a vertical plane with one side on a 
rough horizontal plane : a gradually increasing horizontal force 
acts on its highest vertex in the plane of the triangle. Prove that 
the triangle will slide before it tilts if the coefficient of friction be 
less than i VJ. 

4- A rectangle of sides a and h rests in a vertical plane with one of 
the sides of length a on a rough horizontal table. A gradually 
increasing horizontal force acts along the upper side in the plane 
of the rectangle. Find the condition that the rectangle shall tilt 
before it slides. 

5* A right cone rests on a rough horizontal plane and is acted on by a 
gradually increasing horizontal force at its vertex. Show that the 
cone will turn over, or slide, according as the coefficient of friction is 

> or where r is the radius and h the height of the cone. 

6. A triangular lamina ABC, right-angled at C, stands with BC on a 
rough horizontal plane. If the plane is tilted round an axis in its 
owm plane perpendicular to BC, so that C is lower than B, show 
that the lamina wdll begin to slide, or tilt, according as the co¬ 
efficient of friction is less, or greater, than tan A . 

7- A uniform cubical block is supported on a rough inclined plane by 
a rope parallel to the line of greatest slope attached to the middle 
point of the upper edge of the cube, which is horizontal. Show 
that the inclination of the plane must be less than tan“* (i -f 2/i), 
where is the coefficient of friction. (I S ) 

8. A cube rests on a rough plane of inclination a (a< Jw), with two 

of its upper and two of its lower edges horizontal. Show that it 
wll not be possible to drag the cube up the plane without upsetting 
it, by means of a rope attached to the middle point of the upper¬ 
most edge and pulled parallel to the greatest slope of the plane, if 
the coefficient of friction between the plane and the cube excels 
i(i - tan a). (H.C.) 

9. A uniform cube, of edge 4a, stands on a rough horizontal plane. A 
gradually increasing horizontal force is applied to one of its vertical 
faces at a height a vertically above the centre of the face. De¬ 
termine how equilibrium will be broken, 

(i) when the coefficient of friction beriveen the plane and cube 

is 0-5. 

(ii) when the coefficient is 07. (H.C.) 
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10. The triangle ABC, in which BC is horizontal and AB and AC are 
equal and greater than BC, represents the cross-section of a tri¬ 
angular prism standing on a rough horizontal plane on one of its 
rectangular faces, and the face represented by AB is subject to 
wind pressure. Show that when this pressure, assumed normal to 
AB, becomes sufficiently great the prism will topple over or slide 
according as the angle of friction is greater or less than n — 2a, 
where a is the inclination of either sloping face to the base. (I.E.) 

11. A cubical box, of edge a and weight stands on a rough horizontal 
plane, and a heavy bar of length b and weight w rests at an in.- 
clination of 45® with one end on the plane and the other against a 
vertical face of the box, the vertical plane through the bar passing 
through the centre of the box. If the lower end of the bar is 
prevented from slipping, find the least possible value of the co¬ 
efficient of friction between the box and the plane in order that 
the box may not slide, friction between the bar and the box being 
neglected. Find also the ratio between the weights of the bar 
and the box if the latter is on the point of toppling over. (I-E.) 


§114. Example. 

Two uniform beams AB, BC of equal length are freely jointed at B, 
and rest in equilibrium in a vertical plane with the ends A and C on a 
rough horizontal plane. If the weight of AB is twice that of BC, show 
that there cannot be limiting friction both at A and at C, and that, if there 
is limiting friction at either of these points, it is at C. Find also the coeffi- 
dent of friction, if the greatest angle that the rods can make with each other 
is a right angle. 


B 



The friction forces at A and C (Fig. 162) must be equal, since they 
are the only external horizontal forces acting on toe beams. If 

ABC = and the reactions at A and C be i? and S, then taking 
moments about A for both beams, 

5 .4/sin e= B^.3/sin 0 2Wlsm 0 , 
where 2/ — length of AB or BC, 

.*.5 = 5 W, and hence R = 2w. 

4 4 

7 

Now, if the friction is limiting at A its value must be /xJ? or 

4 

while if it is limiting at C its value must be /iS or hence, since it 

4 
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has the same value at A and C it cannot be limiting at both these 

5 7 

points for cannot equal 

4 4 

It is also clear that F will reach the value -tiW before it reaches 

4 

~fiW, so that if it is limiting at either point, it will be at C, the point 
4 

where the reaction is least. 

Taking moments about B for the rod BC, 

F . 2l cos 6 = S . 2l sin 6 — W . I sin 0 , 

2F = 25 tan $ — W tan 9 . 

If 5 =« 45®, when the friction is limiting at C, we have, since 

F -= fiS. and 5 = 5 W. 

4 

4 4 2 

3 

u — 


EXAMPLES XXIII. 

1. Two uniform rods AB and BC of the same thickness and material, 

and of length 3 feet and 2 feet respectively, are freely hinged to¬ 
gether, and rest in a vertical plane with the ends A and C on a rough 
horizontal plane. If the greatest possible value of the angle ABC 
consistent with equilibrium is 90°, find the coefficient of friction 
between the rods and ground, and determine how equilibrium will 
be broken if the inclination of the rods is slightly increased beyond 
90“. (H.S.C.) 

2. Two equal uniform rods AB and BC of the same weight, freely 

jointed at B, rest in a vertical plane with the ends A and C in a 
rough horizontal plane. If equilibrium is possible when ABC is 
any angle not exceeding a right angle, find the coefficient of friction 
between the rods and the plane. (H.S.C.) 

3. Two uniform ladders AB, BC of equal lengths and weights W, W' 
[W > W') are hinged together at the top B and will stand on rough 
ground when containing an angle 2 6. Show that the total reaction 
at A makes a smaller angle with the vertical than at C. Assuming 
the coefficients of friction at A and C are each equal to n, show that, 
as 0 is increased, slipping will occur at C, and that 

/I = tan a{W + W') j (W F 

where a is the value of 0 for which slipping first occurs. (H.S.D.) 

4. AB and BC are two equal uniform rods of the same weight W, freely 
jointed at B. They rest in a vertical plane with the ends A and C 
in contact with a rough plane of inclination a, on a line of greatest 
slope of the plane with the rod BC horizontal. Find the pressures 
on the plane at the points A and C, and the friction at these points. 
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Show that cos* a must be > and that the friction at C is acting 
up or down the plane, according as cos* a < or > f. If a = 30®, 
and the friction at either of the points A and C is limiting, deter^ 
mine at which of these it is limiting and find the coefficient of friction. 

(H.S.C.) 

5. Two equal uniform rods AB. BC smoothly jointed at B, are in equili¬ 
brium with the end C resting on a rough horizontal plane and the 
end A held above the plane. Prove that, if a and p are the in¬ 
clinations of CB and BA to the horizontal, the coefficient of friction 
must exceed 


tan p — s * y •/ 

6. The two sides of a pair of steps are of the same length, but unequal 
weights, and they are freely jointed together at the top. If the 
steps are gradually opened out whilst standing on a rough horizontal 
plane, prove that the lighter side will tend to slip first, and that 
this will happen when the inclination of each side to the vertical is 

tan- (3 “'. + “'.)m 

H- U/, 

where Wi, are the respective weights of the two sides {w^ < a/,), 
and fx is the coefficient of friction at each point on the ground. 

(C.W.B.) 

§ 116 . Example (i). 

A uniform sphere is held in equilibrium on a rough inclined plane 
of angle a. by a force of magnitude sin a applied tangentially to 
circumference, where W is the weight of the sphere. Prove that the force 
must act parallel to the plane, and that the coefficient of friction must be 
not less than 1 tan a. 



Let A (Fig. 163) be the point of contact of the sphere, C its centre, 
and a its radius. Then, if the sphere is not to roll about A, the moment 
of the force JIF sin a about A must equal the moment of the weight 
about A, i.e. IFasina. 

Hence the force sin a must be at a distance 2a from A and must 
therefore act parallel to the plane at D, the other end of the diameter 
through A. 

If there is to be no slipping, resolving parallel to the plane 

ftW cos a + Jir sill Cl W sin a, 

^tan a. 
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Example (ii). 

A particle of weight 30 lb. resting on a rotigh horizontal plane is jttsi 
on the point of motion when acted on by horizontal forces of 6 lb. wt. and 
8 lb. wt. at right angles to each other. Find the coefficient of friction 
between the particle and the plane, and the direction in which the friction 
acts. 

In problems of this kind we must find the resultant force tending 
to move the particle ; the particle tends to move in the direction of this 
resultant and the friction acts in the opposite direction. 


6 
A 

F 

Fig. 16^. 

Let AB, AC (Fig. 164) be the directions of the forces, A the particle. 
The resultant of the forces is 

V36 + 64 = 10 lb. wt., 

and it acts along AD, making an angle cos“‘ ^ with the 8 lb. force. The 
friction acts in the direction DA. Since limiting friction = /li?, where 
R is the pressure on the plane, 

10 30/i, or fi ^ 

Example (in). 

A heavy chain w placed on a rough plane inclined to the horizontal at 
an angle a equal to the angle of friction, with a portion a feet long along 
a line of greatest slope and the remainder of length b feet hanging vertically 
over the top of the plane. If the chain is on the point of slipping, show 
that b is either zero or 2a sin a. 


Fig. 165. 

Let ABC (Fig. 165) represent the chain, and let w be its weight per 
unit leng^. The friction on is naw cos a = au/sin a, since fj. tan a. 
If A is on the point of moving down 

wa sin a -* sin a = bw, 6 = 0. 

If A is on the point of moving up, 

hw = wa sin a wa sin a, 

6 = 2a sin a. 
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Example (iv). 

Two rings of equal weight are free to move on a rough horitontal rod, 
the coefficient of limiting friction being They are connected by a smooth 
string of length I, on which another ring of the same weight as the other 
two rings together can move freely. Prove that, in a position of equilibrium 
of the system, the two rings on the rod cannot be further apart than 

2/i(l + 4/1*)"*/. 



Let W be the weight of each ring A and B (Fig. i66), 2W that of C. 
Then, since C is free to slide on the string the tension is the same 
throughout the string and the vertical CD through C bisects the angle 

ACB. Let DCB = 9 . 

Resolving vertically for C, 

zT cos 0 = 2IV. 


The pressure between A and the rod is H'’ -f T cos $ = 2W, and 
the maximum friction at A is 2fiW. 

For equilibrium 

r sin > ZfiW, 
or W tan 0 > ZfiW, 

or tan 0 2/1. 


I* 

4 


If DB = X, DC^ - - X*, and tan 0 = 




DC 


* 

- X* 

4 


. ;ir* > /i”/> - 4^*/i*. 
. Ar>(i + 4^*) > 




Vi + 4/1' 
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EXAMPLES XXIV. 


1. A heavy plank of length a lies on a rough horizontal plane. To one 
end is attached a rope which is kept inclined to the horizontal at 
an angle a. The end of the plank is gently raised. Show that 
the other end will slip at once if cot a > /i, the coefficient of friction ; 
and find the ratio of the tension of the rope to the weight of the 
plank, if ft tan a exceeds unity, when the slipping commences. 

(IE.) 

2. A body of weight W rests on a horizontal plane with which the 
coefficient of friction is fi. A horizontal force nW, which is < 

is applied to the weight, and another horizontal force P, perpen¬ 
dicular to IV is also applied. Find the least value of P which will 
just cause the weight to move, and find the inclination of the direc¬ 
tion of motion to the direction of P. (I-E.) 

3. A rigid square frame made of uniform heavy wire rests in a vertical 
plane on a rough horizontal cylinder of radius a, two of its sides 
being in contact with the cylinder. Show that the limiting angle 
of inclination of a diagonal to the vertical is given by the equation 

b sin 0 — a Vz sin c cos {6 4- c), 

where e is the angle of friction, and b is the distance of the centre 
of the square from the axis of the cylinder. (I.S.) 

4- An equilateral triangle formed of wire is placed in a vertical plane 
with one side horizontal. On each side is stnmg a bead of weight 
W, and the beads are connected by an endless string, in tension, 
and passing through small smooth rings at the comers of the 
triangle. Prove that, if a gradually increasing horizontal force be 
applied to the bead on the horizontal side, the system will begin 
to move when the force is equal to 2/*IV, where ^ is the coefficient 
of friction between the be«ids and the wire. (I-S.) 

5. Two equal uniform rods AB. CD. each of weight W. are freely 
jointed at their middle points, and are placed in a vertical plane 
with the ends A and C on a rough horizontal plane of coefficient of 
friction /i. A string having weights, each equal to W, attached 
to Its ends is passe^ over B and D. Prove that in the limiting 
position of equilibrium the rods are inclined to the horizontal at 
an angle 


tan~* 


(H.S.C.) 


I + 2m‘ 

A wedge of weight W. lying on rough ground, has its thin end 
pushed against a smooth vertical wall, the sloping face of the 
wedge making an angle 2$ with the wall. A smooth right circular 
cylinder of weight Ues between the wedge and the wall. Find 
the relation between W and IV, when the wedge is just on the 
point of sliding, the coefficient of friction between the ground and 
wedge bemg #i. (H.S.D.) 

A light Tod AD passes over a rough peg at B and under another 
rough peg at C in the same horizontal line, and has weights of 
15 lb. and 9 lb. attached to it at ^ and Z). The lengths AB. BC 
3 feet, 2 feet> &nd i foot* If the least hoiitontal force 
which will move the rod is 6 lb. wt., find the coefficient of friction 
assunimg the pegs equ2LUy rough. (LS.) 
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8. A wedge of mass M, whose faces are inclined at angle a, is placed 
with one face in contact with a horizontal plane. A small object 
of mass m is placed in contact with the other face and is on the 
point of sliding down it. If ^ is the coefficient of friction between 
the object and the wedge, find the least value of the coefficient 
between the wedge and the plane in order that the wedge may 
remain at rest. 


9. A rough circular cylinder of diameter d is fixed on an equally 
rough horizontal plane, and a uniform rod of length 2/ rests tan¬ 
gentially against the cylinder in a vertical plane, which is perpen¬ 
dicular to the axis of the cylinder, one end of the rod being on the 
rough plane. If the friction is limiting at both ends of the rod, 
when the rod is inclined at 30® to the vertical, prove that the angle 
of friction is 



(H.S.D.) 


10. Two equal particles, each of weight W, are placed on a rough hori¬ 
zontal table and connected by a taut inextensible string. Prove 
that the least horizontal force that can be applied to one of them 
in a direction making an angle 6 with the string so as to cause 
them both to be on the point of motion is ZiiW cos $, where is 
the coefficient of friction between either particle and the table. 

(H.S.C.) 


II. 


Fig. 167 represents the central section A BCD 
with sand and being dragged forward by a 
horizontal force applied at C. The box is 
attached to two cross bars at A and B, and 
the whole is dragged across a rough floor 
whose coefl&cient of friction >vith the cross 
bars at A and B is Given AB ^ I, BC — h, 
and the weight of the box and sand to be W, 
prove that the vertical reactions at A and B are 


of a child's box filled 



Fig. 167. 



, / -f- 2 uA 

and —2r^ 

respectively. (H.S.D.) 

12. A heavy uniform rod is placed over a rough peg at A and under 
another rough peg at B, at a higher level than A, so that the rod 
lies in a vertic^ plane ; show that the length of the shortest rod 
that will rest in this position is 

a(i -i- tan a cot A), 

where a is the distance between the pegs, a is the angle of inclina¬ 
tion to the horizontal of the line joining the pegs, and A is the 
angle of friction. 

13. A solid uniform hemisphere rests with its convex surface in contact 
with a rough inclined plane; show that the greatest possible in¬ 
clination of the plane to the horizontal is sin~* |. 

14 If a solid uniform hemisphere rest in equilibrium with its curved 
surface in contact with a rough plane inclined to the horizontal at 
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an angle sin”* find the inclination of the plane bas'=‘ of the hemi¬ 
sphere to the horizontal. 

15. A wheel situated in a vertical plane is free to turn about its centre 
C. A uniform rod AB. weight W, is smoothly hinged at A. which 
is at the same level as C, and rests in contact with the wheel at D. 
Prove that to turn the wheel a couple of moment greater than 

ftW .AB . CD 
2 . AC 

is required, ft being the coefficient of friction between the rod and 
the wheel. Prove also that, when the wheel rotates so that the 
point in contact with the rod at D moves towards J9, the reaction 
at A will be vertical, if the inclination of the rod to the horizontal 
is tan”*/i. (H.C.) 

16. A circular cylinder of weight W, with its axis horizontal, is sup¬ 
ported in contact with a rough vertical wall by a string wrapped 
partly round it and attached to a point of the wall, and making 
an angle a with the wall. Show that the coefficient of friction 
must not be less than cosec a, and that the normal pressure on the 

wall is W tan (H.C.) 

2 

17. A sphere of weight W lb. is placed on a rough plane inclined at 
45® to the horizon, and is kept in equilibrium, if possible, by a 
horizontal force P applied at the highest p^int of the sphere. 

(1) Show that equihbrium is impossible if /x, the coefficient of 

friction between the plane and the sphere, is less than V2 — 1. 

(2) Show that equilibrium is possible if fi is equal to or greater 

than Vi"— i ; find the value of P. and determine whether 

equilibrium is limiting or not when ^ is greater than V2 — i. 

(H.C.) 

18. A thin hemispherical shell rests with its curved surface in contact 
with a rough horizontal plane, whose coefficient of friction is ft, 
and with a rough vertical plane, whose coefficient is n'. If the 
shell is on the point of slipping when the plane of the rim makes 
30® with the horizontal, find the relation connecting #* and n '; 
and prove that if #*' < i. must lie between ^ and J. (The centre 
of gravity of a thin hemispherical shell bisects the r^ius.) (H.C.) 

19. A uniform thin hemispherical bowl rests with its curved surface on 

a rough horizontal plane (coefficient of friction fi) and leans against 
a smooth vertical wall. Prove that when the bowl is on the point 
of slipping the inclination of the axis of the bowl to the vertical is 
sin-*2M. (H.S.D.) 

20. A uniform rod AB rests with one end A in contact with a rough 
inclined plane, which makes 30® with the horizontal; the rod 
makes an angle 45® with the upward direction of the plane, and is 
in a vertical plane through the line of greatest slope. It is kept 
in equilibrium by means of a string attached to the other end B, 
and pulled parallel to the plane, ^ove that the angle of friction 

3 kt A must be at least tan(H.S.D.) 

\ 2v3 / 

21. A uniform beam rests over two pegs, which are not at the same level, 
so that it is inclined at an angle $ to the horizontal. The angle 
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of friction between the beam and the upper peg is Aj, and that 
between the beam and the lower peg is A,, where A* >► d >► Aj. Show 
that the beam will just slip over the pegs when the ratio of the 
distances from its centre of mass to the lower and upper pegs 
respectively is 

sin (A, — 0 ) cos A, fl E 1 

sin (ff — Aj) cos A," 

22. A rectangular lamina A BCD has its plane vertical and perpendicular 
to a rough wall, AB being in contact with the wall. A string is 
attached to D and to a point K of the wall vertically abojie A, 
AK being \AD. Determine the least value of the coefficient of 
friction between the lamina and the wall that the lamina may rest 
in this position. 

23. A uniform heavy beam AB of length 2/ is standing vertically with 
the end A on the horizontal rough ground. To B is attached a 
light rope which passes under a small pulley fixed to the ground 
at a point C distant a from A . The end B is slowly lowered in the 
vertical plane through AC, towards the side remote from C, the 
rope BC being kept taut. Show that the beam will slip when its 
inclination 6 to the horizontal is given by 

cos ${a + 2/ cos 6) = 2/* sin 6{a + ^ cos 6), 

where n is the coefficient of friction between the beam and the 
ground. (H.S.D.) 

24. A uniform rod AB of weight W rests in a horizontal symmetrical 
position with its ends resting on two planes inclined at angles 
45® to the horizontal. The plane on which A rests is smooth, and 
a variable force P acts along the rod in the direction AB. Prove 
that so long as there is no slipping the reaction at A is constant, 
and find the frictional force at B. Find also the relation between 
P, IV, and the coefficient of friction at B if there is no slipping. 

(N.U.3.) 

25. A hemisphere of radius r is fixed with its plane base on a rough 

horizontal table. A uniform rod of length 2a and weight W, 

is placed with one end. A, resting on the table and the other end, 
C, free, a point B of the rod resting against the smooth carved 
surface of the hemisphere. If the rod makes an angle 6 with ^e 
table find the force of friction at If A is the angle of friction 
at A, show that in the position of limiting equilibrium the angle 0 
satisfies the equation 

a sin 0 sin (^ + A) = r sin A. (N.U.3.) 

26. A heavy uniform chain, of leng^ / and weight Iw, hangs from one 
end and carries a weight W at the other. Find the tension in the 
chain at a distance x from the top end. If the chain, instead of 
being fixed at its upper end, lies ^ong a rough inclined pl^e for 
the upper half of its length and is still in equilibrium with the 
weight W attached at the lower end and hanging freely below the 
plane, prove that the coefficient of friction between the chain and 
the plane must not be less than 

sec a + tan a + sec a, 

where a is the angle of the plane. 


(N.U. 3 .) 
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37. An endless light string of length (n + i)a passes across a rough 
table of width a and hangs below the table. To the part on 
the table is attached a weight IV, and to the part below the 

table is attached a weight —. If the angle of friction on the 

table is A, prove that, in limiting equilibrium, the parts of the 
string below the table make angles with the vertical whose dif¬ 
ference is 2A, assuming that n tan A< i. (H.S.D.) 

§ 116. The following examples are of a more difficult nature. 


Example (i), 

A bead, threaded on a weightless string, rests on a rough plane inclined 
at a° to the horizon ; the ends of the string are fastened to two points A 
and B on the plane in the same horizontal line. If n, the coefficient of 
friction, ts less than tan a. show that, in a position of limiting equilibrium, 
the friction is inclined to the horizontal at an angle (/* cos a). 



The bead must move in an ellipse whose foci are at A and B (Fig. 
168). If C represent the bead, then it must move along the tangent 
to the elbpse at C which is equally inclined to CA and CB. 

L^t CT be the tangent at C and CD the line of greatest slope through 

C, DCT = B. 


The tension is the same throughout the string so that the com¬ 
ponents along the tangent CT are equal and opposite. 

Hence the component of weight along CT is balanced entirely by 
the fnction ulV cos a. 


IV sin a cos fi = fiW cos a, or cos — p. cot a. 


C 



If CT meets the lower edge of the plane in E (Fig. 169). and F is 
the projection of C on the horizontal plane, the angle made by the 
friction with the horizontal is CEP. ^ 
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CF = CD sin a, 

CE = CD sec 
sin a . . 

CE ~ sec^ ~ ® ^ “ M sin a cot a = /* cos a. 

Example (ii). 

A cogwheel of radius 12 inches can turn on a fixed axle of radius 
3 inches. If the angle of friction between the wheel and axle is 30°, 
determine the least vertical force applied to one end of a chain passing 
over the wheel which will just support a weight of 126 lbs. attached to 
the other end of the chain. Represent carefully in a diagram the line of 
action of the resultant pressure between the wheel and axle. 


Now 

• sin CEF = 



Fig, 170 . 


We suppose that the wheel only touches the axle along a single 
horizontal line whose section is represented by the point C (Fig. 170). 
This point must lie on the resultant of the 126 lb. wt. and P (neglecting 
weight of cogwheel). 

The resultant reaction at C must be a vertical force equal to (P+126), 
and this is composed of a pressure R along the radius of the axle OC, 
and a force of friction /aP along the tangent to the axle at C. 


P«(i + M*) = (126 + P)‘, 
P*sec * A = (126 + P)“, 

R sec A = 126 + P, 

R = ^{126 + P). 
2 

Taking moments about O, 

12P + 3/iP = 12 X 126 ; 

3 ^ 

vr 2 


• • 


12P 


12 X 126-^ . 1^(126 + P), 


= 12 X 126 — 189 — 'ip, 

2 


-^P == 1512 - 189 = 1323, 


... p = 132121^ ^ MLiU ^ ^ ^ ^8 ,1,, 


27 


3 
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Example (iii). 

A straight uniform pole AB leans against a vertical wall. The lower 
end A is on the horizontal ground a feet from the wall ; the upper end B 
is on the wall 6 feet above the ground and c feet to one side of the vertical 
plane through A perpendicular to the wall. Assuming that the ground *5 
rough enough to prevent slipping at A, prove that to prevent slipping at B 
the coefficient of friction between the pole and the wall must be not less than 



Let XY (Fig. 171) be the base of the wall, AC perpendicular to the 
wall. 

The pole must describe a cone with vertex dit A. or B must describe 
a circle on the wall with centre C. 

The friction therefore acts perpendicular to CB. 

If R is the normal reaction at B and CBD = 0 the components of 
friction are 

ftR sin $ vertically, 
cos 0 horizontally. 


For equilibrium we have, taking moments about a vertical 
through A, 


fiRa cos 0 < Rc, 


axis 


or 


^ ^ a ’ cos 0 



V6» + c* 

b 


Example (iv). 

The loads on the bach and front axles of a motor lorry are and 
H', respectively. The height of the centre of gravity is h, the distance 
between the axles is a, and the coefficient of friction between the wheels 
and the ground is Find the maximum tractive force on starting when 
driven (i) on the back axle, (ii) on the front axle. In the former case 
shoiu that the reaction between the bach wheels and the ground is increased 
in the ratio a : a — fJi when the lorry is just starting. 

tractive force = the friction between the ground and driving 

wheels.) 

Let A, B (Fig. 172) be the front and back axles, G the centre of 
VOL. 11.—G 
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gravity. The loads on A and B give us the horizontal distances of 
G, AC and CB, from A and B. 


AC 


aWi 

W, + IV,‘ 


CB 


+ yv; 



When the engine is not working the pressures at the points of con¬ 
tact of the wheels D and E are equal to the loads and 

(i) When the engine starts and tends to make the back wheel rotate 
a forwcLrd friction force is called into play at E, and the maximum 
value of this friction is fiRi where Ri is the normal reaction at E. This 
reaction is, however, no longer equal to The friction fiRi at E, by 

preventing the wheel rotating, has a moment about G on the lorry as 
a whole, and tends to lessen the pressure at D. The friction at D 
merely tends to make the front wheel rotate, and has no action on the 
lorry as a whole. If R^ is the normal reaction at D, taking moments 
about G, we have 


also 


or 


Ri. CB — f^^Ri • h Rf ‘ AC, 
R, -\-R^=W,^ W„ 


R^,CB = fiR^.h {IV^ + Ri)AC, 

D L I -Ti/ aRilVi 




s uRt • ^ “1" ttW I — 


w, + 



a 

a — fih 



The reaction is therefore increased in the ratio of a : a — /iA. 

The tractive force = 

a fth 

When driven on the front axle, there will be a forward friction force 
at D, the friction at E will now merely tend to turn the back wheel. 
Taking moments about G, 

/J?, . A + i?, . -4C = . CB = {W^, -h - Rt)CB, 


fiRf , h -\- 


= aWt — 


fJit. h + aJ?, = aWf, 

a 


Rt = 


a + iJi 


A- W,- 




a + mA’ 


The tractive force is now = 
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The relative values of these trcictive forces depend on and 

= IF,, a greater force is obtained by driving on the back 

wheels. 


Example (v). 

Two equal cylinders rest in parallel positions on a horizontal plane. 
An isosceles triangular prism, whose vertical angle is a, rests between them 
in a symmetrical position, its base being horizontal. If all the surfaces 
are equally rough, show that equilibrium will be preserved if the coefficient 
of friction exceeds tan — o). 



Considering a vertical section (Fig. 173), let B be the position of 
the axes of the cylinders, E and F their points of contact with the 
ground, C and D the points of contact of the wedge with the cylinder. 
Let W be the weight of each cylinder, and w that of the wedge. 

In problems of this kind it is very important to see clearly hOw 
equilibrium can be broken. 

In this case, if equilibrium is broken, the wedge will descend verti¬ 
cally. To allow this to happen the cylinders must either (i) roll apart 
about their points of contact E, F, the wedge slipping at C and D, or 
(ii) slide at E and F, so that they rotate inwards and let the wedge down. 

Now for the equilibrium of the cyUnder A. the resultant reaction 
at C must pass through E where the weight and resultant reaction at 
E meet. The cylinder cannot then roll about E. Hence there can be 
no rolling if the angle of friction at C exceeds the angle A CE. 

But the angle 

2 2 


or 


ACE ^ \HAE = 


■n 

4 



tan A must exceed tan — 
must exceed tan I{»r — a). 



This condition only ensures that equilibrium shall not be broken 
by rolling apart at E and F, and we must now find the condition that 
there shall be no slipping at E and F. 

To balance the weight and the resultant reaction at C the resultant 
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reaction at E must act in a line, between EA and EC, i.e. a smaller 
angle of friction is required at E. 

We can find the value of this angle as follows. 

w 

The normal reaction at E is IK H—. 

2 

The resultant reaction at C has the value H, where 

„ ir — a 

^R cos- *= w, 

4 

(resolving vertically for the wedge). 

The horizontal component of R is 

IT — a 
sm- 

w 4 

2 * n — a* 
cos- 

4 

and there can be no slipping at E if 

where /i is the coefficient of friction at E, 

i.e. if u — times the coefficient at C. 

Example (vi). 

A plane is inclined to the horizontal at an angle greater than ton*' v'2. 
The coefficient of friction between this plane and a solid uniform cube lies 
between 1 and V 2. Show that, if the cube is placed on the plane with a 
diagonal of the face in contact with the plane along a line of greatest slope 
of the plane, it will simply slide down the plane without toppling ; hut 
that, if the cube w placed on the plane with an edge of the face in contact 
with the plane along the line of greatest slope, it will topple as well as slide. 

(H.C.) 

Since the tangent of the angle of inclination of the plane is greater 
than the coefficient of friction, the cube will slide in either case directly 
it is placed on the plane. There is no question of the usual alternative 
of sliding or toppling. 

Also, since the lower comer or edge of the cube is in motion, we 
cannot obtain the condition for toppling by taking moments about it 
as in a purely statical problem where there is equilibrium initially. 

We must take moments about the centre of gravity of the cube. 

Let A BCD (Fig. 174) represent a section of the cube through its 
centre of gravity G by a vertical plane through a line of greatest slope 
of the plane. Let the side of the cube be a and its weight W. 

The forces exerted on the cube by the plane are the normal reaction 
W cos a acting at A (if the cube tends to topple over) and the friction 
pW cos a acting along the direction AB, 
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The cube will topple if the moment of /^W cos a about G is greater 
than that of IK cos a about G. 



Now, if AB represents a diagonal of a face. AB = Vaa, and for 
toppling 


117 ® ri7 v' 2 a 

tiW cos a . - > IK cos a -- 


or 


> 'N/2, 


and as ft < V2 the cube cannot topple. 

If AB represents a line parallel to an edge. AB = a, and for toppling 


■W cos a . - > IK cos a . 

2 2 ' 


or ft > I. 

Hence as /t is given > i the cube will topple as well as slide. 


EXAMPLES XXV. 



A heavy rectangular block lies on a rough floor and a force is 
applied in a central vertical plane at the middle point of a top 
edge, pulling upwards at an angle tf(< 90®) with the top face. The 
vertical section has horizontal sides of length b and vertical sides 
of length a. Show that the block will begin to turn about a bottom 
edge if 


tan 


tan a — 2/i 
M tan a 


where tan a = and ft is the coefiicient of friction 


(H.S.C.) 


2. A uniform rod AB oi length 2a rests on a horizontal floor. It is 
raised by means of a rope attached to the end A and passing over 
a pulley at a height 2h vertically above B. Assuming that the 
end B does not slip on the plane, find the angle between the re¬ 
action of the plane and the vertical at B when the rod makes 
an angle e with the vertical. Hence show that the rod may be 

raised into a vertical position without the end B slipping provided 
that rr o r 



where fi is the coefficient of friction. 


(H.S.C.) 
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3. A uniform cubical block, of side 2a and weight W, rests on a rough 
horizontal plane. A man pushes it at right angles to one of its 
faces. Prove that the least push that will move it is the smaller 
of the two 



where h is the height of the man's hands above the ground, and 
is the coefficient of friction between the block and the ground. 
If the coefficient of friction between the man and the ground is 
what must be the least weight of the man that he may be able to 
move the block ? (H.C.) 

4. A uniform rod AB lies on a rough horizontal plane. A cord, at¬ 

tached to the end B, passes over a small pulley fixed at a point D, 
vertically over a point C lying in the line AB produced beyond B. 
Prove that, if the cord is pulled with a gradually increcising force, 
the rod will begin to slide along the ground, if n, the coefficient of 
friction between the rod and ground, is less than cot DBC ; but 
that, otherwise, it will begin to turn about the extremity A, and 
A will not slip until ^(tan ^ — 2 tan a) = i, where a and are 
the angles which AB and BD respectively then make with the 
horizontal. (H.C.) 

5. A uniform solid cube stands on a rough horizontal plane, and an 

exactly similar cube is placed on it so that the faces coincide. 
The coefficient of friction between the two cubes is 1), and the 
coefficient between the lower cube and the plane is /*. A gradu¬ 
ally increasing horizontal force is applied to the upper cube at 
right angles to one of its faces at the centre of that face. Prove 
that, when equilibrium is broken, the upper cube will slide on the 
lower, while the lower remains at rest, or both cubes will move 
together as a single rigid body according as 2^ is greater or less 
than /*'. (H.C.) 

6. A uniform plank, length /, standing on rough ground, is to be 
lowered from the vertical position by paying out from a fixed 
point Q a rope tied to the plank at P. The upper end of the plank 
initially coincides with Q ; n is the coefficient of friction with the 
ground. Show that, if P is above the centre of the plank, it will 
not upset; and this condition being satisfied, that if ^ <C i* fbe 
plank must slip; that if ^ > i, the plank will slip unless the distance 
of P from the free end is less than 

1 . (H.C.) 

2fi — 1 

7. Two equal uniform rods AB, BC, each of weight W, are freely 

hinged together at B, and rest in a vertical plane with the angle 
ABC a right angle, and the ends A and C on a rough horizontal 
plane. A string is attached to the middle point of BC and pulled 
parallel to AC away from AB with a gradually increasing hori¬ 
zontal force. Prove that, if the coefficient of friction between ^e 
rods and the plane is i^, equilibrium will be broken by C slipping 
while A remains at rest, as soon as the force exceeds 2 W, but that, 
if the coefficient of friction is equal to if, equilibrium will be 
broken by A slipping, while C remains at rest, as soon as the force 
exceeds 3JIV. (H.C.) 
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8. Two cylinders, each of radius a and weight lo lb., rest on a rough 
table with their axes horizontal and parallel and at a distance 3a 
apart; a third cylinder of the same radius and weight rests between 
them, friction being just sufficient to preserve equilibrium. Find 
the least coefficients of friction required between the upper and 
lower cylinders and between the lower cylinders and the table, 
and find the magnitude of the total reaction at each line of contact. 

(H.S.C.) 

9. Pressures of P lb. each are applied symmetrically, to opposite sides 
of a cone of weight W and vertical angle 2 a, the pressures being 
in a vertical plane through the axis of the cone and acting upwards 
at angles P with the lower slopes of the cone. Prove that it is 
impossible to raise the cone by the application of these pressures 
unless fi > cot > tan a, where n is the coefficient of friction. If 

is greater than tan a, find the least possible value of P that is 
necessary to allow the cone to be raised in this manner. (H.S.C.) 

10. If a wheel is turning on a fixed horizontal axle of radius a, the 
bearing being sufficiently loose for the contact to be only along a 
single horizontal line, show that, if the angle of friction between 
wheel and axle is A, the resultant pressure bet:^^•een them is tan¬ 
gential to a circle of radius a sin A concentric with the axle. If the 
weight of the wheel is W, and its radius is b, and the force applied 
is X, find the least value of X which wrill turn the wheel if X is 
applied downwards at the end of a horizontal radius. Show also 
that, if X is applied horizontally at the top of the wheel, 

X = W' tan e. 

where 6 sin d = a sin A. (H.S.D.) 


II. 


A light string is attached to one end /I of a heavy uniform beam 
AB of mass M, and passes over a smooth pulley, having a mass m 
hung from its free end. The other end B of the beam rests on a 
rough horizontal plane, the coefficient of friction between the plane 
and the beam being f*. Show that, if 




M 

VM* — m*' 


and 


m 


M 

Vi’ 


the beam is on the point of slipping when its angle of inclination 
to the horizontal has one of the values 


,rAf* — zm* ± MVm* — — m») 

L — m») 


]• 


(H.S.C.) 


12. C is the mid-point of a uniform plank of mass M and length 2I. 
The plank is placed horizontally over a rough horizontal cylinder 
of radius R, so that its length is perpendicular to the generators of 
the cylinder ; a point O of the plank is then in contact with the 
cylinder. The plank is then allowed gradually to assume an 
inclined position. Show that the plank will rest in equilibrium 
on the cylinder without slipping if OC < R\ where A is the angle of 
friction. A mass m is attached to one end of the rod. Find the 
range of possible positions of O so that the rod can, if made lo 
move slowly, assume a position of equilibrium. (H.S.D.) 


13. Two equal uniform right circular cylinders rest on a rough hori¬ 
zontal plane with their axes parallel. A uniform wedge in the 
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shape of an equilateral triangular prism is laid symmetrically 
between them so that two of its faces are inclined at equal angles 
to the vertical and are each in contact with one of the cylinders. 
No part of the wedge touches the horizontal plane. The coefi&cient 
of friction is the same between all the surfaces in contact. Show 
that whatever the weight of the wedge the system will remain in 

equilibrium if the coefficient of friction exceeds but that 

V3 

otherwise a very light wedge would cause the cylinders to separate 
by rolling on the plane. 

14. Two uniform planks, AC, BD, of lengths 2a, 2b, and weights W and 

W' respectively, can turn freely about fixed hinges at A and B, 
which are at right angles to the lengths of the planks. The hinges 
are parallel, and in the same horizontal plane, and BD AB AC. 
Show that in the limiting position of equilibrium in which the end 
C of the first plank presses against the second plank, and the angle 
ACB is obtuse, 

Wa sin 2a cos A + W'b sin 2^ cos (a -|- ^ -t- A) — o, 
where a = CAB, ^ = CBA, and A is the angle of limiting friction. 

15. A cylinder of radius a rests with its curved surface on a horizontal 
floor. A uniform straight plank of length 2/ lies symme^cally 
across it in such a position that its centre is in contact with the 
cylinder, and its lower end rests on the floor. The coefficiente of 
friction at all three points of contact are equal. There is limiting 
friction at one of the three points of contact. Show that this 
point is never the point of contact of the cylinder with the floor, 
but is the point of contact of the plank with the floor or with the 

cylinder according as 3a* ^(C.S.) 

16. A uniform rod, of weight W and length I, lies on a rough horizontal 
plane, the coefficient of friction being #*. A string is attached to 
one end, and is pulled horizontally in a direction perpendicular to 
the rod so that the tension gradually increases. Show that the rod 

begins to turn about a point from the end to which the string 

is attached, and that the tension of the string is then (Vz — 
assuming that the vertical reaction is distributed uniformly along 
the rod. (C.S.) 

17. A uniform ladder of weight W leans with one end agaii^t a wall 
and makes an angle $ with the floor. The angles of friction for 
floor and wall are respectively < and A. Explain why it is not in 
general possible to determine the reactions at the ends of the 
ladder. If a man of weight w slowly climbs the ladder, show that 
he can get to the top if 


. W' ^ cos A cos (c + B) 
■ iV~A~w ^ cos (A — «) cos d 


(C.S.) 


i8. A uniform circular hoop has a weight equal to its own attached to 
a point of its rim, and is hung over a rough horizontal peg. Prove 
that if the angle of friction is greater th^ the system can rest 
with any point of the hoop in contact with the peg. (C.S.) 
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19. Show that the greatest inclination to the horizon at which a uni¬ 
form rod can rest in a rough sphere of radius a, and angle of friction 


A, is 


tan 


a* sin A cos A 
c* - a« sin* A' 


where c is the distance of the rod from the centre of the sphere. 

(C.S.) 


20. A uniform rod is placed over a rough horizontal rail and rests with 
one end against a rough vertical wall, the rail being parallel to the 
wall and perpendicular to the rod. If the rod is on the point of 
slipping up the wall, show that it will make an angle 6 with the 
horizontal, where 

a cos* B cos (fl 4 - ^ cos A cos A', 

A, A' being the angles of friction at the rail and wall. It is assumed 
that the rod is sufficiently long to make such a position of equili¬ 
brium possible. The length of the rod is 2a, and the rail is at a 
horizontal distance c from the wall. (C.S.) 


21. Two cylinders lie in equilibrium on a rough inclined plane, in 
contact with one another, with their axes horizontal. The upper 
cylinder, of radius a, is heavy, but the lower cylinder, of radius b, 
is of negligible weight. Prove that, if a is the inclination of the 

plane to the horizontal, 6 > tan* a; that the coefficient of friction 

4 

between the heavy cylinder and the plane must be at least 

I 

2 cot a — 



and that the other coefficients of friction must be at least equal to 



(C.S.) 


22. A heavy particle of weight IF is to be supported by a given force 

W 

equal to on the upper portion of the outer surface of a fixed 
rough circular cylinder. If the coefficient of friction is equal to 
find the greatest angular distance from the highest generator 

V3 

of the cylinder at which the particle can be maintained in equili¬ 
brium. (C.S.) 

23. A uniform rod rests inside a rough vertical circle with its highest 
point on a level with the centre of the circle. If the friction is 
just sufficient to prevent sliding, show that the angle of friction 
equals 

J j^a — sin“* (sin a cos 

where a is the inclination of the rod to the horizontal. (C.S.) 

24. A uniform beam AB lies horizontally on two rough parallel rails 
at points A and C. Prove that the least horizontal force applied 
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at B in a direction perpendicular to i 4 B, which is able to move the 
beam, is the smaller of the two forces 

where AB is 2a, AC is 6, W is the weight of the beam, and is the 
coeflhcient of friction at each point of contact. (C.S.) 

25. The seat of a chair is a square of side 18 inches. The back and 

legs are vertical, the latter being 18 inches long. The centre of 
gravity is 6 inches from the back. The chair is drawn forward by 
a horizontal string attached to a point of the back distant 3 feet 
6 inches from the ground. Show that the chair will slide or tilt 
according as ^ is less or greater than 4 . If the chair just slides in 
this position, show that when an additional mass, equal to that of 
the chair, rests in the centre of the seat, it will still slide forward 
if the string is lowered through any angle less than tan”*/^. (C.S.) 

26. The distance between the axle's of a railway track is 2a, and the 
centre of gravity is half-way between them and at a distance h 
from the rails. With the lower wheels locked, the greatest incline 
upon which the truck can rest is a. Show that the coefihcient of 
friction between the wheels and the rails is given by 

_ catena _ ,C.S.) 

^ a H- A tan^ 


27. A homogeneous cube is supported, with a face flat against a rough 
vertical wall and four edges vertical, by a force P applied at the 
middle point of the lowest edge, which does not meet the wall, in 
a plane perpendicular to that edge. Prove that, if /*(= 
the coefficient of friction, the least value of P is 

(i) J W cosec €, (ii) W cos «, or (iii) W cose sec ^tan“* /i + 2 ~~ *)' 


according as (i) € > ~n, (ii) - 

4 4 


~ or (iii) e 



(C.S.) 


28. Two cylinders, similar in all respects, of radius 15 inches, lie sym¬ 
metrically in contact in a cylindrical trough of radius 54 inches, 
and a third cylinder, of radius 10 inches, lies on the two equal 
cylinders. The axes of all the cylinders are horizontal and parallel. 
Show that if the surfaces are smooth there will be equilibrium unless 


the weight of the upper cylinder is greater than 


^ of the weight 
2 


of one of the others. Show also that however great the weight of 
the upper cylinder may be, there will still be equilibrium if all the 
surfaces are rough and no coefficient of friction is less than 

(C.S.) 


29. A motor car of weight W is being retarded at rate / by application 
of the brakes. Determine the reactions between the wheels and 
the road, when the masses of the wheels may be neglected, and the 
brakes are applied only to the rear wheels. The centre of gravity 
of the car is at a height h above the road, and at horizontal distance 
a from the rear, and a' from the front wheels. Show that the 
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maximum retardation, which can be obtained without skidding 
any wheel, is greater by the factor 

a + a' + A/a 

? 

for a car braked on all four wheels than for a car braked on the rear 
wheels only, where n is the coefficient of friction between the tyres 
and the road. If, for example, a' = a = 2h, ^ = 0-9, four-wheel 
braking has the advantage in a factor of 2-45. Explain in general 
terms how it comes about that this factor can be greater than 2, 
when a = a'. (C.S.) 

30. Two equal uniform ladders of weight w are rigidly fastened together 
at one end to form a step ladder, which stands on a plank. The 
angle between the ladders is 2a. A man of weight W stands on 
the top. The plank is slowly tilted about one end. Show that if 
p be the inclination of the plank to the horizontal, the system will 
overturn if tan p reaches 

IV 2W ^ 

W w 

and will slip if tan p reaches #*, the coefficient of friction. (C.S.) 

31. At points A, A', A" on & rough horizontal plane are placed weights 
W, W', W" {IV < IV'), connected by light inextensible strings A A', 
A'A". The angle A A'A" is obtuse, and equal to w — a. Prove 
that the least force that can be applied to W" so that all the 
weights may be ju st on the point of motion is ti{W"* -f where 

X — R' cos a -f- VW'* — sin* a, and ^ is the coefficient of 
friction. (C.S.) 

32. Three equal spheres rest in contact on a rough horizontal plane. 

An equal sphere of the same material is placed so as to rest sym¬ 
metrically on them. Show that, if the coefficient of friction /x is 
greater than v/S and all surfaces are equally rough, equili¬ 
brium will be maintained. (C.S.) 

33. A ui^orm rod ACB of length za is supported against a rough 
vertical wall by a light inextensible string OC attached to its 
middle point C. The other end of the string is attached to a 
fixed point O on the wall. Show that the rod can rest with C at 
any point of a circular arc, whose extremities are at perpendicular 
distances a and a cos A from the wall, where A is the angle of friction. 

(C.S.) 

34. A weight W rests on a rough plane inclined at 45° to the 

horizontal, and is connected by a light string passing through a 

smooth, fixed ring A, at the top of the plane, with a weight — 

hanging vertically. The string AW makes an angle e with the 
line of greatest slope in the plane. Prove that the greatest possible 
value of $ for equilibrium is sin"* J. (C.S.) 

35 - A uniform rod rests in limiting equilibrium with its ends on a rough 
circular band whose plane is vertical. Prove that its inclination 
6 to the vertical is given by the equation 

sin A sin (0 -f- A) = cos 6 cos* a, 

where A is the angle of friction and 2a the angle subtended by the 
rod at the centre of the circle. (C.S.) 
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36. A plank of breadth 26 and thickness ‘ic rests inside a horizontal 
cylinder of radius a with its long edges parallel to the axis of the 
cylinder and at such a height that it is just about to slip down. 
Show that the plank makes an angle B with the horizontal given by 

a sin A cos (^ — A) = (a cos a — c) sin B cos a 
where A is the angle of friction and sin a = (C.S.) 

37. A uniform cube of weight W and edge 2a is placed on a rough plane 
and a uniform sphere of weight W' and diameter za rests upon the 
plane, touching the cube at the centre of one of its faces F. The 
plane is gradu^y tilted round a line lying in the plane and parallel 
to the face F of the cube. Show that if /i be the coefl&cient of 
friction for every contact and <C i, then equilibrium will be broken 
by the cube slipping and the sphere rolling down the plane when 
the angle of inclination of the plane to the horizontal is a, where 


tan a 


mR' 
[V + (1 ^ 


(C.S.) 


38. Two uniform rods AB, BC of equal weight but different lengths, 
are freely jointed together at B and placed in a vertical plane over 
two equally rough fixed pegs in the same horizontal line. The 
inclinations of the rods to the horizontal are a, fi, and they are 
both on the point of slipping. Prove that the inclination 0 to the 
horizontal of the reaction at the hinge is given by 

2 tan 8 = cot (^ + A) — cot (a — A), 
where A is the angle of friction at the pegs. (C.S.) 


39. A piece of uniform wire is bent into the shape of an isosceles triangle 
ABC in which AB — AC. The triangle hangs in a vertical plane 
with BC in contact with a rough peg. Show that the triangle 
will rest in equilibrium whatever point of BC is in contact with the 
peg provided that the coefficient of friction is greater than 

2 tan + sin \A). (C.S.) 

40. Two uniform heavy rods AB, AC, each of length 2a, are rigidly 
connected at A at right angles to each other, and rest on a fixed 
rough cylinder of radius c, the plane of the rods being perpendicular 

to the eixis of the cylinders. Show that, if c < tan e is the co¬ 
efficient of friction between the rods and the cylmder, and a is the 
angle which the bisector of the angle BAC makes with the vertical 
in limiting equilibrium, then 

c sin (a ze) ^ (a — c) sin a. (C.S.) 

41. On the radius OA of a circular disc as diameter a circle is described, 
and the disc enclosed by it is cut out. If the remaining solid rest 
in a vertical plane on two rough pegs on a horizontal plane sub¬ 
tending an angle 2 a at the centre O, show that the greatest angle 
that OA can make with the vertical is 

sin“‘ (3 sin 2A sec a), 

where A is the angle of friction at the pegs. 


(C.S.) 
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42. A thin uniform straight rod PQ of weight W rests partly within and 
partly without a uniform cylindrical jar of weight ^W, which stands 
on a horizontal table. The rod rests in contact with the smooth rim 
of the jar. with its end P pressing against the rough curved surface 
of the jar. If the rod is about to slip and the jar is about to upset 
simultaneously, prove that the rod makes with the vertical an 
angle 

lA + ^ cos“*(i cos A), 


where A is the angle of friction. (C.S.) 

43. Two ^ual ladders are hinged at the top and rest on a rough floor 
forming an isosceles triangle with the floor of vertical angle 2d. A 
man whose weight is n times that of either ladder goes slowly up 
one of them. Calculate the reactions at the floor when his distance 
from the top is x, and show that slipping begins when 


nx 

T 


2fi — tan 9 
fi. — tan $ 


+ n. 



44. Two rough planes intersect at right angles in a horizontal line and 
make angles 

*■ 

with the horizontal. Two equal rough cylinders with their axes 
in the same horizontal plane rest in contact with each other and 
each in contact with one plane. Prove that, if all the surfaces are 
equally rough, the coefficient of friction is not less than 


cos 2a 

sin a -f cos a + sin 2a‘ 


(C.S.) 


45. Two supports P and Q are in the same horizontal plane and at a 
distance 3 feet apart, and a uniform plank APQB, 8 feet long, is in 
equilibrium resting on the supports. A horizontal force is applied 
to the plank at A in the direction perpendicular to its length, and 
is steady increased in magnitude. Prove that, if the supports 
are equally rough, equilibrium will be broken by the plank slipping 
at P, provided that the length AP lies between i foot and 3 feet. 

(H.S.D.) 
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WORK—MACHINES. 


§ 117. Work. 

When a force moves its point of application it is said to do work, 
and the amount of work is measured by the product of the force and the 
distance the point of application moves in the direction of the force. 


C 



Thus if a force P, acting on a particle at /I in the direction AB 
(Fig. 175 ), move the particle from A to B, the work done by the force 
is measured hy P x AB. 

If, however, the particle moves from A to C, where BAC = 0, the 
work done is not P x AC, but the product of P and the projection 
of AC on AB, i.e. P x AD or P x AC cos B. 

It is clear that some other cause must have been responsible for 
the motion in the direction DC, as P by itself can only cause motion 
in the direction of its own line of action. 

It should be noticed that 

4 

P X AC cos 6 = P cos 6 X AC. 

i.e. the work done by P is the same as that done by the resolved part 
of P in the direction AC. 

If the direction of the displacement is opposite to the direction 
of the resolved part of the force, we may say that the force does 
negative work, or that work is done against the force. Thus, when 
a weight descends imder the action of gravity work is done by 
gravity ; when the weight is raised work is done against gravity. 

§118. Units of Work. 

If the force is in lb. wt. and the distance in feet, the work is in 
foot-pounds (ft. lb.). 
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If the force is in poundals and the distance in feet, the work is in 
foot-poundals. 

If the force is in dynes and the distance in centimetres, the work 
is in ergs. 

Thus I ft. lb. is the work done by a force of i lb. wt. in moving 
its point of application through i foot in its own direction. It is 
obviously the work done in lifting i lb. vertically through i foot. 


§119. Energy. 

The energy of a body is its capacity for doing work and is 
measured in work xmits by the amount of work it can do. In 
dynamics we have to deal with two kinds of energy. 

(i) Kinetic Energy, due to the motion of the body, which is 
measured by the work it can do against resistance before being 
brought to rest, and 

(ii) Potential Energy, due to the body being displaced from some 
standard position and measured by the work the body can do in 
returning to that standard position, e.g. a raised weight. In Statics 
we have to deal with the latter form only, and we shall now con¬ 
sider this form rather more fully. 


B 


§ 120 . Since a force acting on a particle only does work when the 
particle moves in the direction of the force it is clear that, when a 
particle is moving along a smooth surface, no work is done by or against 
the reaction of the surface on this particle. 

Suppose now that we have a particle subject to certain given 
forces and that the particle is guided by smooth constraints so as to 
pass from some position A (Fig. 176) to another 
position B, along some definite path ACB. A de¬ 
finite amount of work will be done by the given 
forces, and in general this amount will depend on 
the path taken, i.e. the work done by the forces , 
in going from A to B by the path ADB will be 
different to that for the path ACB. 

Now if the work for ADB is greater than that for ACB we could, 
by forcing the particle from B to .d by the path BCA and allowing it 
to return under the action of the given forces by the path ADB, 
get more work done by the given forces than we have done against 
them, or the system would be a perpetual soiu“ce of energy. 

We know from long experience that this is impossible with 
natural forces such as gravity, and conclude that with these forces 
the work required to bring a particle from rest in one position to rest 
in another must be independent of the path taken. 

If A is taken as a standard position, the work required to move a 
particle from A to B is definite in amount and is independent of the 


2:? 

Fig. 176. 
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path, and the particle can perform just this amount of work in re¬ 
turning to A. This amount of work is the potential energy of the 
particle at B. 

Thus when a body of weight W descends through a vertical dis¬ 
tance h, under the action of gravity the work done by gravity is Wh. 
This is also the amount of work required to raise the body vertically 
through a height h. 

The work required is the same if the body is moved up the slope 
of a smooth inclined plane if the vertical height of the plane is h, 
and it makes no difference if the plane is curved. 

The standard position in the case of raised weights is the lowest 
level with respect to the earth which can be reached under the con¬ 
ditions of the case considered. 

Another example of potential energy is that of a stretched elastic 
cord or spring. Work has to be done in extending it, and an equal 
amount of work is done when it returns to its natural length. 

§ 121. Tension in an Elastic String. 

It is found by experiment that the tension of an elastic string 
varies as the extension of the string beyond its natural length. This 
fact was discovered by Hooke, and is embodied in what is usually 
known as Hooke's Law. 

This may be stated as follows:— 

If I is ifte natural length of an elastic string, and V the stretched 
length, then the tension T is given by 

T = j{l' - 1 ). 

where E is a constant depending on the thickness and material of the 
string. 

E is usually called the Modulus of Elasticity of the string and 
is often denoted by A. 

It is obvious that E is the tension required to stretch the string 
to double its natural length. 

§ 122. Work done in Stretching an Elastic String. 

Let E be the modulus and / the natural length, then for an ex¬ 
tension X, we have 



The work done in stretching the string through a further distance 
dx, so small that T may be supposed constant throughout dx. is 

Tdx^oi ^xdx. 
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Hence the work done in increasing the extension from Xj to Xj is 

£ F 

Now -j .tj is the final tension, and -j x^is the initial tension, 

• * / 2 

is the mean of the initial and final tensions. 

Also (xj — Xi) is the extension produced. 

Hence, the work done is the product of the mean of the initial and 
final tensiofis and the extension. 

This can also be shown graphically by plotting the tension against 
the extension. The graph obtained is a straight line and the work 
done is the area under the graph. 


§ 128. Work done by a Couple. 

Let the forces of the couple be eachand let theann^f# (Fig. 177) 
be of length p. 



Fig. 177. 


Suppose AB to move to the position A'B\ where the angle between 
AB and A'B’ is the small angle 80 . 

We may suppose the motion of AB to take place in two stages. 

First, suppose the forces to move parallel to themselves so that 
AB comes to the position A*C, The work done by the equal and 
opposite forces P during this displacement is zero. 

Now suppose the forces to turn through the angle 80 about A'. 

The force P at A' does no work as its point of application does 
not move. The displacement of the point of application of the other 
force F* at C is phd, since 80 is indefinitely small, and the total work 
done is therefore PphB, i.e. the moment of the couple multiplied by the 
elementary angle turned through. 
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If the moment of the couple M remains constant the work in 
turning through an angle 6 is 

[MdB = Md. 

i.e. the moment of the couple multiplied by the angle turned through. 


EXAMPLES XXVI. 


1. A smooth uniform cube of weight W is supported with four edg^ 

horizontal, two of them being in one vertical plane^ by a uniform 
light elastic band. The band is held along a horizont^ line verti¬ 
cally above the two edges mentioned. The natural length of the 
band is four times an edge of the cube. In equilibrium the upper 
parts of the band make an angle of 6 o° with each other. Prove that 
the modulus of elasticity is approximately 2*8 ]V. (N.U.4.) 

2. An elastic string of natural length 3 feet can be stretched to a 
length of 4 feet by a weight of 10 lb. Its two extremities are fixed 
to two points A, B in the same horizontal line at a distance 3 feet 
9 inches apart, and a mass of 15 lb. is attached to the middle point. 
Determine the depth below at which the weight is in equilibrium. 

(C.W.B.) 

3. A uniform rod of weight w and length a is free to turn about a hori¬ 
zontal hinge at one end. The other end is attached to a point 
at a vertical distance a above the hinge by means of a light elastic 
string of natural length b. The elasticity of the string is such 
that when stretched by a force equal to w its length is a. Fi^d 
the inclination of the rod to the vertical in the position of equih- 
brium, and show that the tension in the string is then equal to 


wb 


a -}- 

The force required to compress a spring varies as the amount of 
compression or extension. If it requires a force of 20 lb. wt. to 
hold a certain spring compressed 1 inch, find how many ft. lb. of 
work are required to compress it another inch. (H.S.C.) 


§ 124 . The work done by the resultant of two forces which are con¬ 
stant in magnitude and direction and acting on a particle^ is equal to 
the sum of the amounts of work done by the two forces separately. 



Fig. 178. 

Let P, ^ be the two forces acting as shown on a particle at A 
(Fig. 178), and suppose the particle is displaced to B. 
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Let a, p, be the angles made by P and Q with AB. 

The sum of the amounts of work done by P and Q is 

P cos (X. . AB Q cos p . AB — (P cos a. Q cos p)AB. 

But P cos fx A- Q cos P is the sum of the resolved parts of P and Q 
along AB, and this is equal to the resolved part in this direction of 
the resultant of P and Q, 

Hence the aonount of work (P cos a + Q cos p)AB is also the 
amount done by the resultant. 

It is clear that this result holds for any number of forces acting 
on a particle. 

§ 125. Virtual Work. 

If a particle is in equilibrium imder the action of any number of 
forces, and the particle is displaced in any direction while the forces 
remain constant in magnitude and direction, it follows from the 
preceding paragraph that the total work done by the forces is zero, 
for their resultant is zero. 

It is often possible to deduce results in Statics very easily by 
imagining a body at rest to be displaced through a small distance, 
finding the resulting small distances moved by the forces acting on 
It and equating the total work done by the forces to zero. Since the 
displacement is not a real one the principle used in this method is 
called the Principle of Virtual Work. 

If a force P acting on a particle at a point Aj^ dbplaces it to A^, 
and dp is the projection of A^A^ on the direction of P, the virtual 
work of P is Pdp. 

§ 126 . Supp>ose we have a weight W resting on a smooth inclined 
plane AB (Fig. 179), connected to a weight P hanging freely by a 
light string passing over a smooth pulley at the top of the plane, and 
we wish to find the relation between P and W so that the weights 
may remain at rest. 



Let a be the inclination of the plane, T the tension in the string, 

P the reaction of the plane, the forces acting on the weights thus 
being as shown. 
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Now suppose P displaced downwards a distance x, W will move 
up the same distance. 

The tension T does p>ositive work Tx on W, and negative work 
Tx on P, and these cancel. 

R does no work since it is perp)endicular to the direction of dis¬ 
placement of W. 

Hence the total work done by gravity on the two w^eights is zero, 
or as it is more usually expressed, the work done by gravity on P 
is equal to the work done against gravity on W. 

The vertical distance moved by tV is sin a, 

,*. Px = Wx sin a, 

P = W sin a. 

§ 127. We shall now consider some simple examples of what are 
called Machines. The principle of virtual work can be \ised in ob¬ 
taining the relation between the forces in these cases when there is 
no friction. 

The use of the principle in the general case for any forces acting 
on a rigid body will be postponed to a later chapter. 

§ 128. A n^achine is a piece of apparatus in which work is done 
on the machine by applying a force, called the Power or Effort^ at 
one part, and getting work done by the machine in overcoming some 
external force, called the Weight or Resistance, at another part. 

In most cases the machine is so arranged that, by applying a small 
force or effort, a larger force is overcome. 

Th\is the inclined plane considered in paragraph 126 may be re¬ 
garded as a simple machine in which the effort P is used to raise a 
weight W, The force P required to keep W in equilibrium was found 
to be sin a ; any force slightly in excess of this will cause W to 
move up the plane. 

We notice that when P moves a distance x, W moves a smaller 
distance x sin a measured vertically, and it is the vertical distance 
we are concerned with. 

In all cases when the effort is smaller than the weight, the former 
always has to move through a greater distance. 

Occasionally a machine is arranged to give increased movement, 
and in this case the effort has to be greater than the weight moved* 

§ 129. If a force P applied to a machine causes it to exert a 
force W, the ratio p is called the Mechanical A dvantage of the machine. 

The ratio of the distance moved by the effort P to that moved by the 

weight W is called the Velocity Ratio. 

If there is no friction, and the parts of the machine are weightless, 

then, by the principle of work, 
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P X distance through which P moves 
~Wx distance through which W moves, 

_ distance through which P moves , 
distance through which W moves ~ ^ 


i.e. in an ideal machine whose parts are weightless, and in which there 
is no friction, 


Mechanical Advantage = Velocity Ratio. 

In practical machines, where there is friction, the effort P will 
have to do some work in overcoming this friction, i.e. the work done 
by P will exceed that done on W. 


§ 130. The efficiency of a machine is measured by the ratio 


Useful work done by the machine 
Work supplied to the machine 


In an ideal smooth machine the efficiency is therefore unity. 
The ratio giving efficiency is often expressed as a percentage, and then 
the efficiency of a smooth machine is loo per cent. 

The efficiency must be determined experimentally by measuring 
the effort P required to raise a weight W and also the distances x and 
y moved tlirough by P and W respectively. 


Efficiency = 


Wy 

Px* 


_Mechanical Advantage 

” Velocity Ratio 

In most cases the efficiency varies with the load. 

It should be noticed that the only quantity connected with a 
machine which can be calculated from its dimensions is the velocity 
ratio. 

The mechanical advantage and efficiency must be determined by 
experiment except in the case of an ideal smooth machine. 

In actual machines it is found that W and P are connected 
by a linear relation of the form 


P ^ a bW. 

where a and 6 are constants. 

This relation is often called The Law of the Machine.’ 

W W I 


P—a-f-6iy — ^ ifc 


w . 


As W increases; the denominator diminishes, and ~p increases, 
i.e. the efficiency increases with the load. 
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Example. 


A machine for lifting heavy weights has a velocity ratio of i6 and it is 
found that efforts of ii lb. and ig lb. are needed to lift with it loads 
of 56 lb. and 112 lb. respectively. What is the efficiency in each case 
Assuming a straight line graph for load and effort, find the effort necessary 
to lift 224 lb. 


In the first case the mechanical advantage is and in the second 


case it is 


Since 


112 


19 


Efl&ciency = 


Mechanical Advantage 


the efficiencies are 


Velocity Ratio 
56 . 112 


II X 16 


and 


19 X 16' 


or 


— and —. 
22 19 


Expressed as percentages, these are 31*8 per cent, and 36*8 per cent. 
Assuming that, since the relation between W and P is linear, 

p r=a bW 


where a and b are constants, we have 

XI = a + 566, 

19 = a + 1126, 

whence 6 = -, a = 3 

when W — 224, 

P = 3 + 32 
^ = 35 lb- '"d. 

§ 131. System of Pulleys with a Single String. 

In this system there are two blocks each containing pulleys, the 
upper block being fixed to a support and the lower block, which has 
the weight attached, being movable. 

Fig. 180 A shows such a system when the number of pulleys in 
each block is the same, and Fig. i8ob shows one where the number of 
pulleys in the upper block is greater than the number in the lower 

block. 

In the first case one end of the string must be fastened to the 
upper block, and in the second case it must be fastened to the lower 
block. 

Th6 relation between P and W may be obtained in two wa)^, 

(i) hy considering the tensions in the strings acting on the lower 
block, or 

(ii) by the principle of work. 
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Let the weight of the lower block be w, and neglect friction. 

(i) Since the pnlle 5 rs are smooth the tension is the same throughout 
the string and equal to P. 



Fig. i8oa. Fig. i8ob. 


If there are n portions of string at the lower block, the total up¬ 
ward force on this block is nP. 

W w = nP. 

We have assumed that all the portions of the string not in contact 

with the pulleys are vertical. If this is not the case the resultant 

of the two tensions P due to a string passing round one of the pulleys 

IS not 2 P, but depends on the angle at which the two portions are 
inclined. 

In practice the strings are not exactly parallel, but usually they 
are very nearly so. 

(ii) If the load W and the whole of the lower block is raised a 
distance x, then, in the first figure a length of string 2 x will pass round 
the upper pulley of the lower block, a further length zx round the lower 
one, and so on for any number of pulleys in the lower block. 

Hence to keep the string taut P must move a distance zx x the 
number of pulleys at the lower block. 

There are two portions of string to each pulley, so that the distance 
moved by P is na; where n is the nvunber of portions of string at the 
lower block. The velocity ratio is therefore n. 

{W + w)x ~ Pnx, 

(IF + tt') =nP. 

In the second figure a length of string ^x will pass round the upp>er 
pulley of the lower block, and an additional length of zx for each 
other pulley. If ^ be the number of pulleys P must move (zp -j- i)ar. 
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but 2 ^ -|- I — n, the number of strings, and we have the same 
relation between JV, w, and P as before. 

This system is often called the Block and Tackle. 

Example. 

A pulley system in which the same string passes round all the pulleys 
consists of six pulleys, the string being attached to one of the upper pulleys. 
When on the point of motion, the tension of the string as it passes over 
each pulley is increased by 25 per cent. Find the force which will just 
lift a weight of 300 lb., neglecting the weights of the pulleys themselves. 
Show also that the useful work done is about half that expended. (H.S.D.) 



300 


Fig. 181. 


The arrangement is shown in Fig. 181. 

L.et T be the tension in the end of the string attached to the upper 

block. The tension after passing over the first lower pulley is-T, and 

4 


over the first upper pulley —fT, and so on. 

4 * 

c* 

The tension at the free end is 

4 * 



For the equilibrium of che 300 lb. wt.. 
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.. P = 5* X 75 
6i X 189 


101*6 lb. wt. 


If the lower block moves a distance x, P moves a distance (>x. 

Work expended = ioi-6 x 6;r = 6o9*6.r, 

Useful work — 300^. 


§ 182. System of Pulleys when each String is attached to the Support. 



This arrangement is as shown in Fig. 182. The weight is attached 
to the lowest pulley. 

The fixed pulley 4 is usually inserted so that the effort P may be 
applied in a downward direction, it does not affect the mechanical 
advantage. 

As before we suppose that all portions of the strings not in con¬ 
tact with tile pulleys are vertical, and that there is no friction. We 
shall neglect the weights of the pulleys. 

(i) Let T^, Tj, . . . be the tensions in the strings passing round 

Aj, . . . 

From the equilibrium of the pulleys A^. A^, ... we have 

Tt = 27 ',, 

W = 2 * 7 ', =. 2^P. 

and clearly for n movable pulleys. 

W 2»P. 


(2) If P moves a distance x the upper movable pulley moves -. 

2 
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The next moves and so on. 

2* 


Hence with n movable pulleys the lowest one, and therefore the 
weight moves a distance 

From the principle of work 


or 

Example. 


2 " 

W = 2"P, as before. 


A man weighing lo stone supports a weight of 91 lb. by means of three 
movable pulleys arranged in the system where each pulley hangs in the 
loop of a separate string. The pulleys weigh 2 lb., 4 lb., and 5 lb. respec¬ 
tively. What is the thrust of the man on the ground ? 




b 

y 

y 


t 

9I>5 

Fig. 183. 


We shall assume that the end of the string on which the man pulls 
is passed over a fixed pulley as in Fig. 183, so that he pulls downwards. 
His thrust on the ground will be the dilTerence between his weight and 
the pull he exerts. 


If P moves a distance x, the upper movable pulley moves and 


the work done is 2 . 

2 

X X 

The next moves - and the work done is 4 . 

4 4 

X X 

The lower pulley moves ~ and the work done is 96. 

o o 

Hence from the principle of work, 

Pjt = -I- I + =* 14X, 

P = 14 lb. wt. 

Hence the thrust on the ground is 9 stone. 
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EXAMPLES XXVII. 

1. If there are four movable pulleys whose weights, commencing with 
the lowest, are 4, 3, 2, and i lb. respectively, what force will support 
a weight of hatlf a ton ? 

2. If there are three movable pulleys whose weights, commencing from 
the lowest, are 4, 4, and 2 lb. respectively, what force will support 
a weight of 56 lb. ? 

3. If there are four movable pulleys, each of weight w, and the effort 
be P, show that the stress on the beam is 15P — i lo; (P is supposed 
to act upwards, the string to which it is applied not passing over a 
fixed pulley). 

4. When there are four movable pulleys, find the effort necessary to 
support a weight of 400 lb., neglecting the weights of the pulleys. 
Find also the pull of each string on the beam ; and if the sum is not 
equal to the weight, explain the difference. 


§ 183. System of Pulleys with each String attached to the Weight. 



This arrangement is shown in Fig. 184. The weight is suspended 
from a bar AB to which each string is attached. 

The free portions of the strings are assumed to be parallel, and 
we shall neglect the weights of the pulleys. 

(i) Let Ti, r,, ... be the tensions in the strings pa.ssing round 
the pulleys A . . . 


r, = aPj = 2P. 

Pa = 2Pa = 2’*P, 

P4 = 2P3 = 2*P, and so on. 

If there are n pulleys, 

IF =: Pi 4- Pa + . . . + 7'* 

= P(i 4 - 2 + 2* + . . • + 2**-^) 
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(2) If AB is raised a distance x a length of string x passes over the 
uppermost pulley this lowers the next pulley a distance x. 
Since this pulley descends a distance x and the bar rises x, the string 
from the pulley to the bar shortens by 2x, hence the next pulley A^ 
descends a distance 2 x + ^ = Zx. The string from to the bar 
therefore shortens by 4X, and the next pulley A^ descends 4x + 3X 

= 7x. 

The string from A^ to the bar therefore shortens by 8 x, and the 
weight P descends 8 x -H 7 ^ = 15^. 

In the case shown there are four pulleys and this distance is 
{2* — i)x, with n pulleys the distance moved by P would be 
(2" — i)x, and from the principle of work, 

Wx = P(2" — l)x, 

or W = P(2" — i). 

This system of pulleys is not 'used in practice for raising weights. 
It is used to give a short strong pull on the bar which is fixed, the 
uppermost pulley being attached to the object, such as the top of a 
mast, on wluch it is required to exert a pull. It is evident that as 
the tensions in the strings attached to the bar are not equal, that if 
the bar is free, as shown in the figure, it will not remain horizontal 
unless the weight is attached at a particular point. 

If the pulleys are of equal size the distances between the points 
of attachment of the strings will be equal, and the condition for 
the bar to remain horizontal is obtained by taking moments about 
one end. 

In the case shown, = 8P, Pg — 4P, 7 , = 2P, and W = IS-P- 

If a is the distance between the strings, the sum of the moments 
of the tensions about B is 


2 ^Pa -f- 8Pfl -j- 2 Pa = 34Pa. 

Hence, to keep the bar horizontal, W must be attached at a point 
distant x from B where 

15 = 34 


or 


Example. 




In a system of n equal weightless pulleys, in which the string passing 
round any pulley has an end attached to a weightless bar AB, there are 
(n — i) movable pulleys and one fixed pulley ; the string round the fixed 
pulley is attached to the bar at A and that round the last movable pulley 
attached to the bar at B and has a weight P at the other extremity. The bar 
AB is kept in horizontal equilibrium by a weight W attached at A anti 
another weight at B ; prove that 


w = + 3p. 

M — I 


(H.S.C.) 
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The arrangement will be as in Fig. 185. 

Since the pulleys are of equal size, the points of attachment of the 
strings io AB will be equidistant; let the distance beUveen them be a. 



Let Tj, 

from B will ^ 


• . . be the tensions in the strings, then their distances 
o, a, 2a [n ^ i)a respectively. 


Also 


r. = 2 T, = 2 P, 

r, =* 2T, =. 2*t, = 2*f, 


Hence, taking moments for the bar about B, 

W{n — i)a = 2P. a + 2»p . 2a + 2*P . 3a . . , + - i)a 

= ■P»[2 + 2* . 2 + 2» . 3 + 2"->(n - i)J,. 

To sum the series in the bracket, let 

S = 2+2».2+2*.3 + • . . + 2*->(« — I). 

2 S = 2 > . I + 2» . 2 . . . + 2»->{» - 2) + 2"(n - l), 

— S = 2 + 2 * + 2* + ... + 2"“> — 2"(n — I) 

2 ( 2 «-» — I) 

= - - - -^-2n(«-l). 

S == 2"(« — 2) + 2, 

... jy ^ 2"(n - 2) + 2 

n — I 


§ 184. The Weston Differential Pulley. 

The upper block A (Fig, 186) of this S3rsteni has two grooves side 
y Me, one of which has a slightly greater diameter than the other, 
ihe weight is attached to the lower pulley B. An endless chain 
passes round the larger groove on the upper block, then round the 
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lower pulley and the smaller groove on the upper block; the re¬ 
mainder of the chain hangs slack. 



The chain is prevented from slipping by smaU projections or 

recesses in the groove. 

The effort P is applied as in the figure. 

(i) If T be the tension of the portions of the chain which support 
the lower pulley and the weight we have (assuming that these 
portions are vertical and neglecting the weight of the chain and lower 
pulley), 



* 

If R and r be the radii of the larger and smaller grooves, we have, 
taking moments about the centre of the upper block. 


P.R-hT.r=T.R, 



By making R and r nearly equal a large mechanical advantage 
can be obtained, 

(2) Suppose the upper block is turned through an angle 6 so that 
P moves downward, P moves a distance R 6 . The string on the Mt 
of B is shortened by R 6 , but an extra length r 6 is let down on the right 
of B, owing to the smaller groove of A turning. Hence W rises 
i(R 6 — rd) and by the principle of work, 

W 
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§ 135 . The Wheel and Axle. 



Fig. 187A. Fig. 187B. 


This consists of a wheel .<45 and an axle CD, which rotate together 
round the same axis as in 187A. Fig. 187B shows a sectional view. 

The effort P is applied to a string wound round the wheel, and 
the weight W is attached to a string wound round the axle in the 
opposite direction. 

Let a, 6 be the radii of the wheel and axle respectively. 

(1) Taking moments about the common axis, 

Pa = Wb, 

W_a 
*■* P ~ b' 

(2) If the wheel and axle be wound through an angle 9 (in radians) 

so that P descends, P moves a distance aS, while W moves up a dis¬ 
tance bO. 

Hence, by the principle of work, 

Wbe = Pae, 

P ~ b' 

mechanical advantage is limited in practice by the facts that 

if a IS too large the machine is unwieldy, while if b is too small the 
axle may break. 

A capstan and windlass are similar in action. In these there is 

*^yimder, corresponding to the axle, the effort being applied 

at the ends of bars or at the end of a long handle perpendicular to 
the axle. 

§ 186 . The Differential Wheel and Axle. 

In this modified form of the wheel and axle the axle is made of 
wo parts, having different radii; the weight is attached to a pulley, 
^d the rope supporting this is wound in opposite directions on the 
two parts of the axle, the pulley hanging in the loop between the two 

parts as in Fig. 188. 

As P descends the rope round the pulley B is wound up on the 
larger axle and unwinds on the smaUer. 
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Let a, 6, c be the radii of the wheel and the larger and smaller 
portions of the axle respectively, and T the tension in the rope sup¬ 
porting B. 



Fig. i88. 


We assume that the portions of the rope round B are both vertical, 
and neglect the weights of the rope and the pulley. 

(i) From the equilibrium of W 

2r = VT. or r = ^W. 

Taking moments about the common axis, 

P . a T . c = T .h. 



W 2a 

B " 6 - c* 

By making b and c nearly equal a large mechanical advantage 
can be obtained without making the wheel too large or the axle too 
thin. 

(2) If the wheel turns through an angle 6 radians so that P 

descends, P moves down a distance aB. 

The larger axle winds up a length 60 , while the smaller axle un¬ 
winds a length cB. 

Hence the weight rises a distance i(6 — c) 0 , and from the prin¬ 
ciple of work, 

y(6 - c)B = PaB, 

W _ 2a 
P ~ b~c 

§ 187 . Overhauling. 

In many cases (as when raising heavy weights) it is important 
that the load shall not run back when the effort is removed. 
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If this happens the machine is said to " overhaul.” 

It is clear that, to prevent overhauling, the friction in the various 
parts of the machine must be too great for the load to overcome it, 
and this means that the efficiency cannot be very great. 

Suppose an effort P just raises a load W, and that when P is 
removed W remains at rest. 

When P is raising W the friction acts against P, and when P is 
removed it just supports W. 

For small displacements x and y of P and W let the work done 
by the friction be F, then when the machine is worked 


Px = Wy + F, 

Now suppose the same displacement given to W when F is sup 
porting it, then 

Wy = F. 

Hence F must not be less than Wy, so that 


Px < 2Wy, 

Px ^2' 

i.e. the efficiency must not be greater than J or 50 per cent. 

Any machine whose efficiency is less than 50 per cent, will not 

overhaul. The usefulness of the Weston pulley, apart from its large 

velocity ratio, is due to the fact that its efficiency is usually less than 
50 per cent. 


EXAMPLES XXVIII. 

I. of a windlass is 4 inches in diameter, and the effort is 

ppned to the handle 2 feet from the axis. Find the effort necessary 
to support a weight of 120 lb. 

^ is used to raise a load weighing 50 lb. The radius 

irtaH inches, and while it makes seven revolutions the 

load feet. What is the smallest force that will support the 

^ weighing a ton is being raised by its chain being wound 

whn*^ ^ ^pstau of 9 inches diameter, which is turned by six men 
A at the ends of capstan bars of 5 feet effective length. 

exerts the same effort, find what that effort 

^be efficiency is 56 per cent. (Neglect the weight of the 
cnain.) (N.U.) 

^ pulley, the two parts of which have respectively 

10 twenty-five teeth, is used to raise a weight of 

min-. •* bhow by a sketch how the apparatus is used, and deter- 

thft ratio. Find also what effort must be exerted if 

the efficiency is 60 per cent. (N.U.) 

VOL. II,—H 
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§ 188 . The Screw. 

A screw consists of a bolt of circular section with a projecting 
thread running round it in a spiral curve, the inclination of this thread 

at all points to a plane perpendicular to the axis of the bolt being the 
same. 

The distance between two consecutive threads, measured parallel 
to the axis, is called the pitch of the screw. 

The screw works in a nut or fixed support, along the inside of 
which is cut out a hollow groove of the same shape as the thread of 
the screw and along which the thread slides. 

The only movement possible for the screw is a rotation about its 
axis, and at the same time a motion parallel to the axis due to the 
thread sliding in its groove. 

In one complete revolution the screw moves parallel to its axis 
a distance equal to the pitch. 

If the thread and groove are smooth and the axis of the screw 
inclined to the horizontal its weight will cause it to rotate and move 
downwards. 

In practice, of course, friction is sufficient to prevent this. In a 
screw-press or screw-jack one end of the screw is placed against the 
body on which a force is to be exerted, and the screw is driven for¬ 
ward in its support by means of a bar attached to the other end. 



Fig. 189. 


Let a be the length of the arm at which the effort P is applied, 
and p the pitch of the screw. 

In one revolution P moves a distance zirtf, while the screw moves 
forward a distance p. 

the velocity ratio = 

If the screw is smooth this is also the mechanical advantage. 
Theoretically the velocity ratio can be made very large by making 
a large and p very small. The former, however, causes the machine 
to be unwieldy, while a very small pitch means a thin thread and 
consequent weakness. 
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189 . The Differential Screw. 

This machine gives a large velocity ratio without the drawbacks 
of a very long arm or small pitch. 

One screw AB (Fig. 190) works in a fixed block. 



Fig. 190. 

The inside of this screw is hollow and a second screw DC of 
smaller pitch works inside it. The smaller screw is fastened to a 
block at C so that it cannot rotate, but can only move in the direction 
of its length. 

When the effort arm has made one revolution, the screw AB has 
advanced a distance equal to its pitch p^, while the smaller screw goes 
into AB di distance equal to its pitch p^. 

Hence the smaller screw, and therefore the weight, has advanced 
a distance p^ — p^. 

If a is the length of the effort arm, the velocity ratio is 

This can be made very large by making p^ and p^ nearly equal. 


EXAMPLES XXIX. 

1. In the system of pulleys in which there is only one string, it is 
found that weights of 5 and 6 lb. respectively will support weights 
of 18 and 22 lb. at the lower block. Find the number of strings 
and the weight of the lower block. 

2. In the system of pulleys in which there is only one string, it is 
found that a weight of 3 lb. supports a weight of 15 lb. and a weight 
of 5 lb. supports a weight of 27 lb. Find the weight of the lower 
block, and also what would be the mechanical advantage if the 
lower block were weightless. 

3. In the system of pulleys in which there is only one string, there are 
five portions of the string at the lower block. What is the velocity 
ratio ? If the efficiency of the apparatus is 50 per cent., what 
force is required to support a weight of 60 lb. ? 
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4. With a machine of which the velocity ratio is 60, it is found that 
efforts of 21, 35, 49 lb. wt. are necessary to lift loads of 400, 800, 
1200 lb. Find graphically, or otherwise, the probable effort required 
to lift a ton, and find the efficiency of the machine for each load. 

5- Find the condition of equilibrium in the system of pulleys in which 
each string is attached to a bar carrying the load, assuming that 
there are three movable pulleys, each of weight w, an effort P, and 
that the weight of the bar (including the attached weight) to which 
the four strings are attached is W. If the radius of each pulley, 
including the fixed pulley, is a, show that for the bar to remain 
horizontal and the strings vertical, the horizontal distance of the 
centre of gravity of the bar and weight from the point of attach¬ 
ment of the longest string must be equal to ^ 

6. If there are four pulleys in the system in which each string is 
attached to the weight, and each pulley weighs 2 lb., what weight 
can be raised by an effort of 20 lb. wt. ? 

7. In a system of pulleys in which each string is attached to the 
support there are three movable pulleys, each of mass i lb. The 
effort required to support a certain weight is twice that which 
would be required if these pulleys were weightless. Find the weight. 

8 . Find the condition of equiUbrium for a system of pulleys in which 

each pulley hangs in the loop of a separate string, the strings being 
all parallel, and each string attached to the beam. The weights 
of the pulleys are to be taken into account. If there are five 
pulleys, and each weighs i lb., what weight will a force of 5 lb. 
wt. support on such a system, and what will be the total puU on 
the beam ? (I.S.) 

9. In a system of n pulleys in which the same string passes round all 

the pulleys, show that, if the weight of the pulleys is neglected, 
the mechanical advantage is n. A man weighing 160 lb. uses such 
a system consisting of seven pulleys, each weighing 3 lb., to raise 
a weight of 400 lb. If he pulls vertic^y downwards, what pressure 
does he exert on the ground ? (H.S.D.) 

10. A string with one end attached to a fixed point A passes under a 
heavy pulley P, then over a fixed pulley B, then under a heavy 
pulley Q, and has its other end attached to the centre of the pulley 
P, all the hanging parts of the string being vertical. By means of 
the principle of virtual work, or otherwise, find the ratio of the 
weights of P and Q when the system is in equilibrium. (H.S.D.) 

11. A Weston differential pulley consists of a lower block and an 

upper block which has two cogged grooves, one of which has a 
ladius of 5 inches and the other a radius of 4^ inches ; the efficiency 
of the machine is 40 per cent. Calculate the effort required to 
raise a load of 300 lb. (H.S.D.) 

12. In a differential wheel and axle the radius of the wheel is i foot, 

and the radii of the axle are 2 inches and 3 inches. It requires an 
effort of 144 lb. wt. to lift a ton ; calculate the efficiency of the 
machine for this load. (!•£•) 

13. A man weighing 130 lb. sits in a seat weighing 14 lb., which is 
suspended from a smooth pulley supported by the two parallel 
portions of a rope which is coiled in opposite directions round the 
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two drums of a difierentia! wheel and axle of radii 15 inches and 
12 inches respectively. He raises himself by pulling one side of 
the rope. State which side, and show that to raise himself he 
must exert a pull exceeding 16 lb. wt. (I E.) 

Find the force necessary to sustain three movable pulleys, each of 
weight JV, in that system of pulleys in which each movable pulley 
hangs in the loop of a separate string, the hanging parts of the 
strings being vertical, and one end of each string being attached 
to a fixed point. A, B are two such movable pulleys, each of 
weight W ; a third pulley, also of weight W, hangs in the loop of 
a string whose ends are attached one to the axle of A and the other 
to the axle of B. If B is the upper of the pair A, B, what force 
must be applied to the free end of the string which passes under B 
so as to maintain equilibrium ? (I A.) 

15. If the fixed pulleys of a Weston differential block have ten and 

eleven teeth, and the effect of friction in the machine is to increase 
the effort by an amount which is a fixed proportion of the load, 
find that proportion when the efficiency is L (IE.) 

16. It is found that a couple of 35 lb. wt. applied to a screw which has 

five threads to the inch can produce a pressure of 15 cwt. What 

is the efficiency of the screw ? (H.S.D.) 

17. A copying press has a lever 20 inches long fastened at its centre 

to a screw, the thread of which makes three complete turns per 
inch of length. Forces equal to 12 lb. wt. (in opposite directions) 
are applied at the two ends of the lever ; by the principle of virtual 
work, or otherwise, find the pressure exerted by the press. (I.A.) 

18. If an effort of 10 lb. wt., acting at the end of an arm 2 feet long, 
produces in a screw press a thrust of i ton weight, what is the 
pitch of the screw ? 

19 ' If the two screws in a differential screw have two and three threads 
to the inch respectively, and a couple of moment 20 lb. wt. ft. 
applied to the larger screw produces a thrust equal to the weight 
of half a ton, calculate the efficiency of the machine. (I S.) 

20. A bucket is lowered into a well by means of a windlass and a pulley. 

The end of the rope of the windlass (which in the more usual 
arrangement is attached to the bucket) is here attached to the 
frame of the windlass, and the pulley, with bucket attached, slides 
in the loop of the rope, the hanging parts of the rope being vertical. 
Neglecting friction and the weight of the rope, determine by the 
principle of virtual work, or otherwise, the force that must be 
applied at the arm of the windlass to maintain the bucket in equili¬ 
brium, having given the weight W of the bucket and its load, 6 
the diameter of the barrel of the windlass, and a the length of the 
arm. In a practical machine friction cannot be neglected. What 
is the efUciency of this machine if the force that will just raise the 
bucket is nW ? (I S.) 

21. In a pair of pulley blocks there are three sheaves in each block, 
the weight of each block is 25 lb., and a weight of 245 lb. is hung 
from the lower block. The efficiency is 60 per cent. Find the 
effort required to raise the weight and the pressure on the hook 
supporting the apparatus, neglecting the weight of the rope. 

(H.S.C.) 
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§ 140 . In Chapter III. we found the position of the centre of 
gravity for some bodies of simple form. We shall now show how to 
find the position of this point in a few other cases, and then how to 
obtain general fonmalse by means of which the centre of gravity may 
be found in more difficult cases. 


§ 141. Three Rods forming a Triangle. 


A 



Let AB, BC, CA be three uniform rods of the same thickness and 
material forming a triangle ABC (Fig. 191). 

Let D, E, F he the middle points of BC, CA, AB. 

Join VE, EF, FD. 

The centres of gravity of the rods are at D, E, and F, and their 
weights, which are proportional to their lengths a, b, and c, may be 
taken to act at these points. 

The centre of gravity of the rods AB and - 4 C is therefore at a 
point H in EF such that 


or 


c.FH^b.HE, 
FH _ b 
HE ” ~c 


But b = 2DF, and c = 2DE, 

FH DF 
HE ~ DE* 

.*. DH bisects the angle FDE. 

Also the centre of gravity of the weight a at £> and 6 + c at /f 
must lie on DH. 


2|8 
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Hence the centre of gravity of the three rods must lie on DH. 
Similarly the centre of gravity must lie on EK which bisects the 
angle DEF. 

The centre of gravity is therefore at G where these bisectors 
intersect, and this point is the centre of the circle inscribed in the 
triangle DEF. 

§142. Tetrahedron. 


A 



Let A BCD (Fig. 192) be a tetrahedron made of uniform material, 
E the middle point of BD, and G, the centre of gravity of the base 
BCD. 

Let B'C*D* be any section of the tetrahedron parallel to BCD. 
Then from known results in geometry, we see that AE passes through 
the middle point of B'D* and AG-^ passes through the intersection 
of the medians of the triangle B'C'D\ i.e. through its centre of 
gravity G\ 

Hence by considering the tetrahedron as built up of triangular 
slices parallel to BCD, it follows, since the centre of gravity of each 
slice lies in AGj, that the centre of gravity of the whole lies in AGi. 

Similarly it may be shown that the centre of gravity lies on the 
line joining B to the centre of gravity G, of the opposite face ACD. 

Now it is also known that these lines intersect in a point G such 
that 

GiG = iG^A, 

GjG = JGjR. 

Hence the centre of gravity lies on the line joining the centre of 
gravity of any face to the opposite angular point at a distance 
equal to one quarter of this line from the face. 

Note .—^The centre of gravity of a tetrahedron is the same as that 
of four equal particles placed at its vertices. 

For equal weights w placed at the vertices of the triangle BCD 
are equivalent to a weight 3w at Gj. the centre of gravity of BCD. 
Also 3w at Gj, and wsLt A are equivalent to j\w at Gj, since 

G,G = iG^A , 
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§ 143. Pyramid on any Base. Solid Cone. 


0 



Fig. 193, 

Let 0 ABODE (Fig. 193) represent a pyramid on any rectilinear 
base ABODE. Let H be the centre of gravity of the base, and h the 
height of the pyramid. 

Any plane parallel to the base will cut the pyramid in an area 
A'BX'D'E' similar to the base, and its centre of gravity will be 
similarly placed to that of the base and lie on OH. 

By considering the pyramid to be made up of thin slices parallel 
to the base, since the centres of gravity of all these slices lie on OH, 
the centre of gravity of the whole pyramid must lie on OH. 

By dividing the base into triangles such as ABE, BEC, OED, 
we can divide the pyramid into tetrahedra. 

The centre of gravity of each of these is at a height - above the 

4 

base, and therefore the centre of gravity of the whole pyramid is at 

a height - above the base. 

4 

Hence the centre of gravity is on the line joining the vertex to 
the centre of gravity of the base and one quarter of the way up that 
line. 

Since a right circular cone may be considered as the limiting case 
of a pyramid when the base is a regular polygon and the number of 
sides is increased indefinitely, the result just obtained applies to a 
solid cone. 

The centre of gravity of a solid right circular cone is in the line 
joining the vertex to the centre of the base and at a distance from 
the base equal to one quarter of the height of the cone. 

For any solid cone the centre of gravity is in the line joining the 
vertex to the centre of gravity of the base and one quarter of the 
way up this line. 

§ 144. Curved Surface of a Right Circular Cone. 

By joining the vertex to points on the edge of the base indefinitely 
close together, we can divide the surface into an infinite number of 
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parts, each of which is very approximately a triangular lamina. 
The centres of gravity of all these triangles lie on a plane parallel to 
the base at a distance from the vertex equal to two-t!iirds of the 
height of the cone, and therefore the centre of gravity of the wliolc 
surface must lie on this plane. 

We can see, by symmetry, that the centre of gravity must He on 
the axis of the cone. 

Hence the centre of gravity of the curved surface is a point on the 
axis distant two-thirds of the height from the vertex. 


§ 145. Centre of Gravity of 


a N 


llli 


ber of Particles. 



Fig. 194. 


Let a number of particles of weights w^, w^, etc., be placed in 
a plane at points A^, A 2, A^, etc. (Fig. 194), and let the co-ordinates 
of these points referred to two rectangular axes OX, OV in the plane 
be {X2.y2>) («8.3'3.)» etc. 

Suppose the plane placed horizontally, so that the weights act 
perpendicularly to it, i.e. in the figure they are acting perpendicular 
to the plane of the paper. 

The resultant of the weights is a weight «'i + + ^2 + • • • 

or Xw, and we know that the moment of this resultant about either 
of the axes OX or OY is equal to the sum of the moments of the sepa¬ 
rate weights about that axis. 

Now the sum of the moments of the weights about OY is 


+ ... or Xwx. 


Hence if x is the distance of the line of action of the resultant 
from OY, 

. i-Svrx 

Similarly, if y is the distance of the resultant from OX, 
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The line of action of the resultant weight therefore passes through 
a point G in the plane whose co-ordinates are x and y, and this point 
must be the centre of gravity of the particles which we know is 
a point in the plane. 

This formula for the position of the centre of gravity will clearly 
apply also when w^, w^, etc., are the weights of bodies whose centres 
of gravity are at A^, A 2, etc. 

Since w = mg, where m is the mass of the particle, the above 
formulae can also be written 



and 



£my 

1 m' 


The point thus found by considering the masses of the particles 
instead of their weights is the Centre of Mass. The centre of mass 
and centre of gravity are usually considered to be the same (as they 
are in the case of bodies small in comparison with the earth), but the 
centre of mass is a definite point, and its position is independent of 
the size of the body. 

§ 146 . When we are given a finite number of particles of known 
weight and position, the summations involved in finding the values of 
£wx and 2 ^wy are effected by ordinary addition. 

In the case of a rigid body the number of particles is infinite. We 
then imagine the body as made up of strips or slices, the positions 
of whose centres of gravity are known. In a few simple cases, such 
as those already considered, we can, by taking the strips or slices in 
two different directions, show that the centre of gravity of the whole 
body must be at the point of intersection of two straight lines. 

In many cases, however, although it is easy to see one line in 
which the centre of gravity must lie, we have to determine the posi¬ 
tion in this line by using the formula, 

Ewx 

1w’ 


where w now represents the weight of a strip or slice, and x the dis¬ 
tance of its centre of gravity from some fixed point in the line. The 
value of Zwx must be obtained by integration, as we are dealing with 
an infinite number of strips. 

In the case of a surface, if x and y are the distances of any element 
hA of its area from two fixed axes, the formulae 



SxhA 

A 


and 



SyhA 
A ' 


give the position of the Centroid of the surface. 
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In the case of a thin uniform lamina (in which the mass is pro¬ 
portional to the area), the centroid is the same as the centre of mass. 
If the lamina is not uniform these points will not be the same. 

The centre of gravity, centre of mass, and centroid are usually 
the same, and the three terms are frequently used as if they really 
meant the same point. It must be remembered, however, that this 
is not true except in the case of uniform bodies in which the weights 
of the particles may be considered parallel. 


EXAMPLES XXX. 

1. Particles of weight 2, 3. 6. and 9 lb. are placed in a straight line 
AB zt distances of 1, 2, 3, 4 inches respectively from A. Find the 
distance of their centre of gravity from A. 

2. A uniform rod AB is 4 feet long and weighs 6 lb., and weights are 
attached to it as follows : i lb. at , 2 lb. at i foot from A, ^ \b. 
at 2 feet from 4 lb. at 3 feet from A, and 5 lb. at B. Find the 
distance from A of the centre of gravity of the system. 

3. Weights of 3, 4, and 5 lb. are placed at the comers A, B, C respec¬ 
tively of an isosceles triangle in which AB = AC 12 inches, 
BC =s 8 inches. Find the distance of the centre of gravity of the 
weights from BC, and from AD the perpendicular from A to BC. 

4. Weights of I, 2, 3, 4 lb. are placed at the comers A, B, C, D respec¬ 
tively of a square ABCD of side 8 inches. Find the distance of 
the centre of gravity of the system from AB and AD. 

5. Weights of 1,2, and 3 lb. are placed at the comers of an equilateral 
triangle of side 9 inches. Find the distance of their centre of gravity 
from the Erst weight. 

6. Weights of 5, 6, 9, and 7 lb. are placed at the comers A, B, C, D oi 
a square of side 27 inches. Find the distance of their centre of 
gravity from A. 

7. ABC is an equilateral triangle of side 4 feet. Weights of 5, i, and 
3 lb. are placed A, B, and C respectively, and weights of 2, 4, 
and 6 lb. are placed at the middle points of BC, CA, and AB. 
Find the distance of their centre of gravity from B. 

8. Weights of i, 5, 3, 4, 2, and 6 lb. are placed at the angular points of 
a regular hexagon taken in order. Show that their centre of gravity 
is at the centre of the hexagon. 

9. Weights of 5. I. 3, 2, 4, and 15 lb. are placed at the angular points 
of a regular hexagon taken in order. Find the distance of their 
centre of gravity from the 15 lb. weight. 

10. Weights of I, 2, 3. 4, 5, and 6 lb. are placed at the angular points 
of a regular hexagon taken in order. Find the distance of their 
centre of gravity from the centre of the hexagon, the length of the 
side being 14 inches. 
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11. ABC is an isosceles triangular lamina in which AB AC ^ 15 
inches, BC = 24 inches. The weight of the lamina is 24 lb., and 
weights of 6, 6, and 4 lb. are placed at the comers A, B, and C 
respectively. Find the distance of the centre of gravity of the 
system from BC. 

12. Masses weighing i, 2, 3, 4 lb. are placed respectively at the comers 

B, C. D of a rectangle : AB ^ 6 feet, BC « 12 feet. Find the 
perpendicular distances of the centre of gravity from AB and BC. 


§ 147. Cent^ of Gravity of a Componnd 


♦ I 


If we know the weights and the centres of gravity of each of two 
parts of a body, we can find the centre of gravity of the whole as 
follows. 



Fig. 195. 


Let Gi, G, (Fig. 195) be the centres of gravity of the two parts, 
and W2 their weights. 

These weights are like parallel forces acting at G^ and Gj, and 
their resultant is equal to and acts at a point G in G^ Gj 

such that 



. GGi = W2. GG, 


GjG GG| 

CC 


Gjg. 

+ Wt 
sjid GG^ 


^2 




GjG,. 


This result is more easily obtained by applying the general for¬ 
mula, or the method employed in proving the formula, which is 
really an application of the principle of moments. 

We know that the resultant of at Gj and at G, is IFj + Wf, 
acting at some point G in G^G,. 

Taking Gi as origin and moments about this point, we have 


(W'l + W^Gfi = W2 . GjGp 



W2 


§ 148. Centre of Gravity of a Remainder. 


If we know the weight and centre of gravity of a body, and the 
weight and centre of gravity of a part of it which is removed, the 
centre of gravity of the remainder is obtained as follows. 

In the figure of the last paragraph let G be the centre of gravity 
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of the whole body, JV its weight. G, and IF, the centre of gravity and 
weight of the part removed. 

The centre of gravity of the remainder must obviously be in the 
same straight line as G, and G. 

Also the sum of the moments of the weights of the two parts about 
any point in the line must equal the moment of the weight of the whole 
about that point. 

Hence the moment of the remainder is equal to the moment of 
the whole, less the moment of the part removed. 

If G| is the centre of gravity of the remainder, taking moments 
about G,, we have 


(W - IF,)G,Gi ^ . Gfi. 

rr - ^ 

- w _ 

§ 149. If a compound body is made up of several parts, or several 
parts are removed from a body, we take two axes and proceed as in 
obtaining the general formulae. 

It is better to use the principle of moments directly, rather 
than quote the formulae. 

For a body made up of several parts, we have, about either axis, 
Moment of whole = sum of moments of parts. 

Similarly for the remainder, after removing parts of a body, we 
have 


Moment of remainder = moment of whole 

— sum of moments of parts removed. 

These methods are illustrated in the following examples. 

It should be noticed that the position of the centre of gravity 
depends only on the relative values of the weights. It is oftfen more 
convenient to use quantities proportional to the weights than the 
actual weights themselves. 


§160* Example (i). 

In a circular disc of iS inches diameter a circular hole of 6 inches 
diameter is cut, the centre of the hole being 4 inches from the centre of the 
disc. Find the position of the centre of gravity of the remainder of the 
disc» 



Fig. 196. 


226 


INTERMEDIATE MECHANICS 


Let G, Gi (Fig. 196) be the centres of the disc and hole. It is clear 
that the centre of gravity of the remainder must be in GjG, on the side 
of G opposite to G,. 

It is convenient here to take moments about G; the moment of the 
whole disc is then zero, and the moments of the part removed and the 
remainder are equal and opposite. 

Tabulating masses and distances, we have 

Weight. Distance of C.G. from G. 

Disc ..... 81 o 

Part removed ... 9 4 

Remainder . ... 'j'l x 

Taking moments about G, we have 

= 36, 

X — \ in. 

Note ,—The squares of the radii are taken to represent the masses. 
This avoids introducing w and the density of the disc. 

Example (ii). 

A sheet of metal is in the shape of a square A BCD with an isosceles 
triangle described on the side BC ; if the side of the square he 12 inches^ 
and the height of the triangle be 9 inches, find the distance of the centre of 
gravity of the sheet from the line AD. 

E 

B 


A 

Fig. 197. 

Let ABECD (Fig. 197) represent the sheet, and draw EF perpen¬ 
dicular to The centre of gravity of the square is at Gi, where 

FGi = 6 inches. The centre of gravity of the triangle is at Gg in EF, 
where EG* s= | . 9 =s 6 inches, so that EG* = 15 inches. The weights 
are proportional to the areas, i.e. to 144 and 54. Tabulating the weights 
and distances of the centres of gravity from the axes, 

Weight. Distance of C.G. from AD. 

Square .... 144 6 ins. 

Triangle .... 54 15 .» 

Whole figure ... 198 x 

Taking moments about AD, 

198X = 144 X 6 + 54 X 15 
= 93 X 18, 

X = 8^ ins. 





CENTRE OF GRAVITY. FRUSTUM OF CONE 227 


Example (iii). 

The radii of the faces of a frustum of a cone are 2 feet and 3 feet, and 
the thickness of the frustum is 4 feet. Fittd the distance of the centre of 
gravity from the larger face. 


0 



Fig. 198. 


Let ABCD (Fig. 198) represent a section of the frustum through 
its axis EF, 

Produce AD, BC, EF to meet in O, the vertex of the cone from which 
the frustum is cut. 

By similar triangles OFC, OEB, we have 

OE EB 3 

OF~ FC~~ 2' 

. OF + 4 _S 

'OF 2' 

=-.or OF = 8 ft. 

OF 2 

Now the volumes of similar solid figures are proportional to the 
cubes of corresponding dimensions. 

volume of cone ODC 8* 8 

volume of cone OAB 12* ~ 27* 

The weights of the whole cone, the upper cone which is removed, and 
the frustum are therefore proportional to 27, 8, and 19 respectively. 

The centres of gravity of all three lie in OE. 

Tabulating weights and distances of C.G.s from O, 


Weight. Distance of C.G. from O. 
Whole cone ... 27 9 ft. 

Part removed ... 8 6 „ 

Frustum .... 19 x 
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Taking moments about O, wc have 


194: = 27 X 9 - 48 = 195. 



hence the distance of the centre of gravity from E is 

19 19 

Example (iv). 

A sheet of paper is in the shape of a rectangle, 9 inches wide and 12 
inches long ; one of the shorter sides m folded down, so as to lie entirely 
along one of the longer sides. Find the position of the centre of gravity of 
the whole sheet thus folded. 


A 3- E B 



Let AECFD (Fig. 199) represent the folded sheet, so that the tri¬ 
angular portion EFC is double. 

It will be convenient to take DC, DA as axes of x and y. 

The mass of ADFE is proportional to 27. that of EFC to 81. 
Tabulating masses and distances of centres of gravity from the axes, 



Mass. 

Distance of C.G. 
from DA. 

From DC. 

ADFE 

27 

4 in. 

t in. 

EFC . 

81 

3 + 3 = 6 ins. 

3 ins. 

Whole figure 

. 108 

X 

y 


Taking moments about DA, we have 

.08* = 486 +1' = 




1053 

^ = -5]^ - 44 ins. 


Taking moments about DC, we have 

10^ = 243 + ^ 


729 
2 * 


••• >' = 576 = 
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Example (v). 

A BCD is a trapezium in which AB, CD are parallel, and of lengths 
a, b. Prove that the distance of the centre of mois from AB is ^ 
where h w the distance between AB and CD. 


a + fc' 


0 ^ C 



Fig. 200. 


(a) Draw CE, DF perpendicular to (Fig. 200). 


We then have, 

ABCD 

Area. 

i(<* + 6)A 

DCEF 

• 

. bh 

ADF . 

• 

. \AF.h 

CEB . 

• 

. \EB.k 


Distance of C.G.from AB. 

X 

h 

2 

h 

3 
h 


Hence, taking moments about AB, 

h* 1 h* t h* 

J(a -f b)hx + 

*' ' 2^2 3 2 3 


But 



AF + EB 
3 



AF A- EB ss a — 6, 


*(a + b)hx => ^'(6 + 


h* 2& + a 
*2 ’ 3 ~ 


= 


a + 2& 




(6) The position ot the centre of mass can also be found by sup¬ 
posing the trapezium divided into two triangles ADC, ACB, whose 
areas arc and |aA respectively, and then replacing them by par¬ 
ticles of masses ^bh and at the vertices. 

This gives ^(a + 6)A at A and C, at B, and ^h at D. 
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Taking moments about AB, 

+ b)hx 


X 

Example (vi). 

A uniform rectangular board A BCD has AB = lo inches, AD ^ S 
inches. Two square holes, each of side 2 inches, are cut in the board, and 
these are filled to the original thickness with metal whose specific gravity 
is nine times that of the material of the board. If the co-ordinates of the 
centres of the holes referred to AB, AD as axes of x and y and measured 
in inches are (4, 3), (7* 4) respectively, find the co-ordinates of the centre 
of gravity of the loaded board. 

D t0“ C 

8 “ 


Fig. 201. 

Let G|, G, (Fig. 201) be the centre of the holes. 

The area of each bole is 4 sq. inches, and its relative mass is 36. 
It is convenient to consider the loaded board as made up of the 
uniform board with added weights of 32 at Gj and G|,- we then have. 



Weight. 

Distance of 

C.G. from AD. 

From AB. 

Unloaded board 

. 80 

5 ins. 

4 ins. 

Load at Gi . 

• 32 

4 .. 

3 •• 

.. Gj . 

• 32 

7 .. 

4 M 

Loaded board 

144 

x 

y 



= + *(a + 6 )a]a 

= i[a + 26 ]a«, 

_ + 26 

- 


Taking moments about AD, we have 

i^/\x = 400 -f- 128 + 224 « 752, 



Taking moments about AB, we have 

I44y = 320 + 96 + 128 = 544. 
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EXAMPLES XXXI. 


1. A sheet of paper in the shape of a rectangle A BCD, with an isosceles 
triangle described on the side BC. has the following dimensions : 
AB ^ 12 inches. AD — ^ inches, and the height of the triangle is 
12 inches. Find the distance of the centre of gravity of the sheet 
from AD. 

2. In a circular disc of 12 inches radius a circular hole of 2 inches radius 
is cut, the centre of the hole being 6 inches from the centre of the 
disc. Find the position of the centre of gravity of the remainder 
of the disc. 

3. In a circular disc of 12 inches radius two circular holes of 2 inches 
radius are cut, the centres of the holes lying on two perpendicular 
diameters of the disc at a distance of 6 inches from the centre of 
the disc. Find the position of the centre of gravity of the remainder 
of the disc. 


4. A sheet of paper is in the shape of a rectangle A BCD in which 
AB ^ 12 inches, AD = 8 inches. E is the middle point of AD 
and the triangle CED is removed. Find the distance of the centre 
of gravity of the remainder of the sheet from AD and AB. 

5. A BCD is a square board of side 12 inches, and £ is a point in 
such that DE = 3 inches. The triangle CED is removed. Find 
the distances of the centre of gravity of the remainder of the 
board from AB and AD. 

6. In a triangle ABC the middle point of BC is D. A straight line is 

drawn through the centre of mass of the triangle parallel to BC 
cutting the sides AB, AC in E and F respectively. Prove that the 
centre of mass of the quadrilateral BEFC lies in .<4 D at a distance 
^•^ADixomD. (LA.) 

7. ABCD is a square lamina of side 9 inches. E, F are points in BC, 

CD, such that EC, CF are each 3 inches. Find the centroid of the 
part ABEFDA of the lamina. (LA.) 

8 . ABCDEF is a sheet of thin cardboard in the form of a regular 
hexagon. Prove that if the triangle ABC is cut off and super¬ 
posed on the triangle DEF, the centre of gravity of the whole is 
moved a distance where a is the side of the hexagon. (I S.) 

9. ABCD is a rectangular plate. AB = 8 inches, BC = 12 inches, 
and E is the middle point of BC. If the trian^lar portion A BE 
is removed from the plate and the remainder is then suspended 
from A, find the inclination of the side AD to the vertical. (I.E.) 

10. ABCD is a rectangular lamina, such that AB = CD = 2a, 

= BC = 26 ; P and Q are the mid-points of BC and CD 
respectively. The trian^lar portion PCQ of the lamina is cut ofif. 
Prove that the perpendicular distances of the centre of gravity 

of the remainder from the sides AD, AB are and respec- 

21 21 

lively. (H.S.D.) 

11. A triangular plate is made up of two metals whose dividing line is 
parallel to a side and one-third up the median of that side. The 
ratio of the densities of the triangular and trapezoidal parts being 
5 : 4, find the position of the mass centre of the compound plate. 

(I.E.) 
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12. Three r^tangular areas, 2 feet by 2 inches. 3 feet by 2 inches, 1 foot 
by inches, are fitted together to form a T figure, the longest 
and shortest areas forming the cross-pieces. Find the distance 
of the centroid of the figure from the outer edge of the smallest 
area. 

13. A uniform square plate of i foot side has two circular holes punched 
in it, one of radius i inch, and co-ordinates of centre (4, 5) inches 
referred to two adjacent sides of the plate as axes, the other of 
radius inch, and co-ordinates of centre (8, i) inches; find the 
co-ordinates of the centre of mass of the remainder of the plate. 

(IS.) 

14. Prove that, if ABCD is a traj>ezium with parallel sides AB, CD, its 

centre of gravity divides the line joining the middle points of A B 
and CD in the ratio AB -}- 2CD : 2AB -f- CD. (I.S.) 

15. ABC is a triangle, in which AB ~ AC ; D, E, F are the mid-points 

of BC, CA, AB respectively, and G is the centre of gravity of the 
triangle. If the portion AFGE is removed, find the distance from 
A of the centre of gravity of the remainder of the triangle given 
that AD ^ ^ feet. (I.S.) 

16. A uniform rectangular plate ABCD has a triangular portion re¬ 

moved by a straight cut through the mid-points of CB and CD. 
Show that the centre of gravity of the remaining portion is at a 
distance ^ AC from the centre of the rectangle. (I S.) 

17. Two right circular cones have the same base, and their axes in 
opposite directions. Show that the centroid of the spindle-shaped 
solid formed of these two cones is midway between the centre of 
their base and the point bisecting the distance between the vertices. 

(I.S.) 

18. ABC is a uniform equilateral triangular lamina of side 20 cm. and 

mass 240 gm.. and masses of 30, 40, 50 gm. are placed at the 
comers A, B, C respectively. Find the distance of the centre of 
gravity of the whole system from the side BC. (H.S.D.) 

19. The radii of the circular ends of a frustum of a solid circular cone 

are in the ratio 2 : 3. Prove that the distances of the centroid of 
the frustum from the ends are in the ratio 43 : 33. (H.S.D.) 

20. A piece of cardboard is in the form of a rectangle ABCD, where 
AB = 5 inches and BC = 8 inches. A piece of the cardboard 
ABE in the form of an equilateral triangle on as base is cut 
out. Calculate the distance in inches of the centre of gravity of 
the remaining cardboard from DC, correct to one place of decimals. 

(H.S.D.) 

21. A haystack has the form of a right circular cone standing on a 

circular cylinder. If the diameter of the base is 30 feet, the height 
of the cylinder 16 feet, and the length of the slant side of the cone 
20 feet, calculate the height of the centre of gravity of the haystack 
above the ground. (FE*) 

22. A closed regular tetrahedron is made of thin metal plate. Find tlie 

I^sition of the centre of gravity when (i) empty, (ii) filled with 
liquid whose weight is three times that of the tetrahedron- (I.E-) 
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2$. A frustum of a cone has its circular ends of radii rj and r, and at 
a dist^ce A apart. Its curved surface is covered with thin uniform 
material. Show that the height of the centre of gravity of the 
covering material above the end of radius r^ is 

(H.S.D.) 

24. A uniform wooden triangular lamina in the form of an isosceles 

triangle, of sides 12, 8, and 12 inches, has a thin metal band round 
it. If the weight of the metal band is twice that of the lamina, 
find the position of the centre of gravity of the lamina and band 
together. (H.S.C.) 

25. A uniform wire is bent in the form of a triangle ABC and is sus¬ 
pended at A. Prove that a plumb-line hung from A will cross BC 
at the point D where 

BD a -j- 6 
DC fl *4“ c* 

the sides of the triangle being a, b, c. (H.S.D.) 

26. The diameters of the plane ends of a frustum of a right circular 

<x>ne we i foot and 3 feet respectively ; the height of the frustum 
is 26 inches. Prove that its centre of gravity is 9 inches from the 
larger plane end. (I-S.) 

27. A line is drawn through the centre of gravity of a triangle, parallel 

to one of its sides, ^ove that the centre of gravity of the quad¬ 
rilateral portion divides the median of the triangle in the ratio 
7 : 38. (H.S.D.) 

28. A tin ^n in the form of right circular cone of semi-vertical angle 

30^ with base, all made of uniform thin sheet metal. It is filled 
wi^ liquid, whose total weight is twice that of the can. Find the 
ratio of the height of the centre of gravity above the base to the 
height of the cone. (H.S.D.) 

29. A solid frustum of a uniform cone is of thickness h and the radii 
of its end-faces are a and 6 {« > 6). A cylindrical hole is bored 
through the frustum. The axis of the hole coincides with the 
axis of the cone, and the radius of the hole is equal to that of the 
smaller face of the frustum. Show that the centre of gravity of 
the solid thus obtained is at a distance from the larger face of the 
frustum equal to 

Afojhjfr) 

^ 4 - 26)* 

30. I^ove ttat if the radius of one plane end-face of a frustum of a 
right circular rone is n times the radius of the other end-face, the 
centre of gravity divides the axis of the frustum in the ratio 

( 3 «* H- 2« -f I) : («« + zn -f 3). 

31* Find the centre of gravity of a hollow right circular cone with a 
circular base formed of the same material as the curved surface. 

height and diameter of the base are equal, find the angle 
the axis makes with the vertical when the rone is suspended from 
a point on the rim of the base. 


A( 2 r, -4- r,) 
3W 4- U) 


I 
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32. A hollow conical vessel made of thin sheet metal is closed at its 
base ; if it is cut across by a plane parallel to the base at half the 
perpendicular height, and the upper cone removed, prove that the 
distance from the base of the centre of gravity of the remainder 
of the vessel is 

2 Ih 

3 3 ^ + 4 ^’ 

where h is the perpendicular height of the original vessel, / its 
slant height, and r the radius of the base. (I S.) 

33. Find the centre of gravity of an L-shaped uniform lamina, the 

outside height and breadth of the vertical arm being 10 inches and 
I inch, and the outside length and breadth of the horizontal arm 
being 6 inches and 2 inches respectively. (l A.) 

34. A comer is cut off from a solid wooden cube by means of a saw- 
cut through the middle joints of the edges that meet in that 
comer. Find the perpendicular distances of the centre of gravity 
of the remainder of the cube from the three uncut faces. (H.S.D.) 

35. A regular tetrahedron of edge a is cut by a plane parallel to the 
base, and bisecting the perpendicular height of the tetrahedron. 
Find the position of the centre of mass of the frustum thus cut off. 

(I.S.) 

36. A four-sided plane lamina has the shape of a rectangle A BCD 
surmounted by a triangular part BEC, the side BE of which is 
a prolongation of AB. If the lengths of AB, AD, BE are a, b, c 
respectively, find how far the centre of gravity of the lamina is 
from AB and AD. Also prove that the centre of gravity will lie 
on BC if c = aV3. 

37. There are four similar planks, each 12 feet long, in a pile. The 

second plank projects 2 feet beyond the first, the third 3 feet 
beyond the second, and the fourth 6 feet beyond the third ; the 
sides are flush with each other. Find the centre of gravity of the 
four planks. (I.A.) 

38. A tank of sheet metal is a cube of side a, having in its base a central 

circular hole of diameter - ; a cylinder of height - is brazed ex- 

4 4 

temally to the edge of the hole and closed by a circular plate. The 
cube, cylinder, and plate being cut from the same sheet, find the 
mass centre. (I E.) 


39. A solid cylinder of mass M and radius a has two small heavy discs, 
each of mass nt, keyed to its ends so that the line joining the centres 
of the discs is parcel to the axis of the cylinder and at a distance 
c from it. Find where a cylindrical portion of radius b of the 
cylinder, with axis parallel to that of the cylinder, must be cut 
out in order that the centre of gravity of the remainder and the 
discs may be in the axis of the cylinder. What is the greatest 


m 


value of the ratio in order that this solution may be possible ? 


(I-E.) 

40. A framework in the shape of a tetrahedron is made of six uniform 
rods, each rod being equal to its opposite rod. Show that the 
centre of gravity is at the same point as if the tetrahedron were 
solid. ( 1 -A.) 
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41. A sheet of metal is in the form of an isosceles triangle ABC in which 

AB = AC = 20 inches. BC = 32 inches. The comer A is folded 
over until it comes to the middle of BC, and the metal is flattened 
down so that the fold is parallel to BC. Find the centre of gravity 
of the folded sheet. (N.U.3.) 

42. ABC is a triangular lamina. D is taken in BC, E in CA, and F 

in AB, such that BD : DC = CE : EA = AF FB. Prove that 
the centre of gravity of the triangle DEF is the same as that of 
the original triangle ABC. (I S.) 

43. (i) ABC is a triangle of rods. The rods are all uniform and of 

equal weight, but not necessarily of equal length. Find the 
centre of gravity. 

(ii) The bulb of a mercury thermometer is a sphere of internal dia¬ 
meter I cm. The tube of the thermometer is a circular 
cylinder of internal diameter J mm. At freezing temperature 
the bulb and 2 cm. of the tube are occupied by the mercury. 
At the boiling-point of water the bulb and 20 cm. of the tube 
are occupied by the same quantity of mercury. Ignoring 
the expansion of the thermometer itself, find by how much 
the centre of gravity of the mercury rises between freezing 
and boiling temperatures. (H.S.D.) 

44. A thick conical shell open at the base, is bounded by two right 
circular cones, each of semi-vertical angle a. the base radii of which 
are r and r — i. Show that the height of the centre of mass above 

the base is \{2r — t) cot a, where the square of ^ is neglected. 

(H.S.D.) 

45. ABCD is a uniform square plate whose edges are 8 inches long. 
Points Q, R are taken in BC, CD such that 

BQ = CR — 2 inches, 

and the portion CQR of the plate is cut off. Find the distances 
from AB, BC of the mass centre of the remainder. (N.U.3.) 

46. A uniform plate ABCD consists of two congruent triangles on 
opposite sides of AC, each having an obtuse angle at C. If C is 
a distance 3 inches from the line joining B and D, find the distance 
AC ii the centre of gravity of the lamina coincides with C. 

{N.U.3.) 

47. ABC is a uniform lamina right-angled at C and AC = 6, BC = a. 
The middle points of A C, BC are E and D respectively, and triangles 
are cut away by cuts EK and DH perpendicular to AB. Prove 
that the centre of gravity of the remainder CEKHD is at a distance 

7 ab 

iB Va» + V* 

from KH. (N.U.3.) 

48. A uniform wire ABCD is bent at right angles at B and C in such 

a way that BA and CD are in the same sense, and the lengths of 
the parts AB, BC, CD are 6, 4, 2 inches respectively. Find the 
distance of the centre of gravity of the wire from AB and BC. 
Show that the wire can be suspended with each part equally 
inclined to the vertical by a string attached at a point P, and 
give the length of BP. (H.C.) 
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49- A window-cleaner’s ladder is made up of two equal side pieces 
joined at one end and connected by ten equispaced rungs. The 
length of the lowest rung is one-eighth of the length of each side, 
and the weight per foot run of the rungs is one-third that of the 
sides. Find the centre of gravity of the whole. The ladder is 
placed against a vertical wall in the limiting position of equili¬ 
brium. Find the position if the coefiftcient of friction at each end 
is one-fifth. (I.E.) 

50. A regular pyramid whose base is a regular hexagon is made of 

uniform thin sheet metal. If a is the radius of the circumcircle of 
its base, and 2a is the length of the slant edges, find the position 
of the centre of gravity of the total surface of the pyramid, and 
state its distance from the base. (N.U. 3 and 4.) 

51. An open rectangular tank of uniform thin material has length 3a 

feet, breadth 26 feet, and height 2c feet, and can be closed by two 
lids of lengths a feet and 2a feet respectively, hinged along each 
of the upper edges whose length is 26 feet. Find the position of 
the centre of gravity when each lid is opened through an angle 
of 30°. (C.W.B.) 

52. A thin uniform wire is bent into the shape of the perimeter of a 

regular polygon of 2« sides. Find the position of the centre of 
gravity of one-half of this polygon. Hence deduce or otherwise 
obtain the position of the centre of gravity of a uniform semi¬ 
circular wire. (C.W.B.) 

§ 151. Quadrilateral Lamina. 

The position of the centre of gravity of a quadrilateral is obtained 
most easily by dividing it into two triangles by drawing one of the 
diagonals, and considering each of these triangles to be replaced 
by three particles equal to onc-third of its weight placed at the three 
vertices. 

There are several ways of expressing the position of this centre of 
gravity, two of which are illustrated below. 

Let ABCD (Fig. 202) represent any quadrilateral lamina, AC, 



Fig. 202. 

BD its diagonals intersecting at E, 

Let W be the weight of the whole quadrilateral and W^, Wf the 
weights of the triangles ABD, BCD. 
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Since the areas of ABD BCD are in the ratio oi AE to EC, 

_ AE 
W^~ EC’ 

W 

Replacing ABD by equal particles, —at /I, R, Z) and replacing 

W 

BCD by equal particles —- at B, C, D we have 

3 

—- at A, —- at C, and — - -^ 

3 3 3 


at each of the comers B and D. 

(i) Now the centre of gravity of 

— at A and — at C 

3 3 

is at a point F in .(4C such that 

W^.AF = W^, CF, 

CF _ AE 

’*• AF~ EC 
Hence CF = AE. 

The weights at A and C are equivalent to iW at F. 

The weights at B and D are equivalent to at 0, the middle 
point of BD and the centre of gravity of the whole quadrilateral is 
therefore at G in OF where 2 OG = GF. 


W W 

(ii) If we add a weight —■ to the weight —- already at A, and a 

3 3 

weight —- to the weight —•* already at C, so as to make the weights 
d 3 

at the four comers equal these added weights are equivalent 

to \W at B (since W^.AE=W^. EC). 

If we now add a particle of negative weight \W at E, this will 
balance the other two added weights, and the centre of gravity of 
the whole of the particles will be the same as that of the quadrilateral. 

Hence the centre of gravity of any quadrilateral area is the same as 
that of four equal particles placed at its angular points, together with 
another equal particle of negative mass placed at the intersection of the 
diagonals. 


Example. 

G is the centre of gravity of a uniform quadrilateral plate, G' is the 
c^tre of gravity of fottr equal particles placed at its comers, and O is the 
intersection of its diagonals. Prove that O, G, and G* are in the same 
straight line, and that OG' « 3GG'. (H.S.D.) 
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Let ABCD (Fig. 203) be the quadrilateral. 



Let Wi, IF, be the weights of the triangles ABD, BCD respectively. 

W 

Replace ABD by weights —^ at A, B, D, and replace BCD by weights 
W 

— at B, C, D. 

G is therefore the centre of gravity of these particles, and the whole 
weight IFj + IF, acts theie. 

Now G* is the centre of gravity of these particles, together with 

W W W -t* 

particles —* at A and —^ at C, which are equivalent to — - - - at O 

/. 5ii _ 

V® IF, oc)' 

Hence G' is the centre of gravity of IF, -f IF, at G and RIF, + IF,) 
at O, and must therefore lie in OG, and OG' = 3GG'. 


EXAMPLES XXXII. 

1. Show that the centre of gravity of a quadrilateral ABCD is the 

same as that of three particles of masses proportional respectively 
to AO, OC, 2AC placed d.t A, C, and the mid-point of BD, where 
O is the intersection of and BD, (LS.) 

2. ABCD is a uniform plane quadrilateral whose diagonals intersect 

in L ; Af and N are points on the diagonals AC and BD respec¬ 
tively, such that AM — CL and BN = DL. Show that the centre 
of mass of the quadrilateral ABCD coincides with that of the 
triangle LMN. (H.S.C.) 

3. ABCD is a uniform plane quadrilateral lamina, in which AB is 
parallel to DC. The length oi AB is a and the length of DC is b. 
Prove that the centre of gravity of the lamina coincides with that 
of four particles of masses proportional to a, a -f- 6, 6, a b, 
placed sX A, B, C, D respectively. If AD « BC » c, and h >■ a, 
find the co-ordinates of the centre of gravity referred to rectangular 
axes of which one is DA and the other is the perpendicular to DA, 
drawn through D. 
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4. Calculate, to two decimal places, the co-ordinates of the centre of 

gravity of a quadrilateral lamina whose angular points are (5, o), 
( 3 . 7). (— 2, 5). and (— 5, o), (Ex.) 

5. (i) Prove that the centre of gravity of a uniform triangular plate 

ABC coincides with that of three equal particles at points 
X, Y, Z on the sides BC, CA, AB respectively, where 
BX : XC ^ CY : YA = AZ : ZB. 


(ii) A BCD is a trapezium the lengths of whose parallel sides AB, 
DC are a and 6 respectively: E, F are the mid-points of AB, 
DC ; H is the mid-point of EF. Prove that the centroid of 
the trapezium is the same as that of masses proportional to 
a, b, 2a -f 2b, at E, F, H respectively. (H.S.C.) 


6. A uniform plate in the form of a quadrilateral A BCD has its dia¬ 
gonals AC, BD crossing at right angles at a point O. so that 
AO = 2 inches, OC = 4 inches. BO = i inch, OD = 3 inches. 
Find the distance of the centre of gravity of the quadrilateral from 
each of the diagonals. 


7. AD, BE, CF are the medians of a triangle ABC, and G is their 

point of intersection. If the portion AFGE is removed, show 
that the centre of gravity of the remainder is on GD at a distance 
^GDiTomD. (N.U.3.) 

8. ABCD is a quadrilateral, and it is " reduced ” to a triangle ABX 

of equal area by the usual construction (C being on the line BX). 
Prove that the centres of gravity of ABCD and of ABX are at the 
same distance from AC. (Ex.) 

9. ABCD is a plane quadrilateral lamina whose diagonals meet at O ; 

AO is less ^an OC and DO than OB. S is the mid-point of BD, 
T the mid-point of AC, and OSKT is a parallelogram. Prove that 
the centre of gravity of the lamina ABCD coincides with that of 
three equal particles at S, T, and K. (Ex.) 

10. X, Y are the middle points of two parallel sides of a quadrilateral 
whose lengths are a, b respectively. Show that G, the centroid 
of the quadrilateral, divides XY in the ratio 26 -|- a : 2a 6. A 
uniform regular hexagonal area of side a has a part removed by a 
cut made parallel to one of the sides, and at a distance JAa V'3 from 
it, where kc^i. Prove that the centre of gravity of the remaining 
portion is at a distance from the centre of the complete area equal to 


M3-A«) 

3(6 — 2* — A*)" ^3 


(C.W.B.) 


II. The mass centre of a uniform triangular plate ABC is G, and tri¬ 
angular pieces are cut from it by drawing parallels to BC, CA , A B 
cutting GA, GB, GC in the same ratio. Prove that the mass centre 
is unaltered. (C.W.B.) 


12. A heavy quadrilateral lamina, weight has a particle of weight 
W placed at the intersection of the diagonals. Prove that it will 
be in equilibrium in a horizontal position when four equal vertical 
forces support it, one at each comer. (Ex.) 
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§ 162. JVhen a body is placed with its base in contact with a plane 
(tough enough to prevent sliding if inclined), it will be in equilibrium 
if the vertical line through its centre of gravity meets the plane within 
the area of the base. 

The forces acting on the body are its weight, acting vertically 
through its centre of gravity, and the reaction of the plane. If 
the plane is horizontal the reactions of the plane on the different 
parts of the base are all like parallel forces, and their resultant must 
obviously act at a point within the area of the base. 

If the plane is inclined the resultant of the friction on the different 
points of the base and the normal pressures of the plane must also 
have a resultant, which acts at a point inside the area of the base. 

Hence in both cases, if the resultant reaction of the plane is to 
balance the weight, the vertical through the centre of gravity must 
fall within the area of the base. 

It should be noticed that if the base has re-entrant angles as in 

Fig. 204 , the area of the base must be taken to mean the area in- 

« 



eluded in the figure which would be obtained by drawing a piece 
of thread tightly round the figure. Thus a point such as G would 
be within the area of the base 


§ 158. Stability of Equilibrium. 

If a rigid body be in equilibrium when one point only of the body 
is fixed, it is clear that the centre of gravity of the body must be 
in the vertical line passing through the fixed point. 



Fig. 205. 


For let 0 (Fig. 205 ) be the fixed point, and G the centre of gravity 
of the body. 
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The only forces acting on the body are its weight acting vertically 
through G and the reaction at the point O. 

If these are to balance they must be in the same straight line, i.e. 
G must be in the vertical line through O. 

This condition is satisfied in two cases, (i) when G is vertically 
below 0, and (ii) when G is vertically above O. 

Both these positions are positions of equilibrium, but there is a 
difference in the two cases. 

In the first case, if the body is slightly displaced, it will tend to 
return to its equilibrium position; the moment about 0 of the weight 
through the displaced centre of gravity G' tends to bring G back to 
its original position. In this case the equilibrium is said to be Stable. 

In the second case, if the body is slightly displaced, the moment 
about 0 of the weight acting through G' (ii) tends to increase the 
displacement, and the body does not tend to return to its original 
position. In this case the equilibrium is Unstable. A body is said 
to be in stable equilibrium when it returns to its original position 
after a smaU displacement. The extent to which it can be displaced 
without upsetting is a measure of its amount or degree of stability, 
and this we shall not consider. 

§ 164. A right circular cone with its base resting on a horizontal 
plane is in stable equilibrium ; if slightly displaced it tends to re¬ 
turn to its original position. 

If placed with its vertex in contact with a horizontal plane and 
its axis vertical, it will be in unstable equilibrium; if slightly dis 
placed it will f^ over. 

A right circular cylinder with a plane end in contact with a hori¬ 
zontal plane is in stable equilibrium ; if placed with its curved sur¬ 
face in contact with a horizontal plane, it will rest in any position. 

In this case the equilibrium is said to be neutral. 

A uniform sphere resting on a horizontal plane is also in neutral 

equilibrium. 

^ In most cases it is quite easy to see whether a position of equili- 
briiun is stable or unstable. In certain cases, however, it is a matter 
of considerable difficulty to determine whether a body in a position 
of equilibrium will return to this position when slightly displaced. 

Such cases arise when we have a curved portion of the surface of 
one body resting on the curved surface of another body, and we 
shall now consider a simple example of this kind. 

§ 166. A body rests in equilibrium on another body, the portions of 
the surfaces near the point of contact being spherical, and rough enough 
to prevent sliding, and the line joining the centres of the two spheres 
being vertical. To find the conditions that the equilibrium shall he 
stable. 
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Let 0 (Fig. 206 ) be the centre of the surface of the fixed body, 
Cl that of the upper body. Since the surfaces are spherical OC 
passes through the point of contact and since there is equilibrium 
the centre of gravity, G^, of the upper body must be verticily above 
Ai, and therefore in A^Ci. 

Let 0^1 = R, A^Ci — r, and Afi^ = h. 

Suppose the upper body displaced through a small angle, such 
that if ^2 is the new point of contact the angle A-flA^ — 9. 



0 

Fig. 206. 


Let A-^y Cj, Gj, be the new positions of A^, Cj, Gj. 

0, A^ and Cg will be in a straight line and the arc A^A-^ — arc 
^ 1 ^ 2 - 

Hence, if the angle Afi^^ = <f>, 

^ r 

Now the equilibrium will be stable if Gj is to the left of the ver¬ 
tical through A 2 ; let A^C^ cut this vertical in H. 

In the triangle A^HC^ we have, 

CJI sin 6 6 • i 1 

— = siM g + 

since the angles 6 and ^ are small. 

Hence A,'H = r-CJI = r (i --j^) = ^ = :^- 
and the equilibrium is stable if 

* ^ /i H- r' 

1 ^ 1,1 

h>-r+R- 

When ^ ^ ^ would appear that the equilibrium is neutral. 

It must be remembered, however, that in obtaining the condition 
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for stability we used the approximations sin d — 6 , and sin (0 4- (j>) 
= 0 4- These approximations are not sufficiently accurate for 
the critical case in which Gj falls on the vertical through A^, and it 
can be shown that in this case the equilibrium is really unstable. 

Another method of determining the stability of a body will be 
given in Chapter IX. 


§166. Example (i). 

A cubical block of edge a rests on a horizontal plane and is gradually 
undermined by cutting slices away by planes parallel to a horizontal 
edge, inclined at 45® to the horizontal. Find the centre mass of the re¬ 
mainder when a length x has been removed from each of four edges, and 
show that the block will fall when gx = 5a, approximately. (IS.) 



Let ABCD (Fig. 207) represent a vertical section of the cube through 
its centre, the cutting plane will then be parallel to DB. 

I-et EF be the line in which the cutting plane meets ABCD. and 
AE = X. The centre of gravity of the prism removed will be at the 
centre of gravity of the triangle AEF. 

The weights of the cube and part removed are proportional to the 
areas of the sections, a* and \x^. 

Tabulating the weights and distances of centres of gravity from 
BC and AB. 


Cube . 

Prism AFE . 
Remainder . 


Weight. 

. a* 

. \x* 


Distance of C.G. 
from BC. 

\a 

a — \x 



From AB* 


¥ 

y 


Taking moments about BC, we have 

(a* - ^x^)X = 4a» - \x*{a - \x), 

a* — xHa — \x) 

• • ^ -2a» - ' 

Taking moments about AB, we have 

(a* - \x*)Y = ia> - \x\ 

. V - ~ ¥* 

' 2a» — X'' 
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The block will fall over if the centre of gravity comes to the left 
of E, i.e. if A > a — ;r, hence it will be on the point of falling over when 

a 3 - jr»(a - ^x) = {2a* - x*){a - x), 
or rt® — ax* + \x^ = 2a® — — ax* + ;r®, 

or f;r* — 2a*x -f a® = o. 

Potting X = ^a, the left side of this gives, 



which is nearly zero. 


Example (ii). 

Determine the position of the centre of gravity of a solid uniform prism, 
whose principal cross-section is shown in Fig. 208. Determine whether 
such a prism can rest with the face BC in contact with a horizontal plane. 

(I.S.) 



The centre of gravity lies in the section (since it is called the principal 
section), and from symmetry, it is clear that it will lie in the line EF, 
joining the mid-points of AB and DC. 

Draw AH, BK perpendicular to DC. 

Then DH = 2 feet, and AH = 2 tan 60® = 2 V3 feet. 

The prism may now be regarded as made up of three prisms, whose 
principal sections are the two triangles and the rectangle in the figure, 
and the weights of the whole and parts will be proportional to the areas 
of A BCD, and the triangles and rectangle. Tabulating areas and 
distances of centres of gravity from DC, 



Area. 

Distance of ce 
gravity from 

ABCD 

i6\^3 

x' 

ABKH 

12 V3 

v'i 

ADH 

2V3 

iV 3 

BCK 

2 V3 

fv'J 


Taking moments about DC, we have 


16V3X = 36 + 4 + 4 = 44. 

44 IIVJ 


X 


16^3 


12 
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The centre of gravity is therefore at G in £F. where FG = 

12 


EG = 2V3 — — \/3 =*: ~ v/3. 

Now the prism can rest on the face BC, provided LCBG is less than 
a right angle, i.e. provided /_EBG is greater than 30°. 

Now tan EBG = = 11 ^, 

EB 36 ' 

and tan 30° = 

3 36 

EBG > 30®, 

the prism can rest on the face BC. 

Example (iii). 

A uniform cube rests with a face touching the highest point of a fixed 
rough sphere. Prove from fundamental principles that the equilibrium is 
stable if the edge of the cube is less than the diameter of the sphere. 



AB (Fig. 209) represent the vertical section through the centre 
of gravity G of the cube, C the point of contact, and O the centre of the 
sphere (radius r). 

The sphere is assumed to be rough enough to prevent sliding, and 
we only consider the stability for tilting. 

Let the edge of the cube be 2a, and let A\ C', B', G' represent the 
positioiw of C, B, G, after tilting through a small angle 6 , D being the 
new point of contact. 

1 cube will tend to return to its original position if G' is to the 

left of the vertical through D. 

Ut C'G' cut this vertical in H. 

Since there is no sUpping. 

C'D = arc CD — r 8 , 
also the angle C'HD ^ e, and 

C'H ^ C'D cot = r 




tan 8 ' 
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The equilibrium is therefore stable if 

e 


tan 6 


> CG\ 


Now when B is very smaill the ratio of B to tan B is unity, and since 
C'G' = a, the equilibrium is stable if 

r> a, 

i.e, if the edge of the cube is less than the diameter of the sphere. 


Example (iv). 

The larger and smaller radii of the plane ends of a frustum of a solid 
right circular cone are R, r respectively, and its vertical height is H. 
Show that the distance of its centre of gravity from the centre of the larger 
plane end is 

H i?> + zRr + 

■4 ‘ R» + Rr r* ' 


The shape of a solid is a frustum of a right circular cone as above 
with a hemisphere on its larger plane end. Show that it will he in equili¬ 
brium when placed in any position on a horizontal plane if 

^R* = (R* + 2Rr + 3r*). 

{The distance of the centre of gravity of a solid hemisphere from its 
centre is f of the radius.) (Ex.) 





Fig. 210. 


Let ABCD (Fig, 210) represent a section of the frustum through its 
axis EF \ EB ^ r. FC ^ R. EF = H. 

Suppose the cone completed by producing DA, CB to meet in O. 

By similar triangles OEB, OFC we have, 


9L 

OE “ r* 


H -i-OE _ 
^'UE r 




1 

and OF = =-. 

/? — r 


giving OE = 
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The volumes (and weights) of the top cone and the whole are pro¬ 
portional to OE* and OF* and the volume of the frustum to OF^ — OE*. 
The distances of the centres of gravity of these cones from F are 

iOF II and JOF. 

Hence if x is the distance of the centre of gravity of the frustum 
from F, taking moments about F, we have 


(OF* 


OE*)x = i . OF* - OE*({OE + H), 
OE*^x = 


i . ~ OF* - J . OF* - //. OF\ 


R* — r* 


X = *'\0E - H 

r* 

_ i F* - r* Ht 

^ -f r*)(R + r) - 

4 L r* J 

// F» + Rr* + R*r - 
4 ■ R* — r* 

_ H F« + 2Fr 4- 

4 * F> + Fr -I- r*' 


X ~ ^ 


The weight of the hemisphere of radius F is proportional to its volume, 
I TT F*, and its centre of gravity is |F below F in FF produced. The 
combined figure will rest in any position on a horizontal plane if its centre 
of gravity is at F, 

In this case the moments of the weights of the frustum and hemi¬ 
sphere about F must be equal. 

Now the volume of the whole cone is \-nR*.OF and the volume of 

OF* — OF* 

the frustum is -- of this. 


Also 


OF* 

OF* - OF* H*(R* _ r*) 
UF^ 


(F - r)* • OF*’ 


the volume of frustum = - 

3 (F - r)* OF* 

_ I nR*H*(R* — r*) {R _ r)* 

3 (F - ry • H*R* 

_I irH(R* — r*) 

“3 F^^T * 


Hence, taking moments about F, 

i, tf(F*-r*) H F« -F 2 Rr -f- y* 
3 8 3 F - r * 4 * F* + Fr + r* 

= ^ + 2Fr + 3r*). 

3 F* = F>(F*-|-2Fr-|-3r«). 
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EXAMPLES XXXIII. 


I. A triangular portion is cut from a square by a line parallel to a 
diagonal. Show that the remainder can stand on the remaining 
part of either of the cut sides, if that part is 0-5 of the side, but 
cannot stand if it is 0*4 of the side. {I-S.) 


2. ABCD is a vertical face of a rectangular block, the horizontal face 

which has BC for an edge being in contact with the ground ; BC 
is 40 inches, CD is 25 inches ; £ is a point in BC, 15 inches from B. 
Find the position of a point F in CD, such that the block will be on 
the point of toppling over when a prism is cut from it by cutting 
along EF at right angles to the face ABCD. (H.C.) 

3. A BCD is a uniform plane quadrilateral lamina, in which A B is parallel 

to DC. The length oi AB is a and the length of DC is h. Prove 
that the centre of gravity of the lamina coincides with that of four 
particles of masses proportional to a, a A- h, b, a + b, placed at 
A, B, C, D respectively. If AD = BC = c, and b^ a, find the co¬ 
ordinates of the centre of gravity, referred to rectangular axes, of 
which one is DA and the other is the perpendicular to DA drawn 
through D. and show that a uniform prism, which has such a 
quadrilateral for its cross-section, cannot rest on a horizontal plane 
with the faces corresponding to BC or /ID in contact with the plane, 
if 2c* (a + 2b) is less than 6* — a>. (H.C.) 

4. ABC is a vertical sheet of metal, A being a right angle and AC 
in contact with a horizontal plane ; D is the middle point of AC and 
the triangle ABD is cut away. Show that the remaining portion 
of the sheet is just on the point of falling over. 

5. A uniform right prism whose cross-section is an isosceles triangle 

BA C lies on the table with the face containing BC horizontal and 
in contact with the table ; the prism is gradually sliced away by 
cutting slices parallel to the face in which A B lies, beginning from the 
edge through C. What fraction of the whole prism can be cut 
away without the remainder toppling over, AB, AC being the equal 
sides ? (H.S.C.) 


6. ABCD is the section of a cube through its centre, and E is a point 
in AD. If the part cut off by the plane through EC, perpendicular 
to the section, be removed, find the distance from AB and AE of 
the centre of gravity of the remainder. If the block be placed on a 
horizontal plane, find the least length of AE that the block may not 
upset. 


7. The cross-section of a uniform prism is the figure BDEC, where 

ABC is an equilateral triangle and D and E are the mid-points of 
the sides AB and AC. Determine in how many possible positions 
it may rest with a face in contact with a plane, rough enough to 
prevent sliding, which is inclined to the horizontalat an angle of 30®; 
all the cross-sections being in vertical planes through lines of greatest 
slope of the inclined plane. (H.S.C.) 

8. A regular tetrahedron rests with one face in contact with a plane, 
rough enough to prevent slipping, inclined at an angle a to the hon- 
zontal. Of the face in contact with the plane, one edge is horizontal 

and above the opposite vertex. Show that tan a < 2 VT". 
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9. A solid hemisphere and a solid cylinder have the same radii and are 
made of the same homogeneous material, and one end of the cylinder 
is cemented to the base of the hemisphere. The height of the cy¬ 
linder is I of its radius. Show that the centre of gravity of the whole 
solid is A of the radius from the common plane. (I E.) 

10. A hollow vessel, formed by uniformly thin material, is in the form of 
a frustum of a circular cone aud has a flat base, the radius of the 
mouth being tvice that of the base. If the semi-vertical angle of 
the cone is 30®. determine whether the vessel can rest with its 
curved surface in contact wth a horizontal plane. (H.S.C.) 


11. The height of a solid circular cone is three times the radius of its 

base. Another solid in the form of a hemisphere, of which the base 
of the cone is the plane boundary, is fastened to the cone. Find the 
least ratio of the specific gravities of the materials of the hemisphere 
and cone, if when the combined solid is placed on a horizontal table 
with the hemispherical surface in contact with the table it cannot 
be upset. (I.E.) 

4 

12. A hollow vessel, the material of which is of the same thickness 

throughout, consists of a hollow cone closed by a hollow hemisphere 
described on its base. Find the greatest possible ratio of the height 
of the cone to the radius of its base if the vessel can rest in stable 
equilibrium with the hemispherical surface in contact with a hori¬ 
zontal table. (The distance of the centre of gravity of a hollow 
hemisphere from its centre is half the radius.) (H.S.C.) 

13. A pile in the shape of a flight of stairs is formed of n equal uniform 

cubical blocks, of edge a, each block being displaced a small dis¬ 
tance c horizontally with reference to the block below. Determine 
the position of the centre of gravity of the pile and deduce that the 
pile must topple over if (n — i) c > a. (H.C.) 


M 


15 


16 


17 


A rigid framework ABCDE of four equal rods forming part of a 
regular hexagon is suspended from A . Show that the angle made 

by AB with the vertical is tan“* “^ 3 ^, (H.C.) 

A body of uniform material consists of a solid right circular cone and 
a solid hemisphere on opposite sides of the same circular base of 
radius r. Find the greatest possible height of the cone if the body 
can rest on a horizontal plane in stable equilibrium with the cone 
uppermost. g j 

A table consists of a ^ inch board, 2 feet square, and having at its 
comers legs of the same material, 27 inches long, and of i inch 
square section. Find the height of the centre of gpravity and deter¬ 
mine the greatest angle through which the table can be tilted on two 
legs without being overturned. (I-A.) 

A BCD is a lieavy uniform square plate, and tlie portion CBH is 
removed, where // is a point in AB. The remainder is placed with 
its plane vertical AH in contact with a smooth horizontal 
plane. Show that equilibrium will be impossible unless AH ' AB 
is greater than ^{^3 - i). {C.W.B.) 
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§ 157. Centre o! Gravity o! a Uniform Circular Arc. 

Y 



Let ACB (Fig. 211 ) be a circular arc of radius r, subtending an 
angle 2 a at its centre 0, and let C be the middle point of the arc. 
From symmetry it is clear that the centre of gravity will lie on 

OC. 

Take OC as ;t-axis, and OY perpendicular to OC as y-axis. 

Let PQ be an element of the arc such that /_POC = d, and Y_POQ 

— dd. The length of the arc PQ is rdO, and its weight is wrd$, 

where w is the weight per imit of length. 

Since the distance of PQ from OY is r cos B the moment of its 

weight about OY is r cos B, wrdB or cos B . dB. 

The sum of the moments of all the elements of the arc is the 

integral of this between the limits B — — ol and ^ 

+ « 

u»r* cos B dB. The mass of the whole arc is 2 wf<t, and if the dis- 




— a 


tance of its centre of gravity from OY is x, we have, taking moments 
about OY, 

+ « + a 

zwroLX = K'r® J cos BdB — wr-^ sin B~^ = 2 wf^ sin a, 


— a 


— a 


X = r 


sin OC 

I 

a 


For a semicircular arc, in which a = -, this becomes -. 

2 TT 


§ 158. Centre of Gravity of a Sector of a Circle. 

Let AOB (Fig. 212 ) be a sector of a circle of radius r whose centre 
is at 0, and let /^AOB — 2 a. Let C be the middle point of the arc 
A B and OC the bisector of the angle A OB, 

From symmetry it is clear that the centre of gravity lies in OC. 
Take OC as x-axis, and OY perpendicular to OC as y axis. 

4 
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Let POQ be an elementary sector, such that /_POC == B, and 
^POQ = dB. 

Y 


0 


Fig. 212. 

The area of this sector is \r-dB, and its weight is \tvr^d6, where w 
is the weight per unit area. 

Since PQ is very small, OPQ is very approximately a triangle, and 
its centre of gravity is at a distance from 0. 

The distance of this centre of gravity from OY is therefore 

fr cos B. 

The moment of the weight of POQ about OY is 

|r cos 6 . ^wrHB = \wr^ cos BdB. 

The sum of the moments of all the elementary sectors is 

+ a +a 

^iwr^ cos BdB = cos BdB. 

—« —a 

The mass of the whole sector is wr^a, and if x is the distance of 
its centre of gravity from OY, then, taking moments about OY, 
we have 

+ a 

. X = cos BdB = § wr^ sin a, 

— a 

_ 2 r sin a 

Jg sas — . -. 

3 a 

For a complete semicircle, a = and the distance of the centre 

2 

of gravity from the diameter of the semicircle is 

37r' 

These formulae can also be obtained by making use of the result 
of the last paragraph. Suppose the area divided into concentric strips 
of breadth dx. The weight of a strip of radius x is 2 wxotdx, and 

the distance of its C.G. from OYisx 

a 
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Hence, taking moments about OY, 


ZtfT^CtX 


=1 


Sin a , 

2WXa . X - dx 


= 2 w sm 


a 


0 


" “[j]’ 


~ \wf^ sin a, 


2r sin a 

X = — -. 

3 a 


§ 169. Centre o! 


of a Se 


MU 


ent of a Circle. 


This is found most easily by considering the segment as the differ 
ence between a sector of a circle and a triangle. 



B 

Fig. 213. 


Let ACB (Fig. 213 ) be a segment of a circle of radius r, and 0 the 
centre of the circle. 

The segment is the difference between the sector OAB and the 
triangle OAB. 

Let /_AOB = 2 a, and let OC bisect this angle. 

From symmetry we see that the centre of gravity must lie in 
OC. 

liw\s the weight per unit area, the weight of the sector is 
and that of the triangle \wr'^ sin 2 a. 

Tabulating areas and distances of centres of gravity from 0, 


Sector . 

Triangle 

Segment 


Weight. 

sin 2a, 

(a — § sin 2a), 


Distance of C.G. from O. 
2 f sin a 

T a 

|r cos a. 

X. 


Hence, taking moments about O, we have 

wr"*- (a — J sin 2a)^; = sin a — sin 2a cos a, 

2r sin a — cos* a sin a 
3 a — I sm 2a 
— sin*a 

” 3 2a — sin 29.' 
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If we are given the radius of the circle and height of the segment 
CD, it is best to proceed as above and then express a, sin a. etc., in 
terms of CD and r. 

When the segment is a semicircle and a ^ the above result 
reduces to that obtained in the last paragraph, 

ir 

§ 160. Centre of Gravity of a Solid Hemisphere. 

c 



Let ACB (Fig. 214 ) represent a section of the hemisphere per¬ 
pendicular to the plane base, of which is a diameter and 0 the 
centre. 

Let r be the radius of the hemisphere, w the weight per unit 
volume, and C the highest point so that OC is perpendicular 
to AB. 

Suppose the hemisphere divided into infinitely thin slices parallel 
to the plane base. 

From symmetry it is clear that the centres of gravity of all these 
slices, and therefore the centre of gravity of the hemisphere, will lie 
in OC. 

If A*D*B’ represents one of the slices, of thickness dx, and 0* 
its centre then, if 00’ = %, 

O’B’ = Vr^ - 

The volume of the slice is therefore, 

7r{r^ — x^)dx, 

and its weight is 

— x^)dx. 


This weight may be supposed concentrated at O’, and its moment 
about 0 is 


xvnx{r^ — x'^)dx. 
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Considering all the slices in the same way the sum of their moments 
about 0 is 

= \wm^. 

The weight of the whole hemisphere is \TTwr^^ and if x is the 
distance of its centre of gravity from O, 

\nwrH = }w7rr*, 

§ 161. Centre of Gravity of a Thin Hollow Hemisphere. 

C 


A 


Fig. 215. 

Let ACB (Fig. 215 ) be a section of a hemisphere perpendicular to 
its plane base, of which is a diameter and O the centre. 

Let r be the radius, w the weight p)er unit area of the surface, and 
C the highest point so that OC is perpendicular to AB. 

Suppose the surface divided into infinitely narrow bands, such as 
A'D'B' by planes parallel to the base. 

If O' is the centre of A'D'B' and ^BOB' = 6, the radius of the 
band O'B' is equal to r cos 0. 

It is clear from symmetry that the centres of gravity of all the 
bands lie in OC. 

The angle subtended by the arc of the band at 0 is d$, and its 
breadth is therefore rd$. 

The whole surface of the band is therefore 2 irr cos 0 . rdO, and its 
weight is cos 6d0. 

This weight may be supposed to act at 0\ and its moment about 

0 is therefore . . . 

r sin 0. 27rar* cos Odd, 

The sum of the moments of all the bands about O is 

27riw*Jsin 0 cos 0d0, 

0 

,rsin*^2 , 

= ZTiUfr ^^—— 7rtifr\ 
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The weight of the whole surface is ZTTthv, and if x is the distance 
of its centre of gravity from O, 

27rr^w . X — TTJcr^, 



§ 162. The centre of gravity of a portion or zone of the surface 
between two planes parallel to the base in positions such that 6 = ol, 
0 can be obtained by evaluating the weight and moment in¬ 
tegrals of the last paragraph between the limits a and p instead of 

o and 

2 

The weight of an elementary zone is z-nwr'^ cos Bdd, 

The weight of the zone between 0 = a and ^ ^ is 

$ 

27rWf2jcos Odd = ZTTWf- (sin ^ — sin a). 

a 

But f(sin p — sin a) is the distance between the cutting planes, 
i.e. h, the height of the zone. 

the weight is znwrh. 

The moment about 0 of the weight of an elementary zone is 
271^* sin d cos Bdd. 

The sum of these moments is 

$ 

2 iTwr^^sin & cos BdB = ttwt^ (sin* p — sin* a). 

a 

= 7rwr^k{sin p sin a). 

Hence, if x is the distance of the centre of gravity of the zone 
from O, 

^ _ 7 re*r*A(sin p sin a) 

2 Trwrh * 

= Jr(sin p 4 - sin a). 

Now r sin ^ -h f sin a is the sum of the distances of the cutting 
planes from the base, so that Jr(sin p -|- sin a) is the distance of the 
plane half-way between them. 

The centre of gravity of the zone is therefore half-way between 
the planes which cut it off from the sphere. 

§ 163. The position of the centre of gravity of the complete hemi¬ 
spherical surface, and of a zone bounded by planes parallel to the 
base, can both be deduced from the known geometrical fact that the 
area of each elementary band or zone cut off by planes parallel to 
the base is equal to the corresponding band which they cut off from 
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the circumscribing cylinder. The centre of gravity of the spherical 
surfaces is therefore at the same height as that of the circumscrib¬ 
ing cylinder, i.e. half-way between the base and vertex in the case 
of the complete hemisphere, and half-way between the bounding 
planes in the case of a zone. 


§164. Example (i). 


Find the centre of gravity of a uniform parabolic plate whose boundary 
consists of the curve y* ~ ax and the line x — b. Find also the position 
of the centre of gravity of the solid formed by revolution of the above area 
about the axis of x. 




ADMC (Fig. 216) represent the plate, AX the axis of the parabola 
(also the axis of x), and AM ss b. 

It is clear from symmetry that the centre of gravity lies in AM. 
The area of a strip PQ parallel to BC, of breadth dx and distant x from 
A. is 2ydx or 2ahidx, and its weight is 2waixidx, where w is the weight 
per unit area. 

In this case we cannot write down the weight of the whole plate, 
but the value is obtained by integrating 2waMdx between x ^ o and 
X = b. If IF is the weight of the plate, 



The weight of each strip acts at its middle point, and the moment of 
the weight of PQ about A is 


2wa 


^x^dx. 


The sum of the moments about A is 


2wa^j^x^dx = — JwasfeS. 

If X is the distance of the centre of gravity from A, 

. X =s ^wa'b^, 

5 = if*. 

When the area is rotated about AX, the section of the solid so form^ 
by a plane perpendicular to will be circular. Dividing the solid 
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§57 


into circular slices by planes perpendicular to AX, the volume of a slice 
distant x from A will be 

iry*d.r = Traxdx 

and its weight ^twaxdx. 

The weight of the whole solid, ir, is given by 

W = TTwa^xdx = liru’ah*. 

0 

The weight of each slice acts at its centre, and the moment about A of 
the we ight of the slice distant x from A is 

■rrwax^dx. 

Hence, the sum of the moments about A is 


itV'a^x*dx = \iTwah^. 


If X is the distance of the centre of gravity from A, 

\7txvab^ . X = ^nwab^, 

X — §6. 

Example (ii). 


A solid homogeneous circular cylinder of radius r is bisected by a plane 
passing through its axis, and on one-half as base is constructed a triangular 
prism of isosceles section and of the same substance ; the whole is placed in 
equilibrium on the top of a fixed circular cylinder of radius ir xvith axis 
horizontal, the axes of the cylinders being parallel and the curved surfaces 
in contact. Show that the greatest height of the prism consistent with stability 
for a small rolling displacement is 



(C.S.) 


A 



Fig. 217. 

Let A BCD (Fig. 217) represent a section of the half cylinder and 
prism, C being the point of contact with the fixed cylinder, and let H 
be the height of the prism. 

The weights of the cylinder and prism are proportional to the areas 
of BCD and ABD, i.e. to 

irr* ^ arH 
— and 
2 


2 
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1 he distance of the centre of gravity of BCD from BD is and from 

3 " 

C It IS r — —. 

S"’ 

The distance of the centre of gravity of the prism from C is r + - • 

3 

If h is the height of the centre of gravity of the combined solid above 
C. then, taking moments about C. we have 




L 2 


] - "■('' S) 


t- rH{r + 


The equilibrium is stable if 


Hence for stability. 


- 4-, or /i < -r 

h r zr '*3 


... + Hr' + < i + in, ', 

H^r Hr* 2r* nt^ 

--<- 

3 3 3 6 ' 

H* f rH < 2r* — ~r*. 

,, r r , - 

~ 

H < j|^V9 — 27r — ij. 


EXAMPLES XXXIV. 

1. Find the centre of gravity of a semicircular disc. 

2. A piece of metal, of uniform thickness, consists of a semicircular 

portion ABC with diameter AC, and a triangular portion ACD 
having = CD. Find the ratio of the height of the triangle to 
the radius of the semicircle in order that, when placed on a smooth 
horizontal plane with the plane A BCD vertical, the metal may rest 
in equilibrium whatever point of the circular arc may be in contact 
with the horizontal plane. (Ex.) 

3. Find the centre of gravity of a thin wire in the form of a circular arc. 

A thin strip of metal of uniform width and thickness has part of it 
bent into the form of a semi-cylinder of radius r, leaving a plane 
piece of length / tangential to the semi-cylinder along one of its 
edges. Show that the body can rest with the plane piece in contact 
with a horizontal plane provided that / is greater than 2r. (LE-) 

4. A solid body consists of a solid hemisphere surmounting a cylinder 
of the same radius whose height is three times the radius of its base, 
it is placed with its plane face in contact with a rough plane and the 
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inclination of the plane to the horizontal Is gradually increased 
Prove that it will slide down the plane without toppling over, pro¬ 
vided that the coefficient of friction between the body and the plane 
is less than if. (I.E.) 

5. A uniform solid circular cylinder is cut in two by a plane through its 
axis. One half is placed with its curved surface in contact with an in¬ 
clined plane rough enough to prevent slipping. The line of contact 
is perpendicular to the line of greatest slope. Show that there ar#» 
two positions of equilibrium if the inclination of the plane to the 

horizontal lies between sin"* tan "* (~)' position 

if it is less than the latter angle. (H.C.) 

6. Out of a hollow shell bounded by concentric spherical surfaces a 

hollow ring is cut by two parallel planes. Show that the centres 
of gravity of the volume of the ring and of its whole surface, plane 
and curved, are coincident. (C.S.) 

7. A chimney of brickwork 18 inches thick has an external diameter of 

13 feet at the base, and 9 feet at the top, which is 100 feet above the 
base. Show that the centre of gravity of the chimney is about 3 5 
feet below the middle point of the axis. (C.S.) 

8. Show that the centre of gravity of a uniform semicircular rod is 

2 

at a distance from the centre equal to - times the radius. A circular 

disc, whose mass per unit area is (jr, where a is a constant and r the 
distance from the centre, is divided into two by a diameter. Find 
the centre of gravity of either half. (C.S.) 

9. If any jx)int P is taken upon the diameter AB of a uniform semi¬ 
circular disc and the semicircles upon AP, BP as diameters are 
removed, find the p>osition of the centre of gravity of the part re¬ 
maining. Show that for different positions of P tlie centre of 
gravity lies midway between P and a certain fixed point. (C.S.) 

10. Find the centre of mass of a uniform solid hemisphere. If the hemi¬ 
sphere is suspended by a string passing through a smooth fixed ring 
and attached to two points on the rim of the plane face at opposite 
ends of a diameter, show that in equilibrium with the plane face 
inclined to the horizontal 8 tan = 3, where 2 0 is the angle between 
the two parts of the string. (C.S.) 

11 • Mnd by integration the position of the centre* of gravity of a uniform 
solid right circular cone. 

12. Prove that the centre of gravity of a uniform thin hemispherical 

cup of radius r is at a distance - from the centre. Such a cup 

stands on a circular base of the same material, thickness and radius 
as the cup, while the intervening stem is of length equal to the radius 
of the cup, and its weight is one-quarter of that of the hemisphere. 
Find the height of the centre of gravity’ above the base. (I S.) 

13. Show that the centre of mass of a semicircular lamina of radius r 
is at a distance — from the centre. A solid right circular cylinder 
IS cut into two equal parts by a plane through its axis. One of these 
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parts is placed with its curved surface on a rough plane, which is in¬ 
clined to the horizontal at an angle B, \vith its generators horizontal. 
\\ hat will be the inclination of the rectangular plane face of the solid 
to the horizontal when it rests in equilibrium, assuming the plane to 
be rough enough to prevent slipping ? (H.S.D.) 

14. Find the centre of gravity of the portion of a uniform spherical shell 
bounded by two parallel planes. From a spherical shell two seg¬ 
ments are cut off by planes meeting at one point on the sphere. 
The angle of the sectors is in each case 120’’. Find the position of 
the centre of gravity of the remaining portion of the shell. (I.E.) 

15. Assuming that the centre of gravity of a uniform circular arc sub¬ 
tending an angle 2d at the centre of a circle of radius a is at a dis¬ 
tance —^— from the centre, find the centre of gravity of the 

uniform sector bounded by that arc and the radii tr) its extremities. 
Find the centre of gravity of the segment cut off by a chord equal 
to the radius. (I.E.) 

16. Find the centre of gravity of a hemispherical surface. A hemi¬ 

spherical bowl of weight W is placed with its spherical surface on a 
smooth horizontal plane ; what weight must be placed on the rim 
in order that the bowl may rest with its plane surface inclined at 
a® to the horizontal ? (H.S.D.) 

17. Weights 5, 4, 3. 2, I are placed at five of the vertices of a cube, 

the weights 4, 3, 2 being at the other ends of the edges through the 
weight 5, and the weight i at the other end of the diagonal through 
the weight 5. What weights must be placed at the remaining 
three vertices in order that the centre of gravity of the whole system 
may be at the centre of the cube ? (Ex.) 

18. A triangle of uniform rods of different densities has its centre of 
gravity at the centre of its circum-circle. Prove that the weights 
of the rods are proportional to the tangents of the opposite angles. 

(H.S.D.) 

19. A letter D is made from a uniform semicircular plate of radius 
(a -f x) by removing the concentric semicircular part 
of radius a from it and joining across the tw'o ends of 
the curved strip a rectangular plate of the same 
material of length ^{a x) and breadth x, the com¬ 
plete letter being similar to that illustrated in Fig. 

218. Find the position of the centroid of this plate, 
and show that when x is small it is approximately at 

a distance " -q ^ - from the centre of the circles. piG. 218. 

20. A uniformly tapering circular spar is 50 feet long The butt diameter 
is 15 inches and the top diameter is 10 inches. Find the weight of 
the spar and the position of the centre of gravity, assuming the wrood 
weighs 40 lb. per cubic foot. 




CHAPTER VIII. 


SHEARING FORCE AND BENDING MOMENT—SUSPENSION 

BRIDGES—THE CATENARY. 

§ 165. In the preceding chapters we have considered the equili¬ 
brium of the external forces acting on a rigid body without taking 
into account the stresses caused by these forces in the material of 
the body itself, except in the case of a light rod where the external 
forces act at the ends and the stress is either a thrust or a tension 
along the rod. 

In other cases, where the external forces acting on a rod are not 
in the direction of the length, and may be applied at points other than 
the ends, the stresses are more complicated. We know, however, 
that if we take any portion of the rod it will be in equilibrium under 
the stresses exerted on its ends by the adjoining portions of the rod, 
and any external forces (including its weight) which may act on it. 



Fig. 219. 

§ 168. Considering any plane section ABCD of a rectangular bar 
(Fig. 219) perpendicular to its length, it is clear that at any element 
P of the section there will be equal and opposite forces acting on the 
portions of the bar on each side of the section. 

If we confine our attention to the forces acting on one side of the 
section, the force at P may be resolved into two components, one 
perpendicular to the section, and the other in its plane. The forces 
perpendicular to the section on the different elements such as P can 
be compounded into a single force T, since they arc all parallel, and 
this force can then be replaced by an equal force T at the centre 

of the section, together with a couple M whose plane is perpendicular 
to the section. 

The force T which is xn the direction of the length of the bar is the 
tension (or thrust). 

The couple M is called the Bending Moment. 
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Either T 6r M may be zero. 

There will, of course, be an equal and opposite force and a 
couple A/ in the opposite sense acting on the bar on the other side 
of the section. 

If we take the component forces acting in the plane of the section, 
these can be replaced by a single force S acting at the centre of the 
section, and a couple A' tending to twist the bar about its a.xis. 5 
is culled the Shearing Force or Stress. 

N is called the Torsion couple. 

These stresses tend to distort the bar, T tends to stretcl* or com¬ 
press it along its length, M tends to bend, S to break it across, and 
N to twist it about its axis. 

We shall suppose that the bar is rigid enough to resist these dis¬ 
tortions, but it is important to be able to calculate the magnitude of 
the stresses so that we know what tendency there is for the bar to 
break or bend at any point. 

In the present book we shall only consider cases where the forces 
acting on the bar are in the vertical plane containing the length of 
the bar. There will be no resultant force parallel to CD, i.e. the 
shearing force is perpendicular to AB or CD, and there is no torsion 
couple. 

B 
C 
W 

Fig. 220 . 

167, Let ABCD (Fig. 220 ) represent a bar of weight W fixed 
horizontally into a wall at A, and let G be its centre of gravity. 

It is clear that the weight W is supported by the wall, and there 
must therefore be an upward force W acting at A. 

This forms a couple with the weight W, and to balance it there 
must be an equal and opposite couple applied across the section AD 
where the bar meets the wall. 

w 

B 
C 

u> 

Fig. 221. 

Now consider any portion PBCQ of the bar (Fig. 221 ). 

This part is acted on by its weight w at the middle point, and is 
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supported by the part of the bar to the left of PQ. Tliis must tliere- 
fore exert an upward force along QP. equal to w. 

This is the shearing force at the section PQ. 

If there are other vertical forces applied to the right of PQ. the 
shearing force must also support these, and its magnitude is clearly 
equal to the sum of all the vertical forces to the right of the section 

PQ. 

By considering the left-hand portion of the bar we see that the 
shearing force at PQ is also equal to the sum of all the vertical forces 
to the left of PQ. (These will include the weight of the left-hand 
portion and the vertical force exerted by the wall.) We can there¬ 
fore find the magnitude of the shearing force at any section by taking 
the sum of all the vertical forces acting on either side of that section. 
The direction of the shear is opposite to that of the resultant of these 
forces. 

Now the forces w at QP and the middle point of PB form a couple 
which must be balanced by an equal and opposite couple due to the 
left-hand portion of the beam. This is the bending moment couple 
at the section PQ. If x be the distance of the centre of PBCQ from 
PQ, the moment of this couple is wx. 

Hence the bending moment at PQ is wx. 

If there are other forces acting on this portion of the beam in 
addition to its weight and in the same plane with it, then the moment 
of the couple due to the left-hand portion of the beam must, for 
equilibrium, be equal and opposite to the sum of the moments of 
all these forces about the axis through the centre of PQ perpendicular 
to the plane of the forces. This follows by taking moments about 
that axis. 

We shall disregard the thickness of the beam and can then say 
that the bending moment at any point is equal to the sum of the 
moments of all the forces acting on the beam on either side of the 
point. It is clear that, for equilibrium of the left-hand portion, the 
sum of the moments about the point where it joins the right portion 
must also balance the couple at that point due to the right portion. 

The bending moment at any point is therefore obtained by finding 
the sum of the moments of all the forces acting on the beam on either 
side of that point. These forces include the weight of that portion 
of the beam, any attached weights, and any reactions due to contact 
with supports, etc. 

§ 168. Example (i). 

A light rod AB of length 6 feet is supported at A and B and carries 
a weight W at a point C, where AC = 2 feet. 

Find the shearing force and bending moment at any point of the rod. 
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Let P (Fig. 222) be any point in the rod, such that AP = x. 

The shear at P is equal to the sum of the forces acting on either side 
of P, so that we shall have to find the reactions at A and D. 


Iw -iW 



W 

Fig. 222 . 


Let R be the reaction at B, then, taking moments about A, 

6R = 2W, 

R = IW. 

The reaction at A is therefore f IF. 

The sum of the forces on the left of P is therefore 5 IF upwards, and 
the shearing force on the left of the section at P is downwards. 
This holds for all points from A to C. 

If we sum the forces on the right of P we get flF downwards, i.e. 
the shearing force on the right of the section at is f IF upwards. This 
is in the opposite direction to that on the left of the section as it 
should be. 

It does not matter on which side we add the forces, but we mtist keep 
to the same side throughout the length of the rod. 

Now as P moves along towards B, and we sum to the left of P, the 
sum is f IF upwards until we reach C. 

Directly P gets to the right of C the sum is ^ IF downwards and the 
shear is now JIF upwards, i.e. there is a sudden change in the magnitude 
and direction of the shearing force at C. This is due to the weight IF 
hanging at C. A similar discontinuity in the value of the shear always 
occurs at a point where a weight is applied, the difference between the 
values on the two sides being equal to this weight. 

Consider now the bending moment at P. 

Taking the sum of the moments of the forces to the left of P when P 
is between A and C, the value is \Wx in a clockwise direction (usually 
considered negative). 

The bending moment is therefore \ Wx anti*clockwise, and 

M = -t- \Wx 

To the right of C the sum of the moments is 

I lF.*r — lF(;r — 2) clockwise, 

=5 IF(2 — ^;r) clockwise. 

The bending moment is therefore 

Af = IF(2 — anti-clockwise . . - (d) 

When X 2 , these two expressions for M give the same value , 
and this is the value of the moment at C. 
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There is no discontinuity at C as in the case ot the shear. 

The variation of shear and bending moment at different points is 
very clearly shown graphically as follows. 

Draw a horizontai line ACB (Fig. 223) to represent the rod and the 
point C, and draw AB perpendicular to it. 



Fig. 223. 


Take AB, AD as axes and plot distances along AB. and values of the 
shear and bending moment at these distances from A, parallel to AD and 
to any convenient scale. 

We have seen that the shearing force to the left of C is constant and 
equal to %W downwards. This will give a horizontal line S,Sa below 
AB, and 5 , and 5 , being the points where this line cuts AD produced 
downwards and the perpendicular to ^4 S at C. 

To the right of C the shear is upwards. This gives a horizontal 
line S,S, above AB, cutting the verticals at C and B in 5 j.and S4. Also 
CS. = 4C5,. 

The bending moment to the left of C is 

M = d- \\Vx. 

This will give a straight line passing through A and rising to a height 

above at the point where it meets the vertical through C. 

Let CAf, represent to scale, then AMi represents the bending 
moment between A and C. 

To the right of C M = W{2 - ^x). 

This gives another straight line, but the value decreases as x increases 
so that the line slopes downwards from (where x = 2 and M = ^W) 
to B where x 6 and M = o. 

The curve of shearing force therefore consists of two separate straight 
lines 5 iS, and 5 , 5 * parallel to A B. 

The bending moment curve consists of the two straight lines A Mi, 
MiB meeting at Af*. 

Example (ii). 

A light beam AB is supported and loaded as in Fig. 224. Draw the 
shearing force and bending moment diagram, and find the point at which 
the bending moment is a maximum. 
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We must first calculate the reactions at A and B by taking moments 
for the whole beam. They are found to be lo lb. wt. at A, and 12 lb. 
wt. at B. 



The figure should be drawn to scale with the verticals at the points 
where the weights are attached. 

From ^ to C the shear is 10 lb. wt. downwards (taking forces on the 
left), and this is represented in the diagram by a horizontal line S,S/ at 
a distance below AB representing 10 to a convenient scale. From C to 
D the shear is 6 lb. wt. downwards and is represented by S,S'|. From 
B to B it is I lb. wt. downwards, and is represented by 5 , 5 ',. From 
B to F it is 5 lb. wt. upwards, and is repre.sented by 545',. From F to 
B it is 12 lb. wt. upwards, and is represented by 5 , 5 ,'. The shearing force 
curve is therefore composed of 5 distinct lines. 

If X is the distance of a point P from A, the bending moments be¬ 
tween A and C, C and D, etc., are as follows :— 

From A to C, M lox 

From C to B, M = xox — 4(x — 4) ~ j 6 -j- 6x . . • • (**) 

From B to B, Af = io;r — 4{x — 4) — ^(x — S) — 56 x. , . (hi) 

From B to F, M — lox — 4[x — 4) — — 8) — 6{x — 12) 

— 128 — ye . (iv) 

From F to B, M — lox — 4(^ — 4) — six — 8) — 6{x — 12) 

— 7(;r — 16) = 240 — 12X . (v) 


These are all anti-clockwise 
5 straight lines. 

The value at A is given by 



$9 
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or positive and arc represented by 

(i) and is zero. 

(i) „ (ii) and is equal to 40. 

(ii) or (iii) ,, .. 64. 

(iii) (iv).. 68. 

(iv) (v) .. ,> .. 4 ®- 

(v) and is zero. 
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The bending moment curve is therefore the series of straight lines 

A/^4, M^B. 

The point at which the bending moment is a maximum is easily seen 
from the diagram to be at £ where its value is 68 lb.-ft. 

§ 169 . In, cases where the beam is light and loaded only at certain 
points the shearing force and bending moment curves are always of the 
type illustrated in the preceding example. 

The shearing force curve is a series of horizontal straight lines, not 
continuous, while the bending moment curve is a series of inclined lines 
which join one on to another at the points where the loads arc placed. 

Cases where the beam is heavy or the load is distributed along the 
whole or part of the length of the beam will be considered in paragraph 

178 . 

§ 170 . Example (i). 

A horizontal rod AB, of length 6 inches and of negligible iveight, is 

built into a wall at A. What are the magnitudes of the shearing force and 

bending couple at x inches from A when a weight of 6 lb. is suspended 
from B? 



Fig. 225. 


Let P (Fig. 225) be the point such that AP = x inches. 

There must be an upward vertical force of 6 at to support the weight, 
and the wall must also exert a couple of 6 x 6 in.-lb. to balance the 
couple formed by these two forces acting at A and B. If we take 
moments to the left of P we must include this couple. 

The sum of the moments of all forces to the left of P is therefore 

6x — 36, 

and M = 6x — 36. 

The same result (wth opposite sign) is obtained by taking moments 
to the right, since 

PB = (6- X), 

Af = 6(6 - X). 

Either of these expressions gives the bending moment at P. 

The shear is obviously equal to 6 lb. wt. 

Example (ii). 

A rod of length I, whose weight is negligible, rests horizontally with its 
«nas supported and carries a movable weight w ; the rod will break if the 
bending moment at any point is L. Prove that the least value of w which 

can break the rod is (LA.) 
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I.et AB (Fig. 226) represent the rod, C the position of w, where AC 
X. If is the pressure at B we have, taking moments about A, 

//?, = wx^ 

AC B 

ri I 

w 

Fig. 226. 


The reaction at A is therefore 


w 



The bending moment Af at a point P where AP — jy, is as follows :— 
From A to C, Al = w 

and from C to B, M — w —— y — w{)> — x) 


= .( 



The first of these expressions increases with y up to y == x, and the 
second decreases as y increases. 

Both give the same value for v = x, viz. — j —and this is the 


maximum moment and occurs at C. 

We have now to find the position of C for which this is a maximum, 
as at this point the value of w required to produce a given moment will 
be a minimum. 

Differentiating and equating to zero. 



Hence the bending moment is a maximum when C is at the middle 


point of the rod. 
When 




M =t 


/ 

w - 
2 


I 

w ~ 
4 


- L, 
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EXAMPLES XXXV. 

I. A light beam AB of length lo feet is supported at its ends and loaded 
with a weight of 4 lb. at C where AC = 2 feet, and with 7 lb. at D 
where AD = 6 feet. Draw the shearing force and bending moment 
diagrams, and find where the bending moment is greatest. 

z. A beam is supported at the ends and loaded as in Fig. 227. Sketch 
the shearing force and bending moment diagrams. Calculate the 


S 7 6 9 toM 



Fig. 227. 


reactions at -* 1 . B and the shearing force and bending moment at the 
mid-point of EF. (I.C.) 

3. A horizontal beam of negligible mass rests upon two supports at the 

same level and distant apart 20 feet. X’ertical loads of 5, 2. 3, and 
7 tons rest on the beam at points 3. 7, 9, and 15 feet from the left- 
hand end. Sketch the shearing force and bending moment diagrams. 
Also calculate the shearing force and bending moment at the point 
12 feet from the left-hand end. (I.C.) 

4. A beam is freely supported at its ends at the same level. Vertical 

loads of 5, 4, and 8 tons act at points distant 3. 6, and 10 feet, respec- 
tively from the left-hand end. The length of the beam is 12 feet. 
Sketch the shearing force and bending moment diagrams. Also 
calculate the shearing force and bending moment at a point 7 feet 
from the left-hand end. (I C.) 

5. A, B, C, D, E are points taken in order along a horizontal beam, and 
AB = 6 feet, BC = 4 feet, CD = 4 feet, DE = 5 feet. The beam is 
freely supported at A and D, and carries vertical loads of 3, 7, and 5 
tons at B, C, E respectively. Show, with proof, how to draw the 
shearing force and bending moment diagrams for this beam. Find 
the distance from D of the poin*^ where the bending moment is zero. 

(I.C) 

6. Draw diagrams to represent the shearing stress and the bending 
moment for a light horizontal beam, 12 feet long, supported by a prop 
1 foot from one end and a prop 2 feet from the other end, and loaded 
with 36 lb. at its middle point. 

§ 171 . Graphical Construction for Bending Moment. 

In the case of a beam carrying concentrated loads the funicular 
polygon for the loads may be used as a bending moment diagram. 

LcI QQ' (Fig. 228 ) represent a beam, supported at Q and Q' and 
loaded with weights W^, at A^, A„ A,. 

Draw the force polygon as in the right-hand figure, and the corre¬ 
sponding funicular of which eS is the closing side. 
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Let P be any point in QQ‘ between and A^, and draw PXY 
vertically to meet the funicular in X and Y. 

* 

2 
I 


W, Wj w. 

Fig. 228. 

We shall show that the bending moment at P is proportional to 
XY. 

From the force diagram we see that 

Wy is equivalent to along ac and along etX, 
is equivalent to along ea and along Yc. 

Hence Wi and 7?j are equivalent to along cnX and along Ye. 

Hence the sum of their moments about P is equal to the sum of the 
moments about P of these forces. 

Now a2 along olX is equivalent to a vertical component along XP 
which has no moment about P, and a horizontal component A (where 
h is the length of OH in the force diagram), whose moment about P 
is h . PX. Similarly the moment of along Ye is equal to A . PY. 

Hence the total moment about P of the forces to the left of P is 

hPY - hPX = hXY, 

i.e. the bending moment at P is projwrtional to XY, and is equal to 
this length multiplied by the force represented by the distance of the 
pole 0 from the force polygon. 

§ 172. The following examples illustrate cases where the beam is 
heavy, or the load is distributed continuously along the whole or part 
of the beam. 

Example (i). 

A heavy uniform beam of length 2/ and weight w per unit length is 
supported at its two ends and unloaded. Show how to obtain the shearing 
force and bending moment diagrams. 

Let AB (Fig. 229) represent the beam and G its centre of gravity. 

The total weight of the beam is 2lw acting at G. 

The reaction at each end is obviously Iw. 

Let P be any point in the beam, and AP ^ x. 
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In taking the sum of the moments of the forces to the left of P we 
must now include the weight jtuj of the portion AP acting at the middle 
point of AP. 

Iw 


Iw 


X P 


I 


B 


Fig. 229. 

The sum of the moments of the forces to the left of P is therefore 

lwx~- XXV clockwise. 

2 

The bending moment M is therefore given by 


M = XVI lx 


7) 


(») 


This result holds for all points from A to B as there is no load sus* 
pended at any point. 

The shearing force, S, at P is given by 

S = /w — xw (downwards) . . . (ii) 

The bending moment curve is now a parabola as shown in Fig. 230. 
At A the value of M is zero, and it is also zero at B where x = 2/. 


S, 



B 


At the middle point where x = I, the value is w—, and it will be found 

2 

that the curve is symmetrical about the perpendicular to AB at the 

middle point, the bending moment being a maximum there. 

The point of maximum bending moment can be calculated by equating 
dM 

—’ to zero. 
ax 

■3^ = Ml- *). 


Now 


and this is zero when x =: I 

A1 • 

“7^ ** negative at this point, so that x = t gives the position 
of the point of maximum bending moment. 
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It should be 


noticed that 


dx 


is equal to the expression for the shear. 


This will be found to be so in other cases : che slope of the bending 
moment curve at any point is equal to the shearing force at that point. 
The shearing force curve given by (ii) is a straight line. 


When .r = o S — Iw {dojvnivards), 
this is represented by the point Sj. 


When X = 1. S = o, represented by the point G. 

When X ~ 2l, S = ~ iw, i.e. wl {upwards), 

this is represented by the point 5 ,. 


Example (ii). 

A uniform beam lo feet long, and weighing 2 lb. per foot run, is supported 
in a hoi izonial position at its two ends, and carries a load of 30 lb. at a point 
distant 4 feet from erne end. Draw the curves of shearing force and bending 
moment for any point of the beam and determine where the bending moment 
is greatest. (I.E.) 



Let AB (Fig. 231) represent the beam, and C the point where the 
30 Ib. load is attached. 

Draw the perpendiculars to the beam at ^ 4 , C and B. 

We must calculate first the reactions at A and B. 

If is the reaction at B, taking moments about A, 

loi?, = 120 q- 100 =s 220, 

/?! = 22 lb. wt., 

/?, = 28 lb. wt. 

Let P be any point on the beam, AP = x. 

From W to C the shear, S, is given by 

S — 28 — 2.r (downwards) . . . ‘0) 

From C to B S =s 28 — 30 — 24 r = 2 2jr (upwards). . (**) 
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From A to C the bending moment. M is given by 

,U = 28x - .1=*.(iii) 

From C to B A/ = 28x — 30(1- — 

= 120 — 2x ~ (iv) 


From (iii) ^ = 28 — zx. and for a maximum .r — an impossible 

value as this expression only holds up to ;r = 4. 

At this point M = 90. 

Notice that is the same as the value of S given by (i). 

rrom (iv) = — 2 — 2;r and for a maximum x = — i, another 

ax 

impossible value. There is no real maximum point on either portion of 
the curve as neither curve is complete up to its vertex, the actual maxi¬ 
mum being at C where M 96, this value being given for jt = 4 by 
either (ui) or (iv). 

(It is obvious that this is the maximum given by (iv) as the value of 
M decreases as the value of x incre2ises until it is zero at .r = 10.) 

Notice again that is the same as the value of S given by (ii). 

To draw the shearing force curve, we have from (i), 

When X = Q, 5 = 28 (downwards), Sj 

When ^ = 4, 5 — 20 (downwards). 5 „ 

And from (ii), 

When ^ = 4, 5 = 10 (upwards), S, 

When ^ = 10, S = ~ 22 (upwards), S4. 

For the bending moment curve. 


equation (iii) gives the curve i 4 A/,, 
equation (iv) gives the curve MiB. 

Example (iii). 

A train of weight W and length I is in the centre of a bridge of twice its 
0^ length. Assuming that the weight of the train is uniformly distributed 
rmeghout its length, calculate the bending mcnnent at the centre of the bridge, 
and c^pare it with the value when one end of the train just reaches one of 
the piers of the bridge. (I.S.) 


A C G D B 

Fig. 232. 

I-et AB (Fig. 232) represent the bridge. CD the train. 

The reactions at A and B are each — 

2 * 
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w 

The weight of the train to the left of G is —, and acts at the middle 
point of CG. 




If the train is in position AG, the reactions at A and B are altered and 
that at A is 

The whole weight of the train now acts at C, and the l>ending moment, 
A/, at G is given by 

A/ = % . / - IT' . - ilV/. 

4 -2 4 

The ratio of the two bending moments is therefore 3 : 2. 


EXAMPLES XXXVI. 


1. A uniform rigid rod LA/, 20 inches long and of weight 10 lb., rests in 
a horizontal position supported at the ends L and M. A weight 
of 12 lb. is suspended from the point C of the rod at a distance of 
8 inches from L. Calculate the shearing force and bending couple 
at a point 7 inches from A/. (I E ) 







A uniform beam AC ^2 feet long, whose middle point is B, rests on 
supports at the same level at its ends, and carries a load of 4 tons 
uniformly distributed along the half AB. Assuming that the 
weight of the beam itself is negligible draw a bending moment 
diagram, and i»'dicate clearly in the diagram the magnitude of the 
maximum bending moment and the point at which it acts. (LE ) 

A light 12 foot beam /I B is supported at its ends, and carries weights 
of 2 tons at C and 4 tons at V, where . 4 C = 4 feet, DB — 2 feet. 
Draw the shearing stress and bending moment diagrams. Draw 
the corresponding diagrams when the load is not concentrated at 
C and D but is uniformly distributed over the beam. (f-E.) 


A uniform beam of weight W and length I rests on two suppo^, 
each at a distance a from the middle section of the beam. Find 
the bending moments at the middle and at one support, and find a 
in terms of / if these tv.o bending moments are equal in magnitude 
but opposite in sign. (I E.) 

A uniform steel bar of weight 32 lb. and length 16 inches rests hori¬ 
zontally on two supports at its ends. A weight of 8 lb. is suspended 
from the bar at a point 4 inches from one end. Find by calculation 
at what point of the bar the shearing force is zero and evaluate the 
bending moment at this point. Draw a diagram showing the dis¬ 
tribution of shearing force along the bar. (LE.) 


V uniform heavy horizontal beam is supported at its two ends A, B 
and carries a weight W at C, where AC = iCB. Show' that, if 
an ordinate r is drawn proportional to the bending moment at B 
in the rod, where AP = x, then the curve obtained consists of 
portions of two equal parabolas with axes vertical. If the weight 
of the beam is also H', and if A B — /, find the latus rectum of me 
parabolas. (C.S.) 



BENDING MOMENT. EXAMPLES 


275 


7. A uniform heavy beam AB. of weight ^W, loaded with equal weights 

W at A and a point of trisection D, rests in a horizontal position on 
two supports at B and a point of trisection C, where / 4 C = CZ) = 
DB. Sketch diagrams showing the distribution of shearing stress 
and bending moment along the beam. (C.S.) 

8. Draw the graphs of bending moment and shearing force for a light 

horizontal cantilever 10 feet long carrying concentrated loads each 
of i ton weight at its centre and at its free end. (C.S.) 

9. Draw the graphs of shearing stress and bending moment for the 

2W 2W W W 

'L 

C 

Fig. 233. 

beam of weight W per foot loaded as shown in Fig. 233 and supported 
at A and B. (C.S.) 

JO. A uniform plank 16 feet long is supported horizontally at two points 
distant 4 feet from the ends. Draw two sets of diagrams to re¬ 
present the shearing force and bending moment in the plank when 
a heavy particle, whose weight is one-half that of the plank, is placed 
on it (a) at one end, (fe) at the middle. (C.S.) 

1J. A uniform beam AB,oi weight W, rests horizontally on two supports 
C, D, as shown in Fig. 234. Weights of 3 IK, 2 IK are placed at 


3W 2W 



Fig. 234. 


E, F respectively, where AC = ^ feet. EF = DB 2 feet, CE = 
FD = I foot. Find the bending moment at H the point midway 
between C and D. If the point of support D is raised 6 inches above 
the level of C, without the beam or the weights slipping, determine 
whether the bending moment at H is increased or decreased. (C.S.) 

12. Two equal uniform beams AB. BC of length a, of the same weight 
per unit of length w. are smoothly hinged at B and supported in a 
horizontal line by props at A and D. where BD = \DC. Find 
expressions for the shearing force and bending moment at any 

I»mt of each beam, and draw graphs to represent the variations in 
their values. 

13. A l^m 18 feet long is supported at points 12 feet apart, one support 
being 3 feet from the left-hand end of the beam. There is a load of 
3 tons acting at each end of the beam, and a uniformly distributed 
load of I ton per foot run on the span of 12 feet. Determine (i) the 
reactions at the supports, (ii) the shearing force diagram, (iii) the 
bending moment diagram for the beam. 
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14. Prove that, when a beam whose weight per unit length is w is sup¬ 
ported horizontally, the shearing force and the bending moment 
(M) are given by the equations 



The sectional area of a cantilever of length I projecting horizontally 
from a wall varies as — x*, where x denotes distance from the wall. 
Prove that the bending moment is given by the equation 



12I* 


{/ X)* (3/ + X). 


where Wq is the weight per unit length at the wall. (C.W.B.) 

15. A uniform beam A BC, whose weight per unit length is w, rests on two 
supports at A and B. and carries a weight equal to one-fourth of its 
own weight at C. If ABC is horizontal and AB — 10 feet, BC = 
6 feet, draw carefully the graphs of shearing force and bending 
moment. (C.W.B.) 


§ 178. Particles connected by a String. 

If the ends of a light string are attached to two fixed points, and 
weights are attached to the string at different points, the figure 
formed by the string is called a funicular or rope polygon. This is 
the origin of the name given to the corresponding polygon in graphi¬ 
cal statics. 

Let A, B (Fig. 235 ) be the points to which the ends of the string 
are attached, and let A^, A^. • . ^ An be the points at which are 
attached weights of W^, W 2 , . . . respectively. 



Fig. 235. 


Let the lengths of the portions of the string . . . A 

be . . . a„ respectively, let their inclinations to the hon- 

zontal be d^, 0j, • • . ^n + i. let T,, . . . T^ + i ^ 

be the tensions in them. Resolving horizontally for the dineren 

weights in succession, we have. 
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Ti cos $1 = cos 02, 

Tj cos 0 g = Tg cos 0 s, etc., 

r, cos e, = r, cos e, = . . . = cos +, =;/ (say) (i) 

SO that the horizontal component of the tension is the same through¬ 

out. 

ResoKdng vertically for the different weights in succession, we 
have 

Ti sin 02 - sin 0 ^ ^ W,, 

T, sin 03 — Ti sin 02 = W2. 

r„^isin 0„+i - r„sin 0„ = . . (ii) 

Substituting from equations (i) for T^, Tj, etc., these equations 
give 

W 

tan 02 — tan 0 , = 

M 

W 

tan 03 — tan 0 a = 


W 

tan 0„+i - tan 0„ = 

Hence if the weights be all equal, the tangents of the inclinations 
of the various portions of the string are in arithmetical progression. 
Now if h and k be the horizontal and vertical distances respectively 
between A and B, 


rti cos 0J -f (la cos 02 -f . • * 'Ifn-1 cos 0„ *. 1 = A . (iii) 

sin 0j + «a sin 02 + . . ■ «/, , 1 sin 0„ = A . (iv) 

Equations (i), (ii), (iii), (iv), which amount to 2n 2 equations, 
enable us to find the (« -f i) unknown tensions, and the (« + i) 
unknown inclinations. 

In many cases the horizontal distances /fj, h^. . . . between 
A and A-^, A^ and A^, etc,, are given, and then we have, 

tan 02 -f hi tan 02 . . . -h j tan 0„ + j = A. 


Ihe string may be replaced by a chain consisting of light links 
AyAi, etc., freely jointed at A^, A^, etc., the weights being 
attached to the joints as in Example (iii), paragraph 176 . 


§ 174. Graphical Constraction. 

If the inclinations of the different portions of the string are given, 
we c^ easUy obtain the ratios of W^. , . graphically. Using 
the ngure of the last paragraph, take any point O and draw OC 
horizontally, and a vertical CD at C (Fig. 236). 

VOL,II.-K 
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Draw OPj, OP^ . . . OP„ ^ ^ parallel to the portions A^A., 
. . . to cut the vertical in Pj, Pg . . so that the angles PjOC, 
PfiC, etc., are respectively $2, etc. 



Now 


H 

H 


. * n CPo CP, P\Pt 

- tan 02 — tan 0 , — ^ , 

. a . ^ CP. CP. P.Ps 

— tan 03 tan 02 — , 


and so on. 

Hence H, W^, ■ . . ll^n ^re respectively proportional to OC, 

P\p2> • • • PnPn 4 V their ratios are therefore determined. 

If the weights are given, and tlje directions of any two portions 
of the string be also known, we can determine the directions of the 
others graphically. 

Draw the vertical line CD, and on it mack off PiPg, P2P3 ... to 
represent W^, ... to scale. If the directions of A1A2 and A^At 

are given, we draw Pfi, P^O parallel to A-^A2, A^A^ respectively, to 
meet in O, then PfiP^ is a triangle of forces for 4 he portions of the 
string from W2, and the directions of the remaining portions 
are obtained by joining 0 to P^. P^, etc. 


§ 175. Example (i). 

Five equal weights are attached to a light string which hangs front two 
points P and Q in the same horizontal. In equilibrium the horizontal 
projection of the six intervals of the string are all equal to a, and the depth 
below PQ of the lowest weight is 3a. Show that the inclinations to the hori¬ 
zontal of the parts of the string are tan~^ (J), and tan~^ (f|). Prove that 

4 

the external angles of the polygon are tan~^ ( 4 ) tan~^ (|), and tan~* ( 1 ). 

(H.C.) 

Let A, B, C, D, E (Eig- 237) be the points where the weights are 
attached, 9 ^. the inclinations of PA, AB, BC to the horizontal, 

and 7 \, 7 ',, the tensions in these portions of the string. 
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iB. 






Fig. 237. 

Resolving horizontally we have 

7 ', cos 0 ^ = r, cos 7 5 cos 03 = H (say) . . (i) 

Resolving vertically for the weights at A, B, C respectively, we have 

r, sin 01 — 7 *, sin 0, = w 
r, sin 0j — r, sin 0, = w. 

2r, sin 0 t = w (ii) 

Since the depth of C below PQ is a(tan 0 * + tan 0 , + tan 0 ,). we have 

tan 01 4 - tan 0 , + tan 0 , = 3 . (iii) 

Substituting in equations (ii) for Tj, r,, 7“,, from (i) we have 

tan 01 — tan 0, = 

ti 

W 

tan 0, — tan 0, = 

2 tan 0, = ^ ; 

tan 0, = 3 tan 0„ and tan 0i = 5 tan 0„ 

hence, from (iii). 9 tan 0, = 3, or tan 0, =,;, 

tan 0 , = I, and tan 0 . = *. 

* *• 

I'he external angle of the polygon at C is 2 03. and 


tan 20, = - I -3 

i-tan>03 I-;. 4 

The external angle at B is 0, — 0,. and 

tan (0, - 0,) = tan 0, - tan 0, ^ 1 - j _ i 

i -f- tan 0, tan 0, i + i 2’ 

Similarly the external angle at ^ is 0, - 0, and its tangent is J. 
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Example (ii). 

A and D are two points in a koHzontal line 48 cfn. apart / the ends of 
a light cord 66 cm. long are attached to A and D ; B is a point in the cord 
25 cm. from A, and C a point in the cord 29 cm. from D. A mass of P gm. 
15 suspended from B. Find the mass of Q, which mustbe suspended from C, 
so that the portion BC of the cord shall be horizontal. (I.A.) 



P Q 

Fig. 238. 


Draw the diagram as in Fig. 238, and let the verticals through B and 
C cut AD in E and F. 

Let ABE = 0^, FCD = 6 ^. AE x, ED y. 

Since BE = CF, 

25* — — 29* — y*, 

— ;ir* = 29* — 25* = 54 X 4. 

Since AE -f- FD = 48 — 12 = 36, 

y ^ X — (>, 

y = 21^ X = 15. 

Let Ti, Tx, be the tensions in AB, CD. 

Resolving horizontally for B and C, 

r, sin 5 1 = Tx sin 0 x, 
r, sin Bx _ 21 25 

I'x sin 29 15* 

Resolving vertically for B, 

Tx cos 0 x = Pf 
r, cos = Q, 

Q = 0 x ^ 29 X 15 ^25^5 

P Tj cos $1 21 X 25 29 7* 

Q = ^P. 

7 


and for C, 
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Example (iii). 

Eqxtal weights are suspended from the joints of a chain cofyifosed of five 
straight, light, smoothly jointed links. The extreme links are fastened to two 
points P, Q in the same horizontal line by smooth joints. The projection 
of each link on the h^izontal is equal to a, the distance PQ being ^a. The 
depth of the lowest link, which is horizontal, below PQ being 6rt. Find the 
inclination of each link to the horizontal. S \ 



W W 
Fig. 239. 


Let PBCDEQ (Fig. 239) represent the chain. 

Resolving horizontally for the joint B, 

Ti cos = r, cos . . . . (i) 

Resolving vertically for the joint B. 

Tisin = IF + r, sin ff,, 
and for C T, sin 9^ = 

r, sin = 2r, sin 9, ... (ii) 

Dividing (ii) by (i) tan = 2 tan 

Also the depth of B below PQ is a tan 5 ,. and the depth of C is 
a tan 4* « tan tf,. 


and 


.•. a tan 9^ a tan = 6 a, 
tan + tan 9, = 6, 

3 tan 9t = 6, 
tan 9i = 2, 
tan = 4, 


§ 176 . A number of equal weights are attached at points of a light 
string, suspended from two points at the same level, in such a manner 
that the horizontal distances between the weights arc equal. 

To show that the points of attachment of the weights and the points of 
suspension lie on a parabola. 

We shall assume first that the number of weights is odd, and the 
middle weight will then be at the lowest point of the string, as in 
Fig. 240. 

Let each weight equal tf'. and let 9 ^. etc., be the inclinations of 
Af^Ai, A^A^, etc., to the horizontal, Tj, T^, etc., the tensions in them. 







282 


INTERMEDIATE MECHANICS 


We have seen that tan 8 ,. tan 8 ^, etc., are in A.P, the common 


iv 

difference being — where H is the horizontal tension. 



Also 


and 


Fig. 240. 

Ty cos = H, 
zTi sin = w, 


fan 


• « 


Let the horizontal distance between and A^, A^ and A^ . 
be a. 

Take .( 4 q as origin, and the vertical and horizontal at A^^ as axes of 
X and y. 

The y co-ordinates of A^, A^, etc., are a,2a . . . na. 

The X co-ordinate of is a tan B^. 

1 he ^ co-ordinate of A^is a tan + « tan B2 = 2a tan B^ f- ajj. 
The V co-ordinate of .(4 3 is obtained by adding a tan ^3. 


and 


w 


a tan ^3 = a tan f 2a-^f 

H 


The X co-ordinate of ^4 is obtained by adding a tan B^, 


and 


w 


a tan ^4 = a tan + 3/1—, 

H 


Hence the x co-ordinate of A „ is 


na 


tan fl, + a|i + 2 + . . . + (u - i)j^ 
I w ft — I w n*a w 


The co-ordinates of .d „ are therefore 

wa 


X 


2H 


n\ y ^ na. 
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Eliminating «, these give, 


or 



w 2 

^y’ 

zaH 

- X. 


a parabola whose vertex is at and whose axis is vertical. 

With an even number of weights the lowest portion of the string 
is horizontal, as in Fig. 241. 



Take the middle point 0 of the lowest portion as origin, and the 
vertical and horizontal at O as axes of x and y. 

The y co-ordinates of Aj . . . A„, are 


a 3a 


2n — I 


a 


The X co-ordinate of A, is a tan 
The X co-ordinate of A 3 is 


a tan 6^ + a tan = 2a tan -f- a~. 

H 

The X co-ordinate of A 4 is obtained by adding a tan 0 ,, 


and 


a tan = a tan B^ -f 2«^. 

H 


The AT co-ordinate of ^5 is obtained by-adding a tan 6., 


and 


a tan «, = « tan 0, + 30^. 

H 


Hence the x co-ordinate of A „ is 

(« - I) « tan 9 , -f- |i -f 2 -f- . . . (n- 2 )} 

= (« — I) a tan 0. (” ~ ^)(” — i) «; 

‘ 2 “//• 


2 
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In this case, cos = H, 

T2 sin $1 = w, 

i. /> ^ 

tan 01 = 

the co-ordinates of are 



Eliminating n, 





a parabola whose axis is vertical, and whose vertex is at a depth 

wa . ^ ^ 

/m below 0 . 


§ 177 . Tht fact that the vertices of the funicular for equal weights 
at equal horizontal distances is a parabola may also be deduced 
graphically. 



Let A, B, C, D, E, , . . (Fig. 242) be successive vertices, and let 
PQR be the portion of the force polygon for the weights at B and C, 
the distance of the pole O from the vertical line PR being taken equal 
to the horizontal distance between successive weights. 

The lines OP , OQ, OR representing the tensions in CD, BC, AB 
will then be equal, as well as parallel, to the sides of the funicular. 

If AK, DL be drawn vertically to meet BC produced in K and I, 
then, AKB is the triangle of forces for B (similar to OQR) and AK 





SUSPENSION HHIDOKS 


285 


represents Similarlyrepresents if*. Hence is equal and 
parallel to DL, and therefore AD is parallel to BC. 

Also since the horizontal distances between A and B, B and C, 
C and D, are equal, the vertical line MN bisecting BC will also bisect 
AD. Hence A, B, C, D lie on a parabola whose axis is vertical and 
of which MN is a diameter. 

Similarly B, C, D, E lie on a parabola. 

Now since the equation of a parabola is of the form 

y — a bx -\- cx®, 

three points on the curve are sufficient to determine a, b, c, i.e. the 
shape and size of the curve, and if the direction of the axis is known 
also the curve is completely determined. 

Hence the successive parabolas ABCD, BCDE, . . . must coin¬ 
cide and all the vertices lie on one parabola. 


§ 178. Sospension Bridges. 


In these bridges the horizontal roadway is suspended from a 
cable by a number of vertical ties, the ends of the cable being attached 
to the tops of rigid piers, or passing over the tops of these piers and 
attached to the ground on the other side. 

The spaces between the vertical ties are called bays, and these are 
generally equal, i.e. the ties are equally spaced. Also the loading 
of the roadway is distributed uniformly. 

We may then consider the roadway to be replaced by a number 
of equal weights acting on the ties, and the effect on the cable will 
be the same as that already considered when a number of weights are 
attached to a string. 

With an even number of ties it is clear from symmetry that the 
lowest portion of the cable will be horizontal. With an odd number 
the lowest point of the cable will be at the middle tie. 

A chain composed of light links jointed together may be used 
instead of a cable, the tie rods being attached to the joints. 


Example. 

The span of a suspension bridge is 6o feet and the total load of the road¬ 
way is 6o tons, uniformly distributed. There are five vertical tie rods, equally 
spaced, attached to a chain whose weight can be neglected, and the weight of 
the 5 feet of roadway at each end is taken on the piers and not on the ties. 

The chain hangs from points on the towers which are 30 feet above each 
end of the roadway, and the middle tie is 10 feet long. Show how to obtain 
the shape of the chain and the tension in each link. 

Since the number of tie rods is odd the middle one will be at the 
lowest point of the chain, as in Fig. 243. 
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Let the inclinations and tensions be as shown. 

Resolving horizontally for the points A,, in succession, 

r, cos ^1 = 7*5 cos e. — Tgcos 09 . 



Fig. 243. 


Resolving vertically, 

r, sin 01 — r, sin 0, = 10, 

T9 sin ^5 — T9 sin 0^ ^ 10, 

_ • 

2T9 sin 09 = 10, 

Y'a sin 09 = 15, and 7 \ sin tfj = 25. 
T9 sin 09 
■** T9 sm^, “ 

and using (i), 


Also 


cot 09 tan 09 — 3, or tan ^, = 3 tan 09. 

T9 sin 09 3 

Tisin^i 5' 


using (i), 

cot 01 tan 09 = j*. or tan = § tan = 5 tan 


Now the depth of below PQ is 20, 

10 (tan 01 + tan Sg + tan 09) ^ 20, 
9 tan 09 » 2, or tan 09 = J. 
Hence tan — y, tan tf, == tan 0 , = g. 


From these values we can calculate sin 0 i, etc., and obtain the tensions 
from equations (ii), e.g. sin 09 » 

Tg = ^ tons weight. 



2 
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EXAMPLES XXXVII. 


1. A^CD is a light string attached to two fixed points A and D, and 
carrying weights at B and C. Determine the ratio of these weights 
if AB is inclined at 30® to the vertical, BC at 60® to the vertical, and 
CD is horizontal. 

2. A BCD is a light string attached to two fixed points A and D. has two 
equal weights attached at B and C and rests with the portions A B and 
CD inclined at 30® and 60® respectively to the vertical. Prove that 
the tension in the portion BC is equal to either weight, and that BC 
is inclined at 60® to the vertical. 


3. The footway of a suspension bridge is horizontal, and is suspended 
by vertical rods attached at equal intervals along it. The upper 
ends of the rods are attached to a light cable. The tensions in all the 
vertical rods are equal. Show that the points of attachment to the 
cable lie on a parabola. (C.S.) 



PAiA^ . . . /ftn Q is the chain of a suspension bridge. Each of 
the vertical bars ,Bi./I B,n bears an equal p>ortion of 

the weight of the roadway. P and Q are attached to the piers, and 
the ends of the roadway and B,„4. ^ are vertically below P and Q 
respectively. The distances B^,, BjB,, . . . B,„ B,„ .,. 1 are all equal. 
The weights of the chains and bars may be neglected in comparison 
with the weight of the roadway. By means of a force diagram, or 
otherwise, show that the points P, A i, A i, ... At„, Q he on a 
parabola whose axis is vertical. If fV is the total weight of the road¬ 
way supported by the bars, d the depth of A „An ^ i (the middle link) 
below PQ, and / the total span of the bridge, show that the tension in 
the chain at P or Q is 


2 ’ 4(2n -{- 


(C.S.) 


5. A suspension bridge has a span of 70 feet, and there are six vertical 

tie rods. The roadway is horizontal, and has a load of one ton per 
foot-run. The towers at the ends are each 20 feet high, and the chain 
comes down to the roadway at the centre. Find the tension in the 
middle link of the chaiin, and show how to determine the shape of the 
chain. Assume that at each end of the roadway 5 tons are carried 
by the piers and not by the tie rods. (I C.) 

6. The span of a suspension bridge is 80 feet, and the towers at the 

abutments are 50 feet and 10 feet high respectively. The chain carries 
seven vertical tie rods equally spaced, and the link in the bay next 
but one to the lower tower is horizontal. The load in the horizontal 
roadway is 80 tons, uniformly distributed. Show how to determine 
the shape of the chain, neglecting the weight of it and that of the tie 
rods. Calculate the height of the horizontal link above the road¬ 
way. (LE.) 

7. Weights of 2, 4, and 3 lb. are attached to points B, C, and D of a string 

of which the ends A and E are attached to fixed supports. If each 
of the portions of the string BC and CD makes an angle of 25® with 
the horizontal, prove that AB and DE make angles of approximately 
43® and 49® 23' with the horizontal. (Q E.) 
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8. All even number 2« of horizontally equidistant equal weights W are 
earned by a string. Show that the points from which the weights are 
suspended he on a parabola, and calculate the tensions in the middle 
and extreme parts of the string respectively, given that a is the hori- 
zontal distance between successive weights, and k is the height of 
the highest above the lowest point of suspension. (Ex.) 


9. Four lamps weighing ^ lb. are to be suspended across a road 50 
feet wide by s^ngs attached at points B, C, D, E oi sl string whose 
ends E are nxed at the same level to posts on opposite sides of the 
road. The stnngs supporting the lamps are to be 10 feet apart, and the 
end lamps 10 feet from the posts ; CD is to be horizontal and 12 feet 
below the line AF. Find (to i per cent.) the lengths and tensions of 
the stnngs AB, BC. rr W R ^ 


§ 179. We shall now investigate the form of the curve in which 

a uniform heavy flexible cord hangs when suspended from two points. 

In the cases so far considered the external force of gravity on the 

attached weights has been uniformly distributed horizontally. It 

is clear that when the weights are the actual particles of the cord 

itself this cannot be the case. The weight per unit length of the cord 

is constant, but except at the lowest point the cord will not be 
horizontal, 

The curve in which a heavy cord hangs is called a Catenary, and 
its equation is obtained in the following paragraph. As we are 

dealing now with an infinite number of particles we shall require the 
methods of the Calculus. 


§ 180. The Catenary. 


A B 



Let ACB (Fig. 244) he a uniform heavy flexible cord attached to 

two points A and B at the same level, C being the lowest point of the 
cord. 

Draw CO vertical. OX horizontal, and take OX as r-axis. OC as 
y-axis. Let ^ be the angle made by the tangent at any point P with 
OX. Consider the equilibrium of the portion of the cord CP. If 
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the length of the arc CP equals s, and w is the weight of the cord per 
unit length, the weight of CP is u's. 

The other forces acting on CP are the tensions at C and P along 
the tangents at these points, and the tangent at C is horizontal. 

Tq, T be the tensions at C and P respectively. 

Resolving horizontally. 

rcos^ = ro . . (i) 

Resolving vertically. 

2 ' sin ^ = ITS . . . . (ii) 

If we put Tf^ = wc, where c is some constant, then dividing (ii) 

by (i)> ^ ^ 

tan 0 = i or s = c tan ^ . . . (iii) 

This is called the " intrinsic ” equation of the catenary. It gives 
the relation between the length of arc of the curve from the lowest 
point to any other point on the curve and the inclination of the 
tangent at the latter point. 


Now 



and 



^ _dy ds 
dtp~' ds * dij/ 


= sin ^ . c sec* \jt ^ c sec ^ tan 



Integrating y = c sec ^ + constant. 

If y =T c when fp — o, the constant vanishes and 


From (iii) and (iv) 


y — c sec i/t 


pv; 


y* = c*(i + tan* 0 ) = c* + s* . 

To obtain the relation between x and tp, we have 

dx dx ds , . , 

# ^ = C sec 

Integrating we have 

^ = c log (sec 0 + tan . 

the constant of integration being zero since x = o when ^ 
To obtain the Cartesian equation, we have 


(V) 


(vi) 


= 0 . 


y = tan 0 = 


dx 


taking the positive square root. 



290 


IN'rEKMEDIATE MECHANICS 


dy 


cosh"^ 

c 


dx 

c 




Since y ~ c when .r = o, ^ = o, 

y = c cosh - . 

c 

We can also obtain a connection between s and x, 

ds _ _ 

^ = sec ^ = VI + tan* ^ 

__ Vc* -f- s* 


. (vii) 


ds 


Vs* + c* 

sinh"^- 

c 


dx 

T' 


^- + B. 


Since x = o when s = o, B = o. 


s = f sinh - 

c 


. (viii) 


From (i) and (ii) we have 

T cos i/f = wc, 

T sin tji = ws. 

Squaring and adding these equations, 

n = w^(c^ + S*) = tt'-v*. 
r, T ~tuy . . . . . (ix) 

The constant c is called the parameter of the curve. 

The axis of x when taken at a depth c below the lowest point C 
(as we have done) is called the directrix. 

From equation (ix) we see that the tension at any point is equal 
to the product of the weight per unit length of the chain and tlie 
height of the point above the directrix. 

The depth of the lowest point C below A B is the sag. 

Since wc = T,. the horizontal tension, the value of c will be large 
when the tension is large, i.e. when the curve is shallow and the sag 
in the middle is small. 
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§ 181. Approximate Eqoations of Catenary when c is large. 


We have y = 

and expanding, we get 


c cosh - = 


-=^-U+ 

C 2\ 


X 

t 




since we can neglect -5- and higher terms when c is large. 

In this case the curve is approximately a parabola of latiis 
rectum 2c. 

This might have been expected since, when the curve is flat, the 
load is distributed horizontally in a manner very nearly uniform. 

If k is half the span, then the length of half the chain is given 
approximately by 






6c2- 



Now if h is the sag in the middle, k is the difference in the value of 
y for X = o and x = k. 

hz 

For X ^ o, y = c, and for x ^ k,y is approximately c H-, 

2C 

U 

h — 

2C 


S 






The span is 2k, and 

^ 3 ’ 2k‘ 

\ the difference between length and span 


8 (sag)^ 
3 * span■ 
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§ 182 . Example (i). 

Show that the maximum tension in a wire which weighs 0*15 lb. per yard 
and hangs with a sag of i foot in a horizontal span of 100 feet is about 
62 i lb. 

Since the catenary is shallow, c is large, and we have approximately 

X* 


The maximum tension is at the top and there y — c = 1, and x 

2500 


= 50. 


I = 


2 C 


OT C ^ 1250 , 


y = 1251 at the top, w = 0-05 lb. per foot, and 

T — wy — 0 05 X 1251 
= 62-55 lb. 


Example (ii). 

A uniform flexible chain of length 2a (i + k) has its extremities attached 
to two points at the same level, distant 2a apart. Prove that, if k is so small 
that powers of k above the second may he neglected, the sag of the chain is 




(H.C.) 


We have approximately. 


6c* 24c* 120c* 


• • • 


— I 4- _ — 4- 4- j 


. I 


6c* i2or^’ 


a* a* a* a* 

a + aA = a + ^ -I-- or -- 4- — — A =* o. 

6c* 120C* 120c* 6c* 

« 


a* a , 

4- 20-1 — 120A = o, 
c* 


Writing this 

a * _ 20 4 - v'400 + 480A , / , 6A\i 9^* 

-, =-5- f_=_xo + io(i +_)* = 6 A , 


^ V6k(^\ — approximately 


Also 

Now 


a* 


^ = 6A V’6A, approximately 




X* X* 

_ 4 - .f_u 

6c» ^ 24c* ^ * • 


^ c 4-^.+ 


* C 2C* 6c* 24c 

X* 




2C 24c 


»• 
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The sag is the difference between the values of y when =s o and 
= a. 


a* , a* 


3 ^\ . a VdA . 6A 


-24 


= ->5<(.-i) + 

"-^s('-g+S)- 

Example (lii). 

O w lowest point of a heavy chain suspended from two points A, B 
whose co-ordinates referred to horizontal and vertical axes through O are 
(6, 18) and {— 4, 8). If the weight of every element of chain varies as its 
horizontal projection, prove that the curve in which it hangs is a parabola : 
if the total weight of the chain he 100 lb. find the terminal tensions and the 
minimum tension. (Ex.) 



Consider the equilibrium of the portion of the chain OP (Fig. 245) 
up to any point P whose co-ordinates are {x, y). 

If w is the weight per unit length of horizontal projection, the weight 
of OP is wx. 

The other forces acting on it are the horizontal tension T® at O, and 
the tension T at P acting along the tangent LP. 

Let /_PLX = tjt. 

Resolving verticaUy, T sin tfi ^ wx 

Resolving horizontally, T cos ^ = T® . 

w 

.'. tan 0 = =-x, 

0 


(i) 

(ii) 
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This is a parabola, and, as it passes through the origin, c = o, and its 
equation is 



1 w 

2 To 



Since it passes through the points (6, r8) and (— 4. 8) 

X* 36 2’ 

. . w — Tfl. 

H the total weight of chain is 100 lb., we have 


icw =s 100, or 10 lb. 

Since = w, this is also the value of the minimum tension. 
Also squaring and adding (i) and (ii). 

T* = w^x* -h To* = w^{x* + I). 

At A, this gives 

T = 10 V36 -h I = 10V37 lb. wt. 

At B, this gives 

T s» 10V16 + I = ioVi7lb. wt. 


EXAMPLES XXXVIII. 


I. Obtain the equation y c cosh — for the curve of a uniform chain 

c 

hanging under gravity. If the chain is suspended from two points 

A, B on the same level, and the depth of the middle below AB is ^ 

where 2/ is the length of the chain, show that the horizontal span AB 

is equal to /^n — log Find an approximation to the 

difference between the arc AB and the span AB when n is large. 

(C.S.) 


2. A uniform chain is suspended from one end and the other end hangs 
over a rough pulley. Prove that the friction brought into play at 
the pulley is the weight of a length of chain which would reach from 
the loose end to the directrix of the catenary formed by the chain. 

(C.S.) 


3. Find the intrinsic and Cartesian equations of the curve in which a 
uniform heavy chain hangs when suspended from two points. One 
end of a rough uniform chain of length / is fastened to a point on a 
vertical wall at a height h above the ground. Show that the greatest 
distance from the wall at which the free end of the chain will rest on 
level ground is given by the expression 


where « = / + + i)h* + 

and fA is the coefficient of friction. 


(C.S.) 
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4. Show that in a uniform chain at rest under gravity, the tension at 
any point is proportional to the height above a certain level. A 
uniform chain of length / has its end link free to slide on a smooth 
vertical wire and passes over a smooth peg at a distance a from the 
wire. The other end is attached to a weight equal to n times the 
weight of a length a of the chain. Show that for equilibrium to be 

possible, ” + ^ must not be less than e (the base of logarithms). 

(C.S.) 

5. A perfectly flexible non-uniform string hangs freely in a vertical plane 

(with its extremities fixed) in the form of an arc of a circle. If O 
is the centre of a circle, A its lowest point, and T the point in which the 
tangent at any point P meets the vertical OA, show that (i) the 
weight of the portion AP of the string varies as TP, (ii) the tension 
at P varies as TO, and (iii) the weight of the string per unit length at 
P varies as TO*. (Ex.) 

6. A chain 30 feet long is hung from two points in the same horizontal, 

and the sag in the middle is 10 feet. Given log,, 5 = 1*6094, show 
that the span is 20*12 feet and that the tension at the points of sup¬ 
port is the weight of 16*25 chain. (H.C.) 

7. A uniform string of length 64a rests symmetrically over two smooth 
pegs at the same level, the lowest point of the curved portion of the 
string between the pegs being at a depth a below the level of the 
pegs. Find the lengths of the portions of the string which hang 
vertically and in the form of a catenary respectively, and find the 
distance between the pegs. Prove also that the pressure on either 
peg is equal to the weight of a length 40a of the string. (H.C.) 

8. A heavy flexible cord of variable density is hung up from two points 

not in the same vertical line. Prove that, if T,. T,, 7 ',. are the 

tensions at points A, B, C where the inclinations of the tangents to 

the horizontal are a. — a, a p, and if Wj, it',, are the weights of 

the parts of the cord AB, BC respectively, 

I I 2 cos ' 

-: 7, : T, = it^i : u;,. 


+ = 


T, ■ T, 


T, 


(H.S.D.) 
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VIRTUAL WORK—MISCELLANEOUS EXAMPLES. 

§ 183 . In Chapter VI. we established the principle of virtual work 
for forces acting on a particle. We shall now consider this principle 
more fully, and show that it holds for any system of coplanar 

forces. The general principle of virtual work may be stated as 
follows. 

If a system of forces P^, etc., acting at the points A^, etc., 
of a body or system of bodies, these bodies being connected together in 
any manner so as either to allow or exclude relative motion, and if the 
forces Pj, Pj, etc., are in equilibrium, then if the system undergoes any 
small displacement consistent with its geometrical connections, the 
algebraic sum of the virtual works is zero. 

This means that if the points A.^, A^, etc., move to A\, A\, etc., 
and dp^, etc., are the projections of the displacements A^A'^, 
A^A^, etc., on the directions of Pj, Pj, etc., respectively, then 

Px^Px + . . . = o. 

Conversely if SP . dp is zero, the system is in equilibrium. 

§ 184 . The sum of the virtual works of a system of coplanar forces 
which is in equilibrium is zero. 



Take any two rectangular axes Ox, Oy (Fig. 246) in the plane of 
the forces, and let the body on which the forces act undergo a slight 
displacement. 

It is clear that this can be done by turning the body through a 
suitable small angle a (radians) about O, and then moving it through 
suitable distances a and b parcel to Ox and Oy. 
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Let -^1 be the original position of the point of application of one 
of the forces P, and let [x, y) be the Cartesian and {r, 0) be the polar 
co-ordinates of A^: Then OAi = r. xOA^ = 6 . 

Let A\ be the position of A after displacement, performed as 
described above by rotating about 0 through an angle a which brings 
A 2 to B, then a displacement through a distance a parallel to Ox 
bringing it to C, and finally a displacement b parallel to Oy bringing 
it to A\. 

It is clear that the Cartesian co-ordinates of A^ are 


r cos + a) -f a, and r sin (0 + a) -f b, 
or r cos 0 — a . r sin 0 + a and r sin 0 -f a . r cos 6 b, 

retaining only the first power of the small angle a. 

The displacements of A i parallel to the axes are therefore 


a — a . r sin 0 and 6 -f a . r cos 
or a — «y and b -\- olx. 

Hence, if X and Y are the components of P parallel to the axes, 
the virtual work of P, which is equal to the virtual work of its compo¬ 
nents, is 


X(a - ay) -|- Y{b -f- ouc) aX bY oi{Yx - Xy). 

Since a, 6, and a are the same for each force of the system, this 
expression represents the virtual work of any of the forces, and the 
sum of their virtual works is 

aXX -h bZY -f a 2 ’( Yx - Xy). 

But since the forces are in equilibrium, XX and XY are separately 
zero. 

Also X{Yx — Xy) is equal to the sum of the moments of the forces 
about 0, and is therefore zero. 

Hence the sum of the virtual works is zero if the forces are in 
equilibrium. 

Strictly speaking we should say, not that this sum is zero, but 
that it is a small quantity of the second order. 

§ 186 . Forces which may be omitted in using the Principle of Virtual 
Work. 

When a body is not free but can move either under the guidance 
of certain constraints, or is subject to the actions of other rigid bodies, 
it is important to know which actions and reactions can be omitted 
in writing down the equation of virtual work. 

The following are the ones which commonly occur. 

(i) The tension of an inextensible string, when the displacement 
which we suppose the system to undergo does not involve a change in 
the length of the string. 
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For let AB (Fig. 247) be such a string whose tension is T, and let 
A'B' be the displaced position of the string. Draw A‘M, B'N per¬ 
pendicular to AB. 



Since the angle made hy A'B' with AB is very small, A'B' = MN 
to the first order. 

Hence since AB A'B', we have 

AM = BN. 

The virtual work of T is 

T.AM BN) = o. 

(ii) The reaction R of any smooth surface with which the body is in 
contact. 

For as the surface is smooth the reaction on /? is normal to the 
surface at the point of contact, and is therefore at right angles to the 
displacement of this point. Hence the virtual work of R is zero. 
This includes the reaction of a smooth hinge. 

(iii) The reaction at any point of contact with a fixed surface on 
which the body rolls without sliding. 

For the point of contact is instantaneously at rest. Hence the 
normal reaction and the friction at this point have zero displacement. 

(iv) The reactions between any two bodies of the system considered. 
For the action and reaction between two bodies are equal and 

opposite. Hence proWded we consider both bodies in writing down 
the equation of virtual work, the virtual works of the equal and oppo¬ 
site reactions cancel. 

This does not, of course, apply to the case where there is motion 
of the point of contact of the two bodies and the bodies are rough, 
e.g. a rough hinge. 

§186. The method of applying the principle of virtual work is 
illustrated in the following examples. 

Example (i). 

A uniform ladder rests with its upper end against a smooth vertical 
wall and its foot on rough horizontal ground ; to find the force of friction at 
the ground. 
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Let AB (Fig. 248) represent the ladder. Let / be its length, 6 its 
inclination to the vertical, G its centre of gravity, W its weight, and F the 
horizontal component of the reaction at the ground. 



The height of G above the ground is - cos $. and the distance of A 

from the foot of the wall is / sin 6 . 

Let the ladder be slightly displaced so that it remains in contact with 
the wall and ground and G descends. The normal reactions at A and 
B do no work, and the equation of virtual work reduces to 

Wd(Lcos + Fd (/sin 6 ) o, 

Wl 

— -^sin $d 0 FI cos 6 d$ = o, 

F = — tan 0 . 

2 


Example (ii). 

AB and BC are two rods of equal length freely jointed at B, the weight 
« W and that of BC is 2W. They are placed in a vertical plane 
inclined to one another at 90® with the ends A and C ona smooth horizontal 

plane. The ends A and C are joined by an inextensible string. Find the 
tension in this string. 


B 



Let D, E (Fig. 249) be the middle points of the rods, / the length of 
each, T the tension in the string. 

Suppose the system to be slightly displaced so that is slightly 
increased in length. 

The normal reactions at A and C, and the reactions at the hinge do 
no work. 
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If ^BA C ~ 6, the height of D and E above ^C is ^sin 6, the length 
of / 4 C is 2/ cos 6. 

Hence the equation of virtual work is 

3\Vd(^~sin + Td{2l cos 8) = o, 

[:\Vl cos ddd ~ 2TI sin Odd — o, 

T = \ W cot 8. 

But we are given that 8 = 45° in the equilibrium position, 

T = IW. 

Note .—It is very important to remember that all lengths of strings 
and heights of weights must be expressed in terms of one variable only. 

Also heights must be measured from a fi.xed level, i.e. one which does 
not alter with the displacement we suppose the system to undergo. 

Example (iii). 

Four equal uniform rods are smoothly jointed to form a rhombus ABCD, 
which is placed in a vertical plane with AC vertical and A resting on a 
horizontal plane. The rhombus is kept in shape, with the angle BA C equal 
to 8, by a light siring joining B and D. Find the tension in the string. 


C 



Let Gi, Gj, G„ G^ (Fig. 250) be the middle points of the rods, JV the 
weight and 2/ the length of each rod, and let T be the tension in the string. 
The height of G^ or G4 above A is I cos 6, 

and that of Cj or G, is 3/ cos 8. 

The length of BD is 4/ sin 8. 

Suppose the rhombus displaced so that 8 increases byd8,C descending 
in the vertical direction CA. 

The work done by the weights at Gi and G4 is — 2Wd{l cos $)» 

, „ G, and G, — 2Wd{^lcos 0 ), 

tension is — Td{4l sin 6), 

, reactions at the hinges and at A is zero. 


9$ 
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- 2ky(i (/ cos 0 } ~ zlVd {3/ cos ff) - Td (4/ sin 6 ) = o. 

-f ilT/sin 9de 6H^/sin 9 de — ^Tl cos 9 d6 = o. 

4!' cos 9 ~ 8IKsin 9 , 

T = 2W tan 9 . 

Many of the problems in Examples XIII. can be solved quite easily 
by the method of virtual work. 

This method is especially useful in cases where we require the tension 
or thrust in a light string or rod which is keeping a jointed framework 
in shape as in Examples (ii) and (iii) above. 

Example (iv). 

2 he ends of a uuifortn rod AB of length 2I and weight w rest on two smooth 
planes inclined at 45° to the horizontal and with their line of intersection 
horizontal, A light rod BC of length h is fixed at B so that the angle ABC 
is p, BC being above AB. A weight W is applied at C. and the frame ABC 
remains always in a vertical plane normal to both of the smooth planes. If 

the inclination of AB to the horizon is 9 , show that in the position of equili¬ 
brium 

cos p ~ 1) 


wl-irWl A- Wh sin / 5 ‘ 
C 



Let O (Fig. 251) be the intersection of the planes, G the centre of AB, 
AD, BE perpendiculars on the horizontal plane. 

AD = DO and BE = OE, 

AD BE = DE ^ AB cos 9 . 

Hence the height of G above OE is \AB cos = / cos 9 . 

The height of B above OE is 


OB _ 2/ sin (45 — 9 ) 
V2 VF 


= I (cos 9 — sin 9 ), 


and the height of C above B is A sin (/S + 9), 

the height of C above O is / cos ^ / sin 5 + A sin (^3 + 9). 
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For a small displacement dQ, we have 
work done by 

w = ~ wlsm Q dB, 


work done by 

W = — Wl siu 6 de ~ Wl cos B dB + Wh cos -f- B)dB, 

— wl sin B — IF/sin 6 — IF/cos B -f- IFA cos ^cos B — IFA sin /Jsin B ~ o, 
a;/ tan + IF/ tan (? + IFA sin ^ tan ^ = IF(A cos ^ - /), 

tan B = cos ^ - /) 

a'/ 4 - IF/ + IFA sin 


Example (v). 


A uniform isosceles triangle ABC rests with its plane vertical and its 
two equal sides AB, AC in contact with two smooth fixed pegs P and Q. 
PQ is horizontal. Prove that the angle between BC and PQ is either zero 

n BC T 


c 



Fig. 252. 


Let CB produced (Fig. 252) meet the horizontal PQ in E, and let 

BEQ = 6. 

If the triangle is slightly displaced the only work done is by its weight, 
since the pegs at P and Q are smooth. 

We therefore find the height of the centre of gravity, G, above PQ, 
and equate its differential to zero. 

If is the perpendicular from A on PQ we have 


Also 

or 


AQII = ^0sin {B ^ 

PQ 

7XPQ siO' 

sin (B + a). 
sm A ' 

^ sin (B 4 - B) sin (B - 

^ (cos 2tf — cos 2B). 
A • 


B). 
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The height of G above A is \AD cos so that the height of G above 

2 

-AD cos d -(cos zd — cos zB), 

— -^Z>sin 6 dQ + sin zddd — o. 

3 sin ^ 

-t—T Sin d cos d =s - . — cot — sin $. 
sin /! \ z z 


Hence sin 6 ^ o, and then ^ » o, or 

® ^ “* 2 ' 

BC ,A 

= 6Pg-^^^ I- 

BC 

= ^(i + cos A). 

Example (vi). 

Pour equal uniform rods, each of weight w, are connected at one end of 
each by means of a smooth joint, and the other ends rest on a smooth table 
and are connected by equal strings. A weight W is suspended from the 
joint. Show that the tension in the strings is 

(W 2w\ a 


/W’t 2a;\ a 
\ 4 / V 4 I* — 2a*' 


where I is the length of each rod and a is the length of each string. (C.S.) 


0 



B 

Fig. 253. 


Let OA, OB, OC, OD (Fig. 253) represent the rods. 

A BCD is a square, and if E is its centre OE is vertical. 

Let /_OAE = 6 , then AE ^ I cos B, and the length of a side of the 
square is V 2I cos 9 . 

The height of O is / sin 6 , and that of the mid-points of the rods is 

“ sin 6 . 

2 

Suppose the system displaced so that the strings extend by equal 
small amounts, then O descends and so do the mid-points of the rods. 
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Ihe equation of virtual work, if T is the tension in each string, is 
“ 4 ^ ^ 2/ sin Q . d6 Wl cos B . dd . - cos B . dB — o. 


T ^ 


W -{• 2W COS B 


But 


4 V'z sin B 
Vi/ COS B a, 

_ a Via 

cos B — —= -J-, 

V2I 2/ 


sin B = 


V4/> — 2a 

2/ 


2/ 


_ W 2w a 
T ~ -!-X X ,_ 

4 2/ V4/* - 2a* 

-f 2W\ 


_ -r 2tt/^ a 


2a 


EXAMPLES XXXIX. 


1. Four equal heavy uniform rods are freely jointed to form a rhombus 
A BCD which is freely suspended from A, and kept in the shape of a 
square by an inextensible string connecting A and C. Find the 
tension in the string. 

2. A regular hexagon ABCDEF consists of six equal uniform rods, 
each of weight W and freely jointed together. The hexagon rests 
in a vertical plane and is in contact with a horizont^ table ; 
if C and F are connected by a light string, prove that its tension is 

WVJ. 


3. Six equal uniform rods AB, BC, CD, DE, EF, FA, each of weight 
W, are freely jointed to form a regular hexagon. The rod AB is 
fixed in a horizontal position, and the shape of the hexagon is main¬ 
tained by a light rod joining C and F. Find the thrust in the rod. 

4. A regular pentagon ABCDE is formed of five uniform rods, each of 
weight IF,.freely jointed at their extremities. It is freely suspended 
from A, and is maintained in its regular pentagonal form by a light 
rod joining B and E. Prove that the stress in the rod is IF'cot 18®. 

(C.S.) 

5. A unifonn lamina in the shape of an equilateral triangle ABC of 
side a has its vertices attached to the vertices of a fixed horizontal 
equilateral triangle of side by equal strings A A', BB\ CC\ A 
couple of moment iVf in a horizontal plane acts on the lamina ^d 
holds it turned through an angle B from its undisturbed position. 
Prove that 


sin 6 = 


^hM 

abW 


where W is the weight of the lamina and h the distance between the 
planes ABC, A* B' C' (in the disturbed position). (C.S.) 

6. A weightless tripod, consisting of three legs of equal length /, smoo^y 
joint^ at the apex, stands on a smooth horizontal plane. A weight 



805 


VIRTUAL WORK. 


KXAMPLKS 


IV hangs from the apex. The tripod is prevented from collapsing 
by three inextensible strings, each of length L joining the mid-points 
of the legs. Show that the tension in each string is 



(C.S.) 


^BCZ> IS a rhombus formed by four light rods smoothly jointed at 
their ends, and PQ is a light rod smoothly jointed at one end to a 
point P in BC and at the other end to a point Q in A D. Two forces 
each equal to F are applied at A and C in opposite directions along 
Prove that the stress in PQ is 


F.AB.PQ 

1C{AQ^BP)' 

A hexagon / 4 BCPPP, consisting of six equal heavy rods of weight 
Iv freely jointed together, hangs in a vertical plane with AB horizon¬ 
tal, and the frame is kept in the form of a regular hexagon by 
a light rod connecting the mid-points of the rods CD and EF. 
Determine the thrust in the light rod. (C.S.) 


A uniform lamina in the form of a parallelogram rests with two 
adjacent sides on two smooth pegs in the same horizontal line at a 
dist^ce c apart. 2h is the length of the diagonal through the inter¬ 
section of the two sides ; a, 0 are the angles which this diagonal 
makes with the sides and with the vertical (a > fi). Prove that 


h sin <?sin (a -{- ^) = c sin {26 — a. i- /S). (C.S.) 

Two heavy uniform bars AB, BC of weights W, W' are connected 
at B by a rough pivot at which there is a small frictional couple G. 
The bar AB can turn in a vertical plane about a smooth pivot at 
A, and the end C of the bar BC can slide in a smooth horizontal 
groove whose direction passes through A. Prove that the smallest 
horizontal force at C which will maintain equilibrium is 

{W + W') cos A cos C G . AC 

2 sinB AB.BCsinB' (N.U.) 


Six equal heavy beams are freely jointed at their ends to form a 
hexagon, and are placed in a vertical plane with one beam resting on 
a horizontal plane ; the middle points of the two upper slant beams, 
^yhich are inclined at angle 0 to the horizontal, are connected by a 
light cord. Show that its tension is 6W cot $, where W is the weight 
of each beam. (C.S.) 

A triangle ABC of any shape is formed of light rods smoothly jointed 
to each other at their ends. It is placed in a vertical plane with A 
downwards and the rods AB, AC resting on two smooth pegs on a 
horizontal line. A weight IV is suspended from A ; prove that the 
stress in the rod BC is 


1 

2 


Wl 


cosec> lA, 


where 2/ is the distance between the pegs and p is the perpendicular 
from A on BC. g j 
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13. A tripod of three equal light rods of length I, loosely jointed together 

at the top, rests on a smooth table, their lower ends being held to¬ 
gether by three equal horizontal strings of length a, which join them 
in pairs. A weight 11 ’ is hung from the top. Find the tensions in 
the strings. (C.S.) 

14. Six equal uniform rods freely jointed at their extremities form 
a tetrahedron. If this tetrahedron is placed with one face on a 
smooth horizontal table, prove that the thrust along a horizontal 

w 

rod is where w is the weight of a rod. (C.S.) 



A rhombus A BCD of smoothly jointed rods rests on a smooth table 
with the rod BC fixed in position. The middle points of AD, DC 
are connected by a string which is kept taut by a couple L applied to 
the rod AB. Prove that the tension in the string is 


zL 

AB cos (kABCy 


(C.S.) 



Three equal rods, each of weight w, are freely jointed together at 
one extremity of each to form a tripod and rest with their other ex¬ 
tremities on a smooth horizontal plane, each rod inclined at an 
angle B to the vertical, equilibrium being maintained by three 
equal light strings each joining two of these extremities. Prove 
by means of the principle of virtual work, or in any other manner, 


that the tension in each string is 


W tan B 
2V3 


(H.C.) 


17. A uniform isosceles triangular lamina is supp>orted vertically with 
its vertex downwards upon two smooth pegs in a horizont^ line. 
Prove that, if p is the distance of the centre of gravity from the ver¬ 
tex, a the vertical angle, and q the distance between the pegs, there 
will be one or three positions of equilibrium according as is > or < 
iq cosec a. (C.S.) 


18. Show that, if a step ladder consists of two equal halves, each of 
weight W, and a load W' is placed on the top of the ladder, the 


tension in the cord is equal to 


2ah 


where 2a is the length 


of the cord, h is the height of the ladder, and 26 the distance between 
its ends. The cord is fastened to the two halves at equal distances 
from the top. 


19. A rhombus of four equal light rods of length a smoothly jointed has 
its opposite comers joined by elastic strings of the same material 
and of natural lengths a Vz" and \aV2^ and rests on a horizontal 
plane. Show that in equilibrium an angle of the rhombus is 30^. 

20. Four equal uniform rods AB, BC, CD, DE, each of weight W, are sus¬ 
pended from fixed points A and E in the same horizontal line. A 
string connects the middle points of BC and CD. Show that, if 
a and are the angles made by and BC with the horizontal, the 
tension of the string is W (3 cot a — cot fi). 

21. Four freely jointed bars form a framework having the form of a paral¬ 
lelogram A BCD. The points B and C are attached by strings to 
two points X and Y respectively of the bar AD. Apply the pr^" 
ciple of virtual work to prove that, the system being in equili- 
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brium, the tensions in the strings will be equal if the angle ABX is 
equal to the angle DCY. 

22. Four equal uniform rods of weight W are freely jointed so as to form 
a square ABCD which is suspended from A, and is prevented from 
collapsing by an inextensible string joining the middle points of 
AB and BC. Prove that the tension of the string is 4IF, and find 
the magnitude and direction of the reaction at B. (C.S.) 


23. A parallelogram ABCD is formed of uniform heavy rods freely 
jointed at their extremities. /IB is held fixed in a horizontal posi- 
tion, and the parallelogram is maintained in its form so that ADC 
is an acute angle a by means of a string joining /I to a point 

P in DC. Prove that the tension of the string is —' * 


DP 


where W is half the weight of the parallelogram. 


(C.S.) 


24. A quadrilateral ABCD formed of four uniform rods, smoothly jointed 
to each other at their ends, is freely suspended from the joint A, 
the rods AB, AD being equal, and also the rods BC, CD. A string 
joins A to C. Apply the principle of virtual work to show that the 
tension in the string is 

where is the weight of an upper rod, IF, of a lower rod, and E 
is the point of intersection of the diagonals A C. BD. (H.S.C.) 


25. A uniform ladder of length / and weight IF is held with its upper end 
resting against a smooth vertical wall, and with its lower end on a 
smooth horizontal surface ; a man of weight W' stands on the ladder 
at a distance I' from the lower end. Show that if the ladder is kept 
from slipping by means of a couple, the moment of the couple is 
equal to 

(ilF/ + lFT)sin d, 

where 6 is the inclination of the ladder to the vertical. Draw a 
diagram to indicate the sense of the couple. (H.C.) 


§ 187. Stability of EqaiUbriam. 

If the only force acting on a body (other than the reactions of 
smooth constraints) is gravity, then the weight of the body is the only 
force which appears in the equation of virtual work. 

Hence, if z is the height of the centre of gravity above some fixed 
level, we have 

Wdz = 0. 

From this it follows that, when z is expressed as a function of 
some variable $, 


dz 



and z must be stationary. 

Now the potential energy of the body depends on the value of z, 
and will be a maximum or minimum according as z is a maximum or 
minimum. We know also that if the body is slightly displaced from 



308 


INTERMEDIATE MECHANICS 


a position of equilibrium, ii begins to move so that the potential energy 
decreases. 

Hence if the potential energy (and therefore r) is a maximum 
the body will begin to move away from the position of equilibrium, 
which is therefore unstable. 

If, on the other hand, the potential energy is a minimum, the body 
will return to the position of equilibrium, w'hich is therefore stable. 
The equilibrium is therefore stable or unstable according as the 
height of the centre of gravity is a true minimum or a true maximum. 
d^z 

If ^ = o and z (and therefore the potential energy) is not a true 

maximum or minimum, the equilibrium is apparently neutral. Such 
cases, however, require further investigation. They are frequently 
unstable. 

§ 188 . The problem of paragraph 166 can be dealt with by this 
method. 


Fig. 254. 

Let 0 (Fig. 254) be the centre of the surface of the fixed body, 

Cj that of the upper body, and its centre of gravity, and the 

point of contact. 

OAi — f?, Aj^Ci — Afix — h. 

Let C2, Gg, A\ be the displaced position of Cj, Gj, Aj, and A^ the 
new point of contact. AfiA^=B and Afi^\ = p. Then as 
before, 

^ f 

The height of Gj above O is 

z — (R + r) cos 6 — (r — h) cos (0 -f- 

= (i? + r) cos 0 — (f' — h) cos (^7^) 

* = - (R + r) sin 9 + (r- y + >■ ) sin (^) 
and g = - (R + ,) cos 9 + 1 * cos 
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It is clear that 6 ~ o makes ^ therefore gives a position 

of equilibrium. 

dh 

This is stable if is positive, i.e. if 


(r - h)(R + r)^ 






or 

or 

or 


Rr J^r^ — hR— hr > r^, 
Rf > h(R + f), 

I I , I 

A ^ 7 


If T — H" . fhen = o, and we must examine the value of 
n r K do* 

the higher differential coefficients. 

We have 


dH 


/» 1 \ ’ a — R)iR • /'R + ^\a 

= (R-\-r) sin d - i-^ sm 


and this vanishes when 0 — o. 
dS* 


/t> 1 \ a {l'^ h){R-i- r)* ^R + *'\a 

= {/? -b r) cos 9 — ^—■—- cos ( —^— j 0. 


When 0 a= o, this becomes 


(^ + 
R-i-r 


0 [.- 


(r -h){R^ r)3 


rR 


L 


= + '•)*]. 

and this is negative, so that z is a maximum and the equilibrium is 
unstable. 

§ 189. Example. 

^ ^ Three equal uniform bars AB, BC, CD, each of length 2a, are smoothly 
jointed at B, C and rest with BC horizontal and AB, CD each on small 
smooth pegs at the same level at a distance 2(a 6) apart. 

Show that, if 2a >• 36, there are two positions of equilibrium, and dcter- 
m%ne which of them is stable. 

If 2a = 36, show that there is only one position of equilibrium and that 
tt ts unstable, (N.U.) 

VOL.II -L 
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Let P, Q (Fig. 255) be the positions of the pegs, and let I.BPQ = $, 
The height of the centre of gravity of ^ B and CD above PQ is 

b tan 6 — a sin $, 

and that of BC is b tan 0. 



For a small displacement d0, we have 

- «) sin e + Wd{b tan «) = o. 

26 sec* 6 2a cos 0 b sec* ^ = o, 

2a cos 0 ^ ^b sec* 0 , 

cos* » T=-or cos 6 == \l~. 

2a' Mza 

Hence for equilibrium to be possible 2a > 36, 

There are two possible values of 0 , if one is a the other is — a. 

To determine which is stable we differentiate the height of the centre 
of gravity of the system twice. 

This height is 

26 tan ^ — 2a sin ^ + 6 tan 0 


••• 3 ^ = 2fe sec* 0 — tacos 0 b sec* 0 , 

d*z , bfc . » 

■** ^J0* -^ cos* 0 ^ + 2a sin ^ sin 0(40 2a). 


If 0 is negative this is negative and the equilibrium is stable. 

If 0 is positive this is positive and the equilibrium is unstable. 

The position shown in the figure is the unstable one. 

If 2a = 36, cos 0=1, 0 = 0, and there is only one position of 
equilibrium ; all the rods being horizontal. 

In this case = o, and the usual test for a maximum or minimum 


fails. 

Let the system be displaced into the position A'B'C'D' (Fig, 256) 
through a small angle 0 . 


PB — |a, and BB' ^ }a tan 0. 
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PB' = fa sec B, and the distance of the centre of gravity of A'B’ 
from P is therefore 

a — fa sec B. 



Fig. 256. 


The centres of gravity ot AB and CD have therefore risen a distance 

a sin — fa tan B. 

The centre of gravity of BC has descended a distance fa tan B. 
Hence the loss of potential energy is 

I lUa tan — 2 H^a sin B + * Wa tan 0 = zWa (tan B — sin B). 

Now this expression is always positive for small values of 8 . 

Hence for this displacement the potential energy decreases and the 
equilibrium is unstable. 


EXAMPLES XL. 

A uniform solid hemisphere hangs with its plane face towards a 
smooth vertical wall suspended by a string of length equal to the 
diameter, one end being fastened to the wall and the other to the 
rim of the hemisphere. Find the inclination of the string to the 
wall in equilibrium, and determine whether the equilibrium is stable 

(C.S.) 

A uniform heavy rod of length 2/ rests with its ends on a fixed smooth 
parabola with axis vertical and vertex downwards (latus rectum = 
4a). Show that if / > 2a there are three positions of equilibrium 
and that the horizontal position is then unstable, but that if / ^ 2a 
the only position of equilibrium is horizontal. (C S ) 

The ends ^, B of a uniform rigid rod of length 2/ are constrained to 
move on two fixed smooth wires OA, OB at right angles, each of 
which « inclined at 45" to the vertical. O is the highest point. 
Prove that when the rod is horizontal the equilibrium is sUble. 

(C.S.) 

A cylinder rests in equiUbrium on a table. Show that if the radius 

of cu^ature of any cross-section at its point of contact is greater 

gravity, the equilibrium is stable. 
Show that the stable equilibrium of an elliptic cylinder lying with 

its generators horizontal on a table cannot be rendered unstable by 
loading it at the top if « > g j 
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5- A rigid triangular frame consisting of equal heavy rods hangs in 
equilibrium with the two upper rods in contact with smooth pegs 
in the same horizontal line. Prove that, if the distance between 
the pegs is greater than a quarter the length of each rod, there is 
an oblique position of equilibrium which is stable. (C.S.) 

6. Two small rings P, Q can slide on the upper part of a smooth circular 

wire in a vertical plane, and are attached by strings of equal length 
to a third ring R which is free to slide along the vertical diameter 
of the circle. The weights of the three rings are equal. Prove that, 
if the lengths of the strings are less than the radius of the circle, 
there is a stable position of equilibrium in which R is at the centroid 
of the triangle POQ, where O is the centre of the circle. (C.S.) 

7. AB is the horizontal diameter of a circular wire whose plane is 
vertical. A load of mass M at the lowest point C can slide on the 
wire and is attached to two strings which pass through small fixed 
rings a.t A, B. To the other ends of the strings are attached equal 
particles *n which hang freely. Find the potential energy of the 
system when it is displaced so that the radius to M makes an angle ^ 
with the vertical. Deduce that the equilibrium with M at C is 

stable if (C.S.) 


8. A light lever AOB of length 2a can turn freely about its middle point 
O. A weight 'iw hangs from the end A. A light rod BC of length 6 
is smoothly jointed to at B, and the end C supports a weight w 
and is restricted by a frictionless constraint to move in the downward 
vertical through O. Investigate the positions of limiting equilibrium 
and their stability according as a is greater than, equal to. or less 
than b. Also show that, if, in the case 6 > a. turning at the joint 
B is resisted by a constant friction couple F, there is a position of 
limiting equilibrium in which the lever makes an angle d with the 
vertical given by 

F sin B cos* = (6* — a*) {wa sin B — F)*. (C.S.) 

9. A thin wire has the form of a circle in a vertical plane with centre 
C. A, B are pegs attached to the wire so that CA, CB make angles 
a on opposite sides of the downward vertical through C. A small 
ring of mass M can slide on the wire, and is attached to two strings 
passed over the pegs with masses m hanging from their ends. Write 
down the potential energy of the system when the radius to M makM 
an angle B with the vertical. Hence discuss the stability of equili¬ 
brium positions in the cases 



m sin |a. 


(C.S.) 


10. A rectangular block of height 2h rests with two faces vertical and 

its base in contact with a fixed rough cylinder of radius a whose axis 
is horizontal, the base of the block making an angle a with the hori¬ 
zontal plane. Find the change in the potential energy when the 
block is rolled on the cylinder through a small angle B ; and show 
that if A *= a cos* a, the block is in neutral equilibrium to a first 
approximation, but is actually in unstable equilibrium. (C.S.) 

11. A circular cylinder of radius a and weight W having its centre of 
gravity at a distance c from its axis rests in stable equilibrium on a 
horizontal plane. A uniform plank of thickness 26 and weight w 
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is placed on the cylinder, so as to rest in a horizontal position with its 
length perpendicular to the axis of the cylinder. Prove that the 
system is in stable equilibrium for small rolling displacements if 



(C.S.) 


12. A uniform rod of length 2lV^ has attached to its ends a string of 

length 4/, which passes through a small smooth ring fixed in a smooth 
vertical wall. Prove that there is a position of equilibrium in which 
one end of the rod presses against the wall, and that the length of 
the string in contact with the wall is then /. Show also that the 
position of equilibrium is unstable. (H.C.) 

13. The cross-section of a uniform homogeneous prism is a rectangle 

A BCD. It is placed between the two planes which have a common 
horizontal straight line and are each inclined to the horizontal 
at an angle a, so that the edge through A is in contact with one 
plane and the edge through B with the other. If ^ is the inclination 
of AB to the horizontal, prove that the height of the centre of 
gravity of the prism above the common line of the planes is 
\{AB tan a -f BC) cos B. Hence show that if the planes are smooth 
the position in which AB is horizontal is a position of unstable 
equilibrium. What other positions of equilibrium are there with 
the prism between the planes with the face A BCD vertical, and which, 
if any, of them are stable ? (H.S.C.) 

14. A uniform rough plank of weight W and thickness 26 rests horizontally 

in equilibrium across a fixed rough cylinder of radius a, and a particle 
of weight w is fixed to the plank vertically above the axis of the 
cylinder. Prove that, if {IV -J- w)a > b{W + 2u/), equilibrium is 
stable, and that if {W 4 - w)a < b{lV -f 2w) it is unstable. Show 
that in the former case there are two oblique positions of equilibrium 
which are unstable, provided that the friction is great enough to 
prevent slipping. (C.S.) 

15. Explain what is meant by the stability of a position of equilibrium. 

How may it be determined ? Illustrate your answer by considering 
the case of a uniform solid right circular cone resting on a fixed 
spherical surface, the surfaces considered being rough. (C.S.) 

16. A uniform regular hexagonal lamina rests in a vertical 

plane with the sides A B and CD in contact with t^vo fixed parallel 
smooth horizontal rods in the same horizontal plane. Show that 
the only position of equilibrium is the one in which BC is horizontal 
and that it is stable. (C.S.) 

17. A uniform hemisphere of weight W and radius a is placed symmetri¬ 
cally on top of a fixed sphere of radius b, the curved surfaces being 
in contact and sufficiently rough to prevent sliding. Show that if 
the hemfsphere is rolled through a small angle B the gain of potential 
energy is approximately 

I tV{^b — sa)a6^ 

16 {a + b) ' 

and deduce the condition for stability. (C.S.) 

18. The two ends of a uniform rod of length / and weight w are attached 
to the two ends of a light elastic string of natural length / and modulus 
E, The rod is suspended in a horizontal position by hanging the 
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string over a smooth nail. Write down the potential energy of the 
system when the two portions of the string make an angle 6 with the 
rod, and prove that in the position of equilibrium 

tan 6 — sin Q = (N.U.) 

19. A cubical box whose sides are of length 2a is in equilibrium with a 
pair of adjacent sides resting one on each of two parallel horizontal 
smooth supports at the same level, whose distance apart is c(< 2a). 
Show that, if a* > 2c*, there is only one position of equilibrium, the 
symmetrical position. Show further that, if n* < 2C*, other positions 

of equilibrium exist, determined by 2r cos 0 — aVz, where d is the 
angle that the plane joining the centre of the box to the lowest edge 
makes with the vertical. (H.S.C.) 

20. Two equal uniform rods are fastened at right angles to one another 

at a common end, and, with that end uppermost, are free to slide 
each in contact with one of two smooth rails in the form of 
right circular cylinders, of equal radius a, which have their axes 
parallel, in the same horizontal plane, and at a distance c apart. 
Prove that, if the length of either rod lies between 4(0 -{- c) and 
4{a + cV2). there are three configurations of equilibrium, that 
in which the rods are equally inclined to the vertical being stable 
and the other two unstable. (C.S.) 

21. A rigid square framework of rods is hung over two smooth pegs in 

the same horizontal line. Prove that if the distance between the 
pegs is greater than ^ (diagonal) and less than 4 (side) of the square, 
an unsymmetrical position of equilibrium exists, and show that it 
is stable. (H.C.) 

22. A uniform rod AB, of weight W and length a, is free to turn about 
its end A, which is fixed. A fine string is attached to B and passing 
Over a smooth pulley vertically above A and at a distance A(> a) 
from A, carries a weight w. Show that, if 

h a 2w h ^ a 

~ir~ ^ 

the two positions in which AB is vertical are stable positions of 
equilibrium. (H.C.) 

23. A uniform square trap-door A BCD, of weight W, can turn freely 

about the edge AB. which is horizontal. One end of an elastic cord, 
of length \BC and modulus of elasticity is fastened to a hook 
which is fixed at a point vertically above the middle point of AB and 
at a height equal to BC ; the other end is attached to the middle 
point of CD. Prove that the door can rest in equilibrium at an 
angle of 60® to the vertical; and prove that the equilibrium is 
stable. (H.C.) 

§ 190 . The following examples illustrate the methods of this and the 

preceding chapters. Some of them are of a more difficult type than those 

already considered. 

Example (i). 

A solid hemisphere rests with its base in an inclined positiw at an angle 

B to the horisontal, its curved surf ace restir^ on a horizontal plane {coefficient 
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of friction ft) and against a vertical plane {coefficient of friction /i'). If the 

hemisphere is on the point of slipping, show that ^ ^ where 

a 1 - 4 - fxfx 

a is the radius of the hemisphere and the centre of gravity is on the axis of 
symmetry at a distance c frotn the centre. 

U ~ a ~ 8' there is no position of limiting equili¬ 
brium for the hemisphere if • \''3i _ (C.S.) 



Let O (Fig. 257) be the centre of the hemisphere. G its centre of 
gravity, C and D the points of contact with wall and ground. Let 
A, A' be the angles of friction at the ground and wall. 

The normals at C and D pass through O, and the resultant reactions 
at C and D (making angles A' and A with CO. DO) must meet at E on 
the vertical through G. 

Let the vertical through C meet DC in F. 

The distance of G and F from OD is c sin $, and since LODF — 45®, 
DF = V2csin e, FC — V2fl — Vac sin $. 


In the triangle DEC we have 

Via cot 45® = V2C sin cot A — V2(a - c sin 6 ) tan V. 
a = c sin d (cot A + tan A') — a tan A', 
csin e _ I -I- tan A' /i(i -f 

a ~ cot A + tan A' i + ‘ 


When ft = n' and - = | 

(I O 


, we have 


or 

or 

or 


sin 9 = 

3(1 + h *) 

Hence for equilibrium to be limiting we must have 

8/i + 8;** < 3 -f 3^«, 

5m* + 8/i — 3 < o, 

if* + 

5 m < V31 - 4. 
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Example (ii). 

An aeroplane rests on the ground and is supported in front by a pair of 
wheels of radius a and behind by a tail skid which touches the ground at 
a distance I from the line joining the points of contact of the wheels. It is 
found that, if the aeroplane is tilted up through an angle 9 , the vertical force 
required to support the tail skid is half the original pressure on the ground. 
Prove that the aeroplane will tip on its nose if tilted throiigh a total angle 
greater than 

cot-^^(cot 0 — yV (C.S.) 



Fig. 258 represents a vertical section through the centre of the plane. 
C the axle, A the line of contact of the wheels, B the point of contact of 
the tail skid. 

Let G be taken as the centre of gravity, and let the vertical through G 
meet CB in D, where CD = b, DB = c ; also GD = h, ^ABC = a. 

If R is the pressure on the ground at B, taking moments about A, 

Rl ss Wb cos a. 


When tilted through an angle 9 the distance of the vertical through 
G from A becomes b cos (a — 9 ) ~~ h sin 9 , and the distance of the vertical 
through B from A becomes (6 + c) cos (a — 9 ). 

Taking moments about A, 


~{b c) cos {oi — 9 ) = cos {tt ~ 9 ) — h sin 6 ~J, 


. hsin 9 b cos (a — 


“ (fr + c) cos (a - 9 ), 


= b cos (a ~ ~ (6jf_^^cos_aj _ _ 


6 ) 


Now the plane will tip over when tilted through an angle ^ so that 
G comes vertically over C, i.e. when b cos (a — ^) = h sin 
Hence ^ is given by 

u / jv * cos (a — 9 ) sin ^ ' 

0 cos (a — ^) -i —:—i -r, 

cos a cot ^ + sin a = i cos a cot + i sin a, 

-j)- 


.'. cot ^ = i cot 9 — j[ tan a = J^cot 9 
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Example (iii). 

A light string of length I has a heavy smooth ring of weight W threaded 
on it, and has one end fixed to the upper end O of a rough rod fixed at an 
angle a to the horizontal, the other end of the siring being attached to another 
ring P of weight w which slides along the rod. If OP = x, and the two por¬ 
tions of the string are inclined at an angle 2 6 , show that the positions of 

I sin $ 

limiting equilibrium are given by x — -, where 6 has either of the 

cos a 

values given by 

W tan 0 — (2w + tan (a ± A), 

A being the angle of friction. (Ex.) 



Fig. 259. 

Let A (Fig. 259) be the position of the weight W, OAP the string, 
and P the position of the ring w on the rod. 

Since W is smooth and free to move on the string. AO, AP make 
equal angles 0 with the vertical. 

The projections of OA and AP ou. the horizontal are together equal 
to I sin 0 , and the projection of OP is OP cos a, 

X cos a = / sin 0 , 


Let P be the normal reaction at P, T the tension in the string, and 
fi the coefficient of friction. 

Resolving vertically for W, 

2T cos 0 ^ W . . . • (i) 

.)] 

. (ii) 

Resolving perpendicular to the rod for w, we have 

P =s a» cos a + T cos (a — tf) . (iii) 

fiw cos a + fiT cos (a — ^ a; sin a + T sin (a — 0 ), 


Resolving along the rod for w, 

fiR = w sin a + T cos — (a — 

=5s w sin a -h T sin {a — 0 ) . 
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. using (i) 


MU,cos g + « + <“ - »> 


2 COS 6 


2 COS 9 


/ . sin A cos a\ ,,,, 

2w(^sin a- ^ — j = lr(^cos a+/*sin a tan ^ ~ sin a+cos atan B). 

. . i ^/sin A sin a . \1 

•• ^“' - ■ cosA -^^'L- cosA + 


= -[ 


tan B 


cos (a — A) sin (a — A) 


]• 


cos A cos A 

tan cos (a — A) = (W^ + zw) sin (a — A), 

W tan B = {W + zw) tan (a — A). 

If a is smaller than A the angle made by AP with OP will be obtuse, 
and the angle (a — A) in the above result becomes (a + A). 


Example (iv). 

A cylinder rests inside a fixed hollow cylinder whose axis is horieonial 
and subtends an angle 2a at this axis. A cylinder equal to the former is 
placed so as to rest in contact with both tvithout disturbing the former. 
Show that if the surfaces are equally rough the angle of friction must be greater 


a 


than each of -- and a. 

4 2 


(C.S.) 



4 

Let A, B, C (Fig. 260) be the centres of the cyUnders, D, E, F the 
points of contact. 

Consider the equilibrium of the lower cylinder. 

The weight and the resultant reaction at D both act at this point 
so that for equilibrium the resultant reaction at F must also pass 
through D. 

Hence the angle of friction at F must be not less than BFD which is 

equal to-. 

42 

(The resultant reaction at D acts between DB and DF.) 

Consider the equihbrium of the upper cylinder. 

The resultant reaction at F meets the vertical through C at H on the 
circumference. Hence the resultant reaction at E must also pass 
through H, 
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Now CHCA = c^AC = 2* 

and ^HEC = \lHCA = a. 

Hence the angle of friction at E must be not less than a. Since the 
surfaces are equally rough, the angle of friction must not be less than 

either-- or «. 

4 2 

Example (v). 

Show that two cylindrical logs, of equal radius but unequal weights 
W and W'. where W' > W, can rest in contact on an inclined plane with 
their axes horizontal and the heavier log uppermost, if the coefficient of 

friction fi {supposed the satne at each line of cofitact) exceeds and 


the inclination of the plane is less than 


W' - W 


tan~^ 


(/* + i)(W' + IP)* 


(C.S.) 



Let A, B (Fig. 261) be the centres of the logs, C, D their points of 
contact with the plane, and E the point of contact with each other. 
Let R, S, P be the normal reactions at C, D, E. 

By taking moments about the centres it is clear that the forces of 
friction at each contact must be equal, let each be F. 

If sUpping can take place at E the lower log will roll down whatever 
the inclination of the plane. 

To prevent the lower log rolling about C, we must have 

Fa = Pa A- a sin. a. (ij 

and to prevent the upper log rolling about D, 

Fa A- Pa = W'a sin a . . . . 

These two equations give 

F = + W') sin a, 

P = UW' - W) sin a. 

and fiP must not be less than F, 

W' + W 


/* < 


~ W' 
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If /I is greater than this value no slipping can take place at E. In 
this case, however, it is possible that the lower log may roll about C while 
the upper one rotates in such a way that the t%vo roll on each other at E 
while the point of contact at D slips downwards. 

This will happen if the friction at D is insufficient. 

Now taking moments about E for the upper log, we have 

Sa = W' a cos a — Fa, 

S = cos a - \{W + W') sin a. 

And if there is to be no slipping downwards at D, 


+ H^'sin a, 

tiW'cos a - + W') sin a + \{W' - W) sin a < IK'sin a, 

• tan - J(W" - HO + i^{W + W')'j > ^W', 

tan a (H' + H'O 

. tnn r, ^ 

• ■ ‘ + H") (I + 


It should be noticed that unless W' is greater than IK, equations 
(i) and (ii) cannot both hold, and equilibrium is impossible. 


Example (vi). 

Two light rods AC, BC, each 6 inches long, are freely jointed to fixed 
points A and B in a horizontal plane 6 inches apart ; from C hangs a 
weight of lo lb. the system being kept in equilibrium, with the plane ABC 
inclined to the vertical, by a string CD 9 inches long, attached to a point 
D in the same horizontal plane as A and B, the triangle ABD being equi¬ 
lateral. Find the thrusts in the rods and the tension in the string. (Ex.) 


C 



Fig. 262. 


Let E (Fig. 262) be the middle point of AB. 

DE = CE = 3 V3I 

27 -f 27 — 8i 

.*. cos DEC = -i—■—1- 

2 X 27 

T_DEC = 120®. 

By symmet^>^ the thrusts in BC and AC are equivalent to a thrust 
along EC, say R : let T be the tension in the string. 
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Resolving vertically, 

R cos 30® — T cos 60® = 10 . . • (i) 

Resolving horizontally, 

R cos 60® = T cos 30® , . . • (u) 

R = 

and from (i) 3r — r = 20, 

T = 10 lb. wt.. 

.-./? = 10 ^3 lb. wt. 

If T' is the thrust \n AC and BC, 

2T' cos 30® = R ^ 10 V3, 

T' = xo lb. wt. 


Example (vii). 


A rhombus is formed of rods each of weight W and length I with smooth 
joints. It rests symmetrically with its two upper sides in coyitact with two 
smooth pegs at the same level and at a distance apart 2a. A weight W' is 
hung at the lowest point. If the sides of the rhombus make an angle d with 
the vertical show that 


a{^W + W') 
- /(4JV + 2W'y 


(C.s.) 


A 



Let ABCD (Fig. 263) represent the rhombus, P and Q the positions of 
the pegs. 

The depth of the centre of gravity of AB or AD below PQ is 
- cos 9 — a cot 9 , and the depth of the centre of gravity of BC or AD 

below PQ is - cos — a cot + / cos or — cos — a cot 9 . 

2 2 

The depth of C is - cos 9 — a cot 5 4-— cos 9 or 2/ cos 9 — a cot 9 . 

2 2 
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The equation of virtual work for a small displacement d 9 is 
2Wd(^~cos d — acote^ + 2Wd^ cos — a cot «j 

+ W^d{2l cos 9 — a cot 9 ) 

sin + 2iVa cosec* 9 — 31V/sin 9 + 2Wa cosec* 9 

— 2pr7sin 9 + a cosec* 9 
sin* 9 {4IVI -i- 2lV'l) = 4Wa + W'a, 


— o. 


= O. 


sin* 

tuw + iW'Y 


Example (viii). 

A uniform plank is to be lowered to the ground from a vertical position 
by one man, who places the lower end against a smooth vertical step and then 
walks backwards exerting a force on the plank perpendicular to the length 
of the latter at a point which is always 6 feet above the ground. Show that 
the plank will slip if Us length is greater than 18^3 feet. (C.S.) 



Fig. 264. 

Let AB (Fig. 264) represent the plank when inclined at an angle 9 to 
the ground, let G be its centre of gravity, and C the point where the man 
applies the force. 

If R is the vertical reaction of the ground at A, the plank will slip 
when R vanishes. 

Resolving vertically, 

P cos + R = PF. 

Taking moments about A, 

6 
sm 

R W ~ W 


^sirTtf ” 2/ = the length of AB 

I sin 9 cos* 9 


Hence R will vanish when sin 9 cos* 9 = i. 




sin 9 cos* 9 ' 

For the maximum value of sin 9 cos* 9 we have, by differentiation* 

cos* 9—2 sin* 9 cos 9 = o, 

cos ^ = o, or tan 9 = 

V2 
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The former value is impossible, and with latter value 

I 


cos 6 


With these values 


= V— and sin Q = 

^3 V3 




sin $ cos* 6 


«> 

n 


Also I must not be greater than this minimum value, and the maximum 
length is therefore i8 Vs feet. 


Example (ix). 

A particle C is attached to two light elastic strings CA and CB of the 
same modulus of elasticity, which are fastened to points A and B in the same 
hortzontal plane as C, and the strings are just taut. The particle is then 
repelled from M, the middle point of AB, by a force which moves it to a new 
position C'. Prove that 


I I I I 

AC ~ AC^ ~ BC^ BC'’ 


(N.U.) 


Let Fig. 265 represent the original and displaced positions, and let 
Ti, r, be the tensions in AC', BC'. 



Fig. 265. 


If E is the modulus of elasticity, we have 



= E 


AC' — AC 
AC 


, and T^ = E 


BC' - BC 
BC 


Resolving perpendicular to MC', 

Tj sin ^C'Af = r, sin BC'M. 
sin BC'M AC' 
sin A C'M ~ BC * 

AC' — AC BC' — BC AC' 

AC BC 'BC'* 

I I 1 I 

**• AC AC'~BC~BC'' 

Example (x). 

Prove that if a transversal cuts the lines of action OA , OB. OC, of three 
forces P, Q. R in equilibrium, at the points A, B, C. then with a conven¬ 
tion regarding sign 
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and deduce that 


P Q R 

OA . BC OB.CA OC.AB’ 

OA^ OB^ 0 C~ 


Show also that if any number offerees P, Q, R, etc., acting at a point in 
the lines OA, OB, OC . . . are in equilibrium, and if K he any point upon 
a transversal cutting the lines at A, B, C . . . then 



.P.AKO.BKR.CK, 

=r o, and , + ■- Ar. + + . . . =* o- 


OA 


OB 


OC 


(Ex.) 



In Fig. 266 it is clear that if P and R act in the direction OA, OC, 
then Q must act from B to O since the forces are in equilibrium. By 
Lami's Theorem, 

_P _ Q _ R 

sin BOC sin ^OC”"sin AOB' 


Also in the triangle OBC, 

sin OCB sin BOC 
~~OB BC ' 

and in the triangle OAC, 

sin OCA sin A OC 

~oA :?c~' 

OA AC sin BOC 
*' OB ~BC* sin ^OC' 

P sin BOC OA . BC 
■*' Q “ sin AOC ~ OB . AC 
P Q Q 

“ OA .Be OB .AC~ OB .CA* 

where CA is in the opposite direction to BC, or negative, since Q 
the opposite direction to P. Similarly for the other equality. Putting 
each fraction equal to k, we have 

^ + OT + ^ + C .1 + AB) = o, 

since CA — — AC, 
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Let p be the pexpendicular from O on the transversal. 

The sum of the resolved parts of the forces perpendicular to the 
transversal must be zero. 


Hence 


P sin A Q sin B 4 * ^ sin C 

. QP + ^P . 

■ • OA'^ OB^UC ^ ' • ■ 


Q 


R 


OA OB OC 


= o. 


= o. 



Let K be any point in the transversal, and join OK. 

sinAOK AK sin BOK BK ^ 
sin K ~ OA* sinK OB' 

The sum of the resolved parts of the forces perpendicular to OK must 
be zero. 

P sin AOK 4 - (3 sin BOK 4- . . . = o, 

P.AK , Q.BK . R.CK , 

-O^ +-OB-+- 0 ^ + . . . = o. 


Example (xi). 


A thin smooth elliptic tube, of axes 2a, 2b (a > 6), is attached by light 
spokes to a horizontal axis which passes through the centre of the ellipse and 
is perpendicular to its plane. The weight of the tube is W, and its centre of 
gravity ts on the major axis at a distance d from the centre ; and a particle 
of weight w is placed in the tube. Prove that there are 2 or 4 positions of 


•It- . “'(<** "■ ^*) 

equilibrium according as d> or —=75— 

aW 


(C.S.) 



Fig. 267. 

Let AC A' (Fig. 267) be the major axis of the ellipse, C its centre, G 
the position of its centre of gravity, and let the axis AC A' be inclined at 
an angle 0 to the horizontal. 

The particle w can only rest at a point P where the normal to the 
ellipse is vertical. 

L.et this normal meet AA ’inN and let the coordinates of P (referred 
to the axes of the ellipse) be a cos ^ and b sin 
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The equation of the normal at P is 


X — a cos ^ y — b sin ^ 
cos sin ' 

a b 

CN = a cos 4. - = («‘ - b') cos j 

a a * 


if PM is perpendicular to AA\ 


MN = PM tan $, 

a cos <f> — CN » b sin ^ tan 6, 

6 * cos 6 , . 

• *. - - = bsm ^ tan 6 , 

tan A = - cot B, 
a 


and 


Taking moments about C, 


cos ^ = 


a 


Va* + 6" cot* 9 


IV . d = w 


W .d = w .CN, 

a* - 6« 


Va* 4- 6“ cot* B* 


a’ + 6* cot* 9 = ^** ]* 

. a — V[a/(a* — 6») — aWd\\w{a* — 6 >) + aWd] 

Wd 


Now if d > ^ the expression under the root sign is negative 

and there is no real value of B. 

The tube can, however, obviously rest with the major axis vertical 
and G above or below C. 


There are two portions of equilibrium in this case. 


II ^ — there are two real values for b cot B, one positive 

and one negative. 

Hence in this case, besides the two positions with the major axis 
vertical, there are two others in which the major axis is inclined to both 
the vertical and horizontal. 

In one position G is to the right of C and in the other to the left of it 
(9 is an obtuse angle). 


Example (xii). 

Four equal rods, each of length /, freely jointed at their ends, form a 
rhombus A BCD. The opposite comers A, C are connected by an elastic 
string whose unstretched length is bid 2/), The system is kept in equili- 
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bnum by forces at B and D acting inwards along the line BD. Show that 
these forces have a maximum value when 

AC & 


BO 


A 



Fig. 268. 

Let T be the ten-sion in the string, P the value of either of the forces 
acting at B and D, and e the angle DAC (Fig. 268). 

AC = 2/ cos B, 

BD = 2/ sin 6, 

_ 2I cos $ ~ b 
b • 

The equation of virtual work gives 

— 2TI sin 6 + 2PI cos ^ = o, 

since each force P has moved a distance I cos $d$ nearer to the centre of 
the rhombus, 

P = rtan » = 0 - 6) tan 9 

b 

This is a maximum when 2/ cos B ^ b sec* B = o, 

cos 9 = (ij‘, 

... sin » = [, - (±,)‘]‘. 

Also d£ = 52 L? = (^) 

BD sin r /6\|-]*‘ 

L' “ \w J 

Example (xiii). 

Of three equal discs in the same vertical plane, two rest on a horizontal 
table, not necessarily in contact with each other, and the third rests on the 
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first two. Show that the least coefficient of friction between two of the discs 
for which this is possible is three times the least possible between a disc and 
the table. Can three pennies rest like the discs ? The coefficient of friction 
between the edges of two pennies is about j and between a penny and the 
table about (C.S.) 



Fig. 269. 


Let A, B, C (Fig. 269) be the centres of the discs ; D, E, F, H the 
points of contact with the ground and of the discs. 

If the disc A is not to roll about D, the resultant reaction at F must 
pass through D, the point where the weight of A and the resultant re¬ 
action of the ground on A meet. 

The resultant reaction at D will then act somewhere between DA 
and DF. 

The angle of friction at F must not be less than AFD, and, if this 
condition holds, no slipping can take place at F. 

The resultant reaction at F meets the vertical through C at on the 
circumference of the upper disc, and the reaction at H also passes through 
this point. 

If Z,AFD = d, W is the weight of each disc, and i? the resultant 
reaction at F or H, we have 

2/? cos 6 = W. 


Now although there can be no slipping at F, it is possible that the 
lower discs may slip at D and E, so that the upper one rolls down on 
them. 

"kW 3 ^ 

The normal reaction at D is -—, and the maximum friction is 

2 * 

This must be sufficient to balance the horizontal component of /?. 

u =— = R sin 6 = — tan B, 

/• 2 2 


li = - tan 6. 
3 


Hence the coefficient between two of the discs must be three times that 
between a disc and the table. 

It is clear that the angle B is greater when the lower discs are further 
apart. 
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The least val\ie of B is when the lower discs aire touching and its value 
is then 15®. 

The coefficient of friction between two discs must then be not less 
than tan 15® (2 — V3 or 0-2679). 

The least coefficient between two discs for which equilibrium is 
possible is therefore 0-2679. 

If the coefficient is J or 0-2, equilibrium is imp>ossible; the lower 
pennies would roll apart. 


Example (xiv). 


The distance between the axles of a railway truck is a, and the centre 
of gravity is half-way between them and at a perpendicular distance h from 
the rails. With the lower wheels locked the greatest incline on which the 
truck can rest is a. Show that the coefficient of friction between the wheels 
and rails is 


2a 

a re/ a + 


(C.S.) 



A, B (Fig. 270) be the axles, G the centre of gravity, and C, D 
the points of contact of wheels and ground. 

Let R. S be the normal reactions at C and D, W the weight of the truck. 
Since the back wheel is free the friction at D has no effect on the truck 
as a whole, it merely tends to rotate the back wheel. 

Resolving perpendicular to the incline. 


R + S =Wcos a. 


Taking moments about G, 

2 2 

••• 2/ii? ^ + S = /?, 



W cos a — R, 



W cos a. 
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Resolving parallel to the incline, 

(iR = W sin a, 

2H^sina/ ^h\ ... 

• -(I — cos a 

M \ a) 



2h 

— = cot a. 
a 



2h a cot a, 




2a 




2A -f a cot a' 


EXAMPLES XLI. 


I. A uniform cylinder rests on two fixed planes as in Fig. 271; the 
plane AB is smooth and the coefficient of friction between the cylin- 
^ der and the plane BC is fx. A horizontal force 

yy equal to the weight of the cylinder acts at D, 
the middle point of the highest generator of the 
cylinder. Show that equilibrium is impossible 

unless a is greater than and that if 

4 

a = tan”* 2*4 

there will be equilibrium if ^ is not less than ^ 

(C.S.) 

2. Two uniform circular cylinders of equal radii 
rest in contact on an inclined plane with their 
axes horizontal. The weight of the upper 
cylinder is three times that of the lower, and all pairs of surface 
have the same frictional coefficient fi. Show that equilibrium is 
not possible whatever the inclination of the plane to the horizontal 
when ^ 2, and that when > 2 equilibrium is possible for all 

inclinations less than 



Fig. 271. 



tan”* 


3 /*- 

af/* + I)* 


(C.S.) 


A uniform rod of length c rests with one end on a smooth elliptic 
arc whose major axis is horizontal, and with the other end on a 
smooth vertical plane at a distance h from the centre of the ellipse, 
toe ellipse and the rod being in a vertical plane. Prove that, if 9 
is toe angle which the rod makes with the horizontal, and 2a, 2b are 
the axes of the ellipse, 

2b tan 6 = a tan 
where a cos ^ h = c cos B. 


In the special case when a =‘ 2b = c, k — o, prove that there are an 
infinite number of positions of equilibrium. 


4. A uniform rod AB of weight IV rests horizontally on two 
equally rough supports at A and C. Prove that the least 
horizontal force applied at J? in a direction perpendicular to BA 
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t 

which is able to move the rod is \^lW or txW according as 

is greater or less than 4a, where AB = 2a, AC = b. and n is the 
coefficient of friction. (C.S.) 

5. A uniform wire in the form of an ellipse of semi-axes a, b is hung over 
a peg. If the wire can rest in equilibrium with any point of it in 
contact with the peg. show that the coefficient of friction cannot be 

less than j (f - • (C.S.) 

6. The end links of a uniform chain can slide on a fixed rough horizontal 
rod. Prove that the ratio of the extreme span on the rod to the 
length of the chain is 




where ^ is the coefficient of friction. (C.S.) 

7. A thin uniform rod of length 2I rests in limiting equilibrium inside 
a rough vertical circular hoop of radius a. Prove that the incUna- 
tion of the rod to the horizontal is 

•a* — ~ /V’l 


cot 


-c 


a*u 


J 


where fi is the coefficient of friction. (C.S.) 

8. A car rests on four equal weightless wheels of diameter 3 feet, which 
can rotate about central bearings of diameter 2 inches. If the angle 
of friction between each wheel and its bearing is 18®, show that the 
car will not rest on a rough inclined plane, if the inclination of the 
plane to the horizontal be greater than 1° approximately, assuming 
that a wheel and its bearings are in contact along a single generator. 

(C.S.) 

9 - Out of a circular disc of metal a circle is punched whose diameter is 
a radius OA of the disc. The disc is then placed vertically resting 
on two rough parallel rails in the same horizontal plane, the plane 
of the disc being perpendicular to the rails. The chord of contact 
subtends an angle 2« at the centre of the disc. Show that if the 
angle which OA makes with the vertical is greater than 

_,/ 3sin 2€ \ 

\ cos a / 


sm 


where « is the angle of friction, the disc will slip. 


(C.S.) 


10. A drawer of depth b (from back to front) is jammed by pulhng at 
a handle at a distance c from the centre of the front. Prove that 


the coefficient of friction must be at least 

2C 


(C.S.) 

11. A uniform rectangular board is supported with its plane vertical and 

with two edges, of length a, horizontal, by pressures applied at two 
points, one in each of its vertical edges, at which the coefficient of 
friction is /*. Prove that the vertical distance between the points 
of support cannot exceed /*a. S ) 

12. A uniform plank of length / and thickness 2h rests symmetrically 
acroM a fixed rough cylinder of radius a. Taking A to be the angle 
of friction between the bodies, find the relation between A, a and h 



332 


INTERMEDIATE MECHANICS 



in order that if the plank be slowly tilted another position of equi¬ 
librium may be reached, and show that if a were less than h no 
amount of friction would make this possible. (C.S.) 

A strong wire AOB is bent at its mid-point O to form an angle of 
2a°, the parts OA and OB being straight, and is hung up at O. A 
weight ]V is suspended by two equal strings (length a), whose other 
ends are tied to rings, one of which slides on OA, the other on OB. 
Find the highest position of equilibrium of W if the coefficient of fric¬ 
tion between the rings and wire is tan A, if the weight of the rings is 
negligible. If the rings are heavy, each of weight P, and 6 is the 
angle between a string and the adjacent lower end of the wire, prove 
that, for the higher position of equilibrium of the rings, 


tan {9 + A) = 


IF + 2P cos* (a -f- A) 
P sin (2a 4 - zA) 


(Ex.) 


14. A uniform rectangular signboard ABCD of weight W is supported 

at right angles to a wall, with AB the upper horizontal edge and AD 
vertical, by three equal rods AP, AQ, DR of negligible weight, each 
inclined to the horizontal at an angle 9 , AQ, DR being parallel and 
sloping down to the wall, while A P slopes upwards, P, Q, R being the 
points where they are hinged to the wall in the same vertical line. 
\i AB = a feet, AD = b feet, determine the stresses in the rods, and 
the conditions under which the stress in AQ is (i) tensile, (ii) com¬ 
pressive, (iii) zero. (Ex.) 

15. A triangle ABC, formed of three rods freely jointed together, is lying 

on a horizontal plane ; B is connected to any point Q in AC hy & 
tight string, and C to a point R in AB, the strings crossing at E. 
If the stress at A is parallel to BC, prove that the tensions in BQ and 
CR are proportional to BE and CE respectively. (Ex.) 

16. A rhombus ABCD is formed of four uniform freely jointed rods, 

each of length 2a and weight W. It is placed symmetrically with 
A C vertical and A uppermost, and BC and CD resting one on each of 
two smooth pegs at the same level and distant 2c apart, the rhombus 
^ing prevented from collapsing by a rod of negligible weight 
joining B and D. Find the stress in the rod when the angle BCD 
is 29 . If 2c = a, and the framework is held on the pegs in the form 
of a square, without the rod BD, and is then released, how will it 
begin to move ? (H.S.C.) 

17. Two smooth bedls of different weights and sizes rest inside a smooth 
hemispherical bowl which is placed on a smooth table. Prove that 
the bowl cannot remain in equilibrium if the plane of its rim is in¬ 
clined to the horizontal. If the balls are made of the same material 
of radii a, b, and the radius of the bowl is R, prove that the line joining 
the centres of the balls will be horizontal if 



» _ (« + &)(«“ + b*) 
(a* - 4 - 6») ‘ 


(Ex.) 


Five equal uniform rods AB, BC, CD, DE, EA, each of weight W, 
are freely jointed together at their extremities and hang from the 
joint A with the rods A B and AE making the same angle 9 with the 
vertical, and the rods BC and ED making the same angle ^ with the 
vertical, this configuration being maintained by a rod of negligible 
weight connecting B and E. Prove that the vertical and horizontal 
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components of the reaction at the joint C are and W tan 4 >. and 
that the stress in the rod BE is W{2 tan 6 + tan <f>). (H.S.C.) 

19. Forces IBC, mCA, nA B, where /, m, n are positive, act along the sides 
BC, CA, AB respectively of a triangle ABC in the senses indicated 
by the order of the letters. Show that the line of action of their 
resultant divides BC, CA, A B respectively externally in the ratios 
m : n, n : I, I: m. Discuss the case when I = m = n. (H.S.C.) 

20. Show that forces acting along the sides of a closed quadrilateral 
ABCD, in the same sense and proportional to the sides, will form a 
couple. Show also that forces pA B, qBC, rCD, and sDA will form 
a couple if the following conditions are satisfied :— 

If s is the greatest of the multiples p. q. r, s, divide AB, BC, and 

CD at if,, if,, if,, so that ^if, = ^AB. if,C = ^BC. KJ) = -CD. 

s s s 

then the forces form a couple if if,if, is equal and parallel to if,C. 

(H.S.C.) 


21. Two barges, one following the other, are moving steadily at the same 

rate along a canal, the second being pulled by a rope attached to its 
bow at A and to the stem of the first barge at B, the points A and B 
being on the same level. The rope weighs 5 lb. and is 30 feet long. 
The sag or dip in the middle of the rope below B is 6 inches, and it 
is known that the tension at A and B exceeds the tension at the lowest 
point by the weight of a rope of length equal to the sag (i.e. yV lb.). 
By considering the horizontal and vertical components of the tension 
at A or B, calculate the resistance {R lb.) of the water to the second 
barge, to the nearest | lb. (H.S.C.) 

22. An acute angled and isosceles triangular prism stands on a rough 

horizontal plane, and one of its side faces is subjected to increasing 
uniform normal pressure. Show that equilibrium will be broken by 
sliding or tumbling as the angle of friction is less or greater than the 
verti<^ angle of the prism, supposed less than 60®. (C.S.) 



A heavy cubical block of edge 2a is placed on a rough table with one 
face parallel to the edge of the table at a distance a cot a from it; 
to the centre of this face a light smooth rod of length I is freely 
jointed; it passes over the smooth edge of the table and carries a 
weight W at its end. Show that as is increased the equilibrium 
of the block is broken by its tilting about an edge if 




I cos a sin* a 

a -f / sin a cos a (sin a — cos a)' 


(C.S.) 


24. If forces I. PA , m . PB, n . PC acting along the chords PA , PB, CP 
of a circle are in equilibrium, show that 

I. PA :tn . PB :n . PC = BC,CA \ AB, 

Show also that 

IP A > + mPB» = «PC*. and 
n(/ + m — «)PC> = ImAB*. (Ex.) 

25. ABC is a triangle of which O is the circumcentre and H the ortho- 
centre, and D, E, and P are the feet of the perpendiculars from A, B.C 
respectively on the opposite sides. If forces acting along OA, OB, 
OC are in equilibrium, show that they are proportional to the sides of 
the triangle DEF. If equal forces represented by OA, OB, OC 
act at 0 , prove that their resultant is represented by OH. (Ex.) 
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26. To the mid-point C of an unstretched string of length 2a, secured 
at its ends by two pegs A and B (also 2a apart), is attached another 
elastic string CD of length a. The other end D of this string is 

pulled at right angles to until C is displaced a distance Find 

the shift of D, assuming the strings to have the same modulus of 
elasticity. (N.U.) 

27. A particle of weight w lying on a rough inclined plane is attached to 
one end of an elastic string which passes through a hole in the plane. 
The other end of the string is attached to a fixed point underneath 
the plane, which is at such a distance from the hole that the string 
is just taut when the particle on the plane is at the position of the 
hole. Find the locus of the possible positions of equilibrium of the 
particle on the plane, taking the inclination of the plane to the hori¬ 
zontal as a, and the coefficient of friction for the particle on it as f*. 

(N.U.) 



A uniform heavy rod is supported by two elastic strings, with the 
same modulus of elasticity, attached to its ends, the other ends of 
the strings being attached to a peg. Prove that if /„ are the 
natural lengths of the strings and jTj, x,, their extensions in the 
equilibrium position, then 


^ /i + 


(N.U.) 


29. A,B,C (Fig. 272) 



are three toothed wheels which revolve in contact 
at their edges, A and C being free to turn 
about their common centre, and the teeth 
of C being turned inwards from a projecting 
rim so as to catch on the teeth of B. Couples 

applied to them respectively 
in the same sense round their axes, and 
when the wheel B is free to move round in 
contact with the wheels A and C. Prove 
that the wheels will be in equilibrium if 

^ = (N.U.) 

a 2b c 


30. Two equal rods, each of weight w, are rigidly jointed together to 
make two arms of a right angle. This angle rests wdth one foot on 
a rough horizontal ground, and the other against a rough vertical 
wall, the plane of the angle being vertical and perpendicular to the 
plane of the wall, and the arm against the wall makes an angle $ 
with the wall. If the friction between the foot on the wall and the 
wall in this position is limiting (coefficient /*), prove that the force 
of friction exerted by the ground on the other foot is 


31 - 


_ w (sin + 3 cos $) _ 

+ I) sin 9 {fx — 1) cos ff]' 


(C.W.B.) 


A circular disc of weight w and radius a stands in a comer between a 
vertical wall and a horizontal floor with its plane perpendicular to 
both the plane of the wall and the floor. The centre of gravity of 
the disc is at a distance c from its centre of figure, and the line joining 
these centres makes an angle 9 with the vertical on the wall side of 
the centre. If in this position the friction between the disc and the 
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wall is limiting (coefficient /i), prove that the force of friction be¬ 
tween the disc and the floor is 

wc sin B 

(i + fi)a' 

and find the normal reaction also at this point. (C.W.B.) 

32. Six equal light rods form the edges of a regular tetrahedron, which 

is placed with one face on a horizontal table. A weight of i lb. is 
hung from the top vertex. Prove that the thrust in each horizontal 
rod is one-third of that in an inclined rod. and calculate these 
thrusts. (H.S.D.) 

33. Two smooth spheres of radii a and b, of equal density, are connected 
by a light string of length /, the ends of the string being attached 
to points on the surfaces of the spheres. The string is slung over a 
fixed smooth peg, and the spheres hang freely in contact with one 
another. Show that in equilibrium the peg divides the length of 
the string in the ratio 

6’(6 -f- /) — a* : a’(rt -f /) — b*. (H.S.D.) 

34. A regular hexagon ABCDEF is formed of six equal uniform heavy 
rods freely jointed to each other at their ends. It is suspended freely 
from the angular point A and the regular hexagonal form is main¬ 
tained by- a light horizontal rod, PQ freely jointed to a point P in 
BC and to a point Q in FE. Prove that 

BP: PC = FQ : QE ^ 1 ■. S- (C.S.) 

35. A trolley wire is carried on poles round a curve of 1200 feet radius. 

The poles are 40 yards apart, and in the middle of each span the wire 
sags 6 inches below the points of support. If the wire weighs J lb. 
per foot, show that the resultant horizontal pull on each pole is very 
nearly 180 lb. (C.S.) 

36. Four equal uniform rods of length a are jointed so as to form a square. 
Two adjacent sides rest in contact with two smooth pegs which are 
on the same level at a distance 2c apart. The square is kept rigid 
by two strings stretched between opposite comers, and in the posi¬ 
tion of equiUbrium these two strings are horizontal and vertical 
respectively. If Tj, T,. axe the tensions of the two strings and W 
is the weight of each rod, show that 

T. - r. = 4t« - i). (C.S.) 

37. ABCD is a rhombus of smoothly jointed rods resting on a smooth 

horizontal table, to which CD is fixed. The points A, C are joined 
by an inelastic string which is kept taut by a force F applied at 
right angles to AB at its middle point. Show that the forces.along 
the rods BC, AD are in the ratio sin a : sin 3 a, where the angle 
CAB * a. (C.S.) 


38. Two uniform spheres of equal weight but unequal radii a, b are 
connected by a cord of length I attached to a point on each surface. 
They rest in contact, the string hanging over a smooth peg. Show 
that the two portions of the string make equal angles 


sm 


a A- b 
a + + / 


with the vertical. 


(C.S.) 
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39. Five equal uniform rods AB. BC, CD, DE, EA are hinged together, 
and the framework is supported with AB and BC in a horizontal 
line resting on two smooth pegs, and DE also horizontal. Show 
that the distance between the pegs is times the length of a rod. 

(C.S.) 

40. A rhombus of smoothly jointed rods rests with two sides in con¬ 

tact with a smooth circular disc all in the same vertical plane. 
Show that, if the diameter of the disc be one-fifth of the length of 
a rod, the reactions at the highest and lowest joints are in the ratio 
15 : I- (C.S.) 




A number of weights are to be hung on a light string so that the 
vertical lines drawn through them are at equal horizontal distances 
apart, and so that the particles lie on a curve of the form a*y = x*, 
where Ox is a horizontal axis and Oy an upward vertical axis (only 
positive values of x are to be considered). Show that the weights 
of the particles must be in arithmetical progression. (C.S.) 

OA is a slightly compressible vertical rod of height h and negligible 
mass (modulus of compressibility n) freely pivoted at its lowest 
point O. AB is A slightly extensible cord of natural length I 
(modulus A). B IS a point in the horizontal plane through O distant 
a from O where a* = I* — h*. A horizontal force P is applied at A 
in the direction BO. Show that the horizontal and vertical com¬ 
ponents of the displacement of A are approximately (neglecting x* 
and y*) 



43. Six equal rigid weightless bars, freely jointed at their ends, form 
a regular tetrahedron A BCD. It is suspended from A, and three 
weights, each equal to W, are hung from B, C, and D respectively. 
Find the stresses in all the bars. (C.S.) 



A hemisphere, whose weight is W and radius a. is placed with its 
curved surface on a smooth horizontal table, and a string of length 
< <*) is attached to a point on its rim and to a point on the table. 
Prove that the tension in the string is 


3uf “-l 
S V2al — /* 


(C.S.) 



A uniform rod of length za and weight IV ^hangs in an oblique 
position supported by a light inextensible string of length 2/(/ > a) 
whose ends are fastened to the ends of the rod and which passes 
over a small peg, and a weight w is attached to the rod at a distance 
d from its middle point. Prove that the lengths of the string on 
the two sides of the peg are 



and I 




where nw — W w. (C.S.) 

46. A picture hangs in a vertical plane from a smooth nail by a cord 
of length 2a, f astened to two symmetrically placed rings at a dis¬ 
tance 2c — 2Va* — b* apart. Show that if the depth of the centre 

of gravity below the line of the rings is greater than the sym- 
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metrical position of equilibrium is the only one, and it is stable. 


Prove that if the depth is 



the symmetrical position is unstable. 


{C.S.) 

47. A light framework of three rods BC, CA, AB. freely jointed together 
to form an equilateral triangle of side a, is suspended by three strings 
OA, OB. OC, each of length /, from a point O. and a weight IV is 
suspended by three equal strings, each of length V. connecting it to 
A, B, and C. Show' that the thrust in each of the rods is 


Wa 




(C.S.) 


48. A uniform solid cube of edge 2c rests on two parallel horizontal bars 
placed under one face parallel to the edges of that face at distances 
b from the centre of it. The plane containing the bars makes an 
angle 0 with the horizontal. Show that, if equilibrium exists and 


b > then tan 9 < 

where fi, fi', are the coefficients of friction between the cube and 
the lower and upper rails respectively. (C.S.) 

49 - Three smooth equal cylinders of radius a and weight w have their 
axes parallel and horizontal. Two of them rest on a smooth hori¬ 
zontal table ; the third rests between them, and equilibrium is main¬ 
tained by means of a string of length {2na -j- 1 ) passing round all 
three and everywhere perpendicular to the direction of their axes. 
If / <; 8a, show that the tension in the string is 


- 4a) ^CS) 

2[/(8a - /)]*• 

50. 'Hiree equal uniform rods, of length / and weight w, are smoothly 
jointed together to form a triangle ABC. This triangle is hung up 

by the joint i 4 ,and by two strings each of length —^ a weight W 

V 2 

is attached to B and C. The system hangs under gravity, show that 
the stress in the rod BC is 



(C.S.) 


51 - A smooth sphere is suspended from a fixed point by a string of 
length equal to its radius. To the same point a second string is 
attached which, after passing over the sphere, supp>orts a weight 
equal to that of the sphere. Show that the first string then makes 
an angle sin“' (J) with the vertical. (C.S.) 


52. A tetrahedron A BCD is formed of light rods smoothly jointed at their 
extremities, and X, y, the middle points of AB, CD, are joined by 
a string in which there is a tension T. Prove that the tension in 

is -T and write down the stresses in the other rods, 
stating in each case whether the stress is a tension or a thrust. 


(C.S.) 

53. AB, BC, DE, and EF are four equal rods; a hinge at B connects 
AB ^d BC, and a hinge at E connects DE and EF ; also AB and 
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DE are hinged together at their middle points, and BC and EF are 
hinged together at their middle points. Equal forcej, applied at 
A and D in directions perpendicular to AB and DE, are balanced 
by forces applied at C and F. Show that these forces must be equal 
and their directions must make angles $ with CF, such that 






cot d = 4 tan a + cot a, 

where 2a is the angle between the rods AB and DE, 

(n 4 - i) bricks of the same size are piled one above another in a 
vertical plane so that they rest each one overlapping the one be¬ 
low by as much as possible. Prove that if 2a is the length of a 

brick, the lowest but one overlaps the lowest by a length Show 

also that, if each brick overlaps the one next below by a length 

the greatest number of bricks that may be piled up is (zn — i). 

(C.S.) 

A tripod consists of three equal uniform rods AO, BO, CO, rigidly 
connected at O so that they are at right angles to one another. If 
the tripod be hung from the point show that the plane ABC makes 
an angle tan*"* 2 Vz with the horizontal. (C.S.) 


Two equal smooth circular cylinders of radius c are fixed with their 
axes parallel and in the same horizontal plane at a distance b apart. 
A cube of side 2a rests with two adjacent faces touching the cylinders. 
Show that if a + r <; Vzd, and a* c* > b', there are two 
positions of equilibrium in which the plane through the highest and 

lowest edges of the cube makes an angle with the 

vertical. Also show that these positions are unstable. (C.S.) 

Fig. 273 shows a plate gripped by two cylinders which lean against 
it, the cylinders being hinged dX A, B to fixed supports. The coeffi¬ 
cient of friction between each cylinder and the plate is /*. The 
masses are m, M as shown. Show that the plate will not slip if 


M 2/A cos a 

m ^ sin a — /i (i -j- cos a)‘ 


(C.S.) 



58. ABC is a triangle, O the centre of its circumcircle. Forces P» Q, R 
act along BC, CA, AB and forces P', Q', R' along OA, OB, OC. 
Show that if the forces are in equilibrium, 

P cos A -h Q cos B + R cos C = O, 


PP' QQ' RR' 
sin A sin B ' sin C 


and 


(C.S.) 
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59 * Two equal rectangular blocks of length a having square ends of side b 
are placed on a horizontal table with two square faces in contact, 
and a third block of the same size is placed symmetrically on top of 
of them. Equal forces are then applied to the centres of the end 
faces of the lower blocks. Prove that provided that the horizontal 

components of these forces are greater than the table may be 

removed without disturbing equilibrium, IV being the weight of 
each block. (C.S.) 

60. A frame, formed of four light rods of equal length, freely jointed at 

C, jD, is suspended a.t A. A particle of maiss m is suspended 
from B and D by two strings each of length /. The frame is pre¬ 
vented from collapsing by a string A C. Show that the tension of 

1 AP 

the string is equal to -mg where P is the particle and N is 
the centre of the rhombus A BCD. (C.S.) 

61. A smooth right circular cone, of semi-vertical angle a. has its axis 
vertical and vertex upwards ; a heavy elastic string of weight W, 
modulus of eleisticity A, and natural length znl. is placed round it and 
aUowed to sink gradually to rest. Find the position of equilibrium. 
A second string of equal weight and equal natural length, but of 
modulus A', < A, is placed, without stretching, round the cone, and 
the two strings are allowed to sink gradually to rest- Show that in 
the position of equilibrium both strings will be at a depth h below 
the vertex if 


ff(A -f A')(A tan a - /) tan a = IF/. (C.S.) 


62. On a fixed circular wire (radius r) in a vertical plane slide two small 
smooth rings, each of weight W. The rings are joined by a light 
inextensible string of length 2a (< 2r) on which slides a small smooth 
ring of weight P. Prove that for equilibrium either both parts of 
the string are vertical, or else P is at a distance from the centre of 
the wire equal to 


L IF -H P J ' 


(C.S.) 


^ 3 - A uniform rod AB of length / is constrained without friction so that 
A moves on the circumference and B on the vertical diameter (not 
produced) of a circle in a vertical plane. The radius of the circle is 
a. Find the positions of equilibrium given that / is between Ja and 
a, and discuss separately the stability of the upper and lower 
positions. What happens if / is less than Ja ? (C.S.) 

64- A triangle A BC formed of uniform rods of the same material and thick¬ 
ness rests in a vertical plane with each rod in contact with a smooth 
circul^ cylmder whose axis is horizontal and whose section is the 
inscnbed circle of the triangle. Show that in equilibrium the 
intereection of the medians of the triangle ABC must be in the ver¬ 
tical plane through the axis of the cylinder. (C.S.) 

65. A number of equal uniform rectangular blocks, each of length 2a, 
we placed in a pile with each block projecting over the end of the 

lowest block resting on a fixed horizontal plane. 
If the number of blocks is n, and the distance which each projects 
over the one below it is so adjusted that the total overhang (the 
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horizontal distance between the vertical ends of the highest and 
lowest blocks) is a maximum, prove that this overhang is 

If, however, the distances which each block projects over the one 
below it are all equal, prove that the greatest overhang is 

2aln — i) 


and verify that this never exceeds the maximum overhang. (H.C.) 

66. Three equal uniform spheres of radius a are placed in contact with 
each other in a fixed spherical bowl of radius b. A fourth equal 
sphere is placed gently on top of them. Prove that the three 

lower spheres do not separate if b is less than a(i + 2V11). 

(H.C) 

67. A horizontal bridge truss is supported at its ends, and consists of a 

number of congruent panels numbered in order i, 2, 3 . . . from 
one end. Each panel consists of a rectangle of members braced by 
a diagonal and the diagonals are all parallel. If equal loads are 
placed at each of the bottom joints, prove that the stresses in the 
diagonal members form an arithmetical progression while those in 
the upper members vary according to a quadratic formula with the 
order, r, of the panel. (N.U.4.) 

68. A car with four equal wheels has a wheel-base a (i.e. a is the distance 

between the points of contact with the ground of the front and back 
wheels) ; its centre of gravity is equidistant from all four wheels 
and at a height h above the ground. Find the pressures on the wheels 
when‘the car rests with the hind wheels locked on a slope of inclina¬ 
tion a facing (i) uphill, (ii) downhill. Show that, & the hill is 
slippery, the car may be able to rest in position (i) but not in position 
(ii). If a = 10 feet, h = 2 feet, find the least coefiScient of friction 
between the wheels and the road that the car may be able to rest 
in either position on a slope of 10®. (H.C.) 


69. A light frame ABC in the form of half an equilateral triangle having 
the angles A, B, C equal to 30®, 60®, and 90® respectively, is freely 
hinged at to a wall and attached by a lig|it string from B to a 
point D in the wall vertically above A ) it is given that AD = AB, 
and the angle DAB — 30® and a weight W is suspended from C. 
Find the tension in BD by a force diagram. If the length of the 
string is altered so that the angle DAB = a, show that the tension 
in the string is 


W cos (60® — a) 


a 

2 cos — 
2 


(H.S.C.) 


70. Two uniform equal heavy rods, each of weight w, are smoothly 
jointed at A and rest across a smooth horizontal cylinder. From 
A a weight W is suspended. If 2/ is the length of each rod, r the 
radius of the cylinder, and B the inclination of each rod to the 
horizontal, show that 

Wv sec B tan B = 2w {I cos B r sec B tan B). 


(H.S.C.) 
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71. A plank rests symmetrically across two cylinders on the ground 
whose axes are parallel, the plank being perpendicular to the axes 
of the cylinders, and making an angle a with the ground. The centre 
of the mass of the plank divides the part of it between cylinders in 
the ratio p : q. The larger cylinder is fixed to the ground. If 6 is 
the angle between the vertical and the total resistance at the point 
of contact of the smaller cylinder with the ground, show that 


tan d — 


where W is the weight of the small cylinder and w that of the plank. 

(H.S.C.) 

72. A sphere of 5 inches radius weighing 12 lb. is supported on three 
smooth pegs A, B, C in the same horizontal plane ; BC = 4 
inches, AB = AC, and the angle BAC — 30®. Find the pressure 
on each peg. (H.S.C.) 

73 * A, straight uniform rod lies on a rough horizontal table and a small 
horizontal force is applied perpendicular to the rod at one end and 
gradually increased in intensity until equilibrium is broken. Prove 
that equilibrium can be broken only by the rod turning about a 
I^int in its length, and determine the particular point about which 
the rod first turns. (N.U.4.) 

74. A un^onn heavy string of length / and weight w per unit length hangs 
vertically from a ^ed end, and a weight W is hung on the lower end. 
Find the expression for the tension T at the point of the string 
distent X from the upper end. If the weight per unit length instead 
of being uniform varies uniformly from w at the top end to 2u/ at 
the bottom, prove that the tension T is given by 

T=w{l~ X) (/I _ ^ (C.W.B.) 

75 * A uniform thin hemispherical bowl rests with its curved surface on 

a rough horizontal plane (coefficient of friction /*) and leans against 
a smooth vertic^ wall. Prove that when the bowl is on the point 
of shpping the inclination of the axis of the bowl to the vertical is 
2,1. (H.S.D.) 
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CHAPTER X. 

FI.UID PRESSURE—THRUST ON A PLANE SURFACE. 

5 191. We have considered the equilibrium of a rigid body, i.e. 
one whose size and shape are not affected by the forces acting on it. 

In Hydrostatics we consider the equilibrium of liquids and gases, 
which are included under the general term Fluid. 

The particular property of fluids which distinguishes them from 
solids is that they offer very little or no resistance to change of 
shape. 

§ 192. A perfect fluid is such that, whatever forces are applied 
to it, there is no friction between any two particles in contact. The 
action between its particles consists entirely of a force acting per¬ 
pendicular to their surface of contact, and there is no resistance to 
change of shape. 

No actual fluid is perfect, but water, many other liquids, and 
gases are nearly perfect fluids, and in what follows we shall assume 
them to be so. 

A liquid is a fluid that cannot be compressed, or that can be 
compressed only by applying very great pressure. 

A gas is a fluid that can be compressed easily. 

§ 193. Pressure at a Point. 

4 

Consider the pressure on a small area A of the wall of a vessel 
containing a fluid. Since we are assuming the fluid to be perfect 
the force it exerts on A must be a thrust normal to .4. If the thrust 
is the same on each element of A, the thrust is said to be uniform 
over A, and the pressure at any point is the thrust on the unit of area 
surrounding that point. 

If the thrust is not uniform the pressure at any point P is the thrust 
which the fluid would exert on a unit area around R, if the pressure 
were uniform over this area and its value the same as it is on an 
element of area at P. 

When we speak of the pressure at a point in the body of a fluid we 
mean the pressure that would be exerted per unit area on a small 
plane surface placed at that point. 
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Pressure at a point is usually expressed in lb. wt. per square foot 
or lb. wt. per square inch, and is often called the Pressure Intensity, 

§ 194. The Pressure Intensity at any Point of a Fluid at Rest is 
the same in all Directions. 



Consider a small triangular prism whose central cross-section is 
the right-angled triangle ABC (Fig. 274 ) having BC horizontal, 
BA vertical, and P, the point at which we require the pressure, at the 
middle point of AC. 

Let w be the weight per unit volume of the fluid forming the prism, 
P\* Pt* Pz* pressures per unit area on the faces represented by 
BC, CA, AB respectively, and I the length of the prism. 

The thrusts on the faces will be normal to them, and since the 
faces can be taken so small that the thrust is uniform over each, the 
actual thrusts will be ^jBC . I, p^CA . I, p^AB . I, on BC. CA, AB 
respectively. 

The weight of the fluid forming the prism is \w . AB . BC . I, 

Resohdng horizontally, 

p^B . I = piAC . / cos .4 = p^B . 1. 

Pz ~ P%' 

Resolving vertically, 

p-fiC . / = p^C . I cos C -f Jw . AB . BC . I 
— pfBC . I -f- \wAB . BC . I, 

... pi= pt+ ‘ AB. 

When the size of the prism is diminished indefinitely the l^t 
equation becomes 

Pi = Pz> 

P% ~ Pz — Pi' 

Now Pi is vertical and therefore fixed in direction and constant, 
while AC may have any direction. 

Hence the pressure intensity in any direction is equal to p^, and 
therefore the same for all directions. 

§ 195. Transmission of Fluid Pressure. 

Suppose we have a vessel of any shape fitted with a number of 
weightless pistons of different areas moving in cylindrical tubes at 
A,B,C,D (Fig. 275 ) without friction, and let the vessel be filled with 
a liquid. 
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We shall find that, to keep the liquid in equilibrium, each piston 
requires to be pressed in with a particular force whose magnitude 
dei>ends on (i) the area of the piston, and (ii) the position of the 
cylinder in which the piston works. 



If P, Q, R, S are the forces required on the pistons a,t A, B, C, D 
respectively, and a, b, c, d are the areas of these pistons, the pressure, 
intensities dit A, B, C, D are 


P Q R S 
a* y c* d' 


If we now apply an additional force F to one of the pistons, say A, 
tending to push it in, we find that each of the other pistons requires 
an additional force to keep it in, and that, denoting the pressure 


intensity — of the additional force on A by /, the additional forces 

on the other pistons are b/, cf, df. 

Hence the pressure intensity applied at .^4 is transmitted without 
loss to the other points B, C, D. 

We conclude that the pressure intensity applied at any point of 
a fluid is transmitted without loss to all other points of the fluid. 
This result is known as Pascal's Principle. 


§ 196. The Hydraulic or Bramah’s Press. 



Fig. 276. 

This consists essentially of two cylinders A and B, shown in section 
in Fig. 276 connected by a tube CD. The section of one cylinder is 
much greater than that of the other. 
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Both cylinders contain water and are fitted with water-t ight pistons 
Pj and P,. the areas of whose cross-sections are a and b. Suppose a 
pressure of w lb. wt. per unit area to be applied to the smaller piston 
A, so that the total force applied to it is wa Ib. wt. 

A pressure of w lb. wt. per unit area is transmitted throughout 
the water, so that the thrust exerted by the water on the piston B is 
wh lb. wt. 

This thrust would support on P a body whose weight is wh lb. 

weight of body supported _wb _h 
force applied wa a' 

so that the force applied to the smaller piston is multiplied in the ratio 
of the areas of the two pistons. 

This result is in agreement with the principle of work. 

For, if Pi is depressed a distance x the volume of water forced into 

xa 

B is xa, and this causes Pj to nse a distance 


If is the weight on Pj the work done is 2 -^ • while that done 


by the force on Pj is W^x. 

But W, = 



= WyX = work done by 


The great pressure on the water in the larger cylinder tends to 
drive the water out between the piston and the surface of the cylinder. 
This defect prevented much use being made of the apparatus until 
Bramah invented a leather collar which, fitted in a groove round the 
upper part of the large cylinder, prevented any water coming out. 

§ 197. Density and Spediic Gravity. 

The Density of a substance is the mass of a unit volume of that 
substance. 

It must be noticed (i) that density has no reference to weight, 
and (ii) that in expressing the value of the density of a substance 
the units of mass and volume used must be clearly stated, e.g. 
gm. per c.c., or lb. per cu. foot. The statement that the density 
of a substance is 8 has no definite meaning. 

The density of water is very nearly i gm. per c.c., or 62 J lb. per 
cu. foot, and these are the values commonly used. The density 
will, of course, vary with the temperature, but this variation is not 
generally considered. 

The Specific Gravity of a substance is the ratio of the mass or weight 
of any volume of the substance to the mass or weight of an equal 
volume of some standard substance. 
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In the case of solids and liquids the standard is usually pure water 
at 4° C. 

In the case of gases the standard may be hydrogen or air. 

A specific gravity is merely a number and does not depend on 
units. If s is the specific gravity of a substance, and w the weight of 
a unit volume of the standard substance, the weight of a volume V 
of the substance is given by 

W = Vsw. 

In Hydrostatics we have to deal with the thrusts of liquids 
caused by their weight, and it is the weight of the liquid per unit 
volume which is important. 

The use of the term density to denote this is rather misleading, 
and a better term is “ specific weight.'* 

Care must be taken to avoid confusion between density and specific 
gravity. 

In C.G.S. units, since i c.c. of water has a mass of i gm., the 
number denoting the density of the substance in gm. per c.c. is the 
same as the number denoting its specific gravity. 

In other units these numbers are not the same. 

The density of a substance is equal to the product of its specific 
gravity and the density of water. The values of the density and 
specific gravity are equal only when the density of water is numeri¬ 
cally equal to unity. 


Example. 

The specific gravity of quartz is 2*64 and that of gold is 19*35 : » ^ugg^^ 
of quartz and gold weighs 12 oz. and its specific gravity is 6*25. Find the 
weight of gold in the nugget. (I-S.) 

Let Wi, oz. be the weights of gold and quartz respectively in the 
nugget, and let w oz. be the specific weight of water. 

Since the nugget weighs 12 oz., 

Wi w^ 12 ' . • • (i) 


The volume of a weight w, of gold is —^— since a unit volume 

® ® i9-35» 

weighs i9‘35w. 

The volume of a weight u/, of quartz is 

The weight of a unit volume of the nugget is therefore 

12 

. w, 

I 9 ‘ 35 tt/ 2*640/ 

and this is equal to 6*250/; 

a/, , w, _ 12 

19*35 ^ “ 6*25' 


2*640/. , 12 X 2*64 

-4- u/. = --- 

19*35 6*25 
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Subtracting (ii) from (i), 

i6*7i 

I 9-35 


w 



12 X 3 * 6 i 

' 

12 X 3-6i X 19-35 
16*71 X 6*25 

8*024 02* 


EXAMPLES XLII. 


1. Five litres of a liquid of specific gravity 1*3 are mixed with 7 litres of 
a liquid of specific gravity 0*78. If the bulk of the liquid shrinks 
I per cent, on mixing, find the specific gravity of the mixture. (I S.) 

2. Forty gm. of a liquid of specific gravity 0*9 are mixed with 60 c.c. of a 
liquid of specific gravity i *2, no change of volume taking place. Find 
the specific gravity of the mixture. 

3. The specific gravity of iron is 7*8 ; what is its density in (i) lb. per 
cu. foot, (ii) ounces per cu. inch, if the density of water is 62J lb. 
per cu. foot ? 

4. How much water must be added to 54 gm. of a liquid whose specific 
gravity is 108 so that the specific gravity of the mixture may be 
1*05 ? 

5. An alloy is composed of zinc and copper whose specific gravities are 
respectively 7 and 8*5 ; if the alloy is of volume 62 c.c. and its specific 
gravity is 8, what volumes of zinc and copper does it contain ? 

§ 198 . We shall now prove certain theorems concerning the pres¬ 
sure intensity at different points in a fluid at rest under gravity, and 
the shape of the free surface of the fluid. 

In doing this we shall assume that the fluid is homogeneous, i.e. 
that equal volumes of it, however small, taken from different parts of 
the fluid, have equal weights. 

We shall assume also that the amount of fluid considered is small 
in comparison with the size of the earth, so that the weights of the 
various particles may be taken as parallel vertical forces. This is 
the same assumption that we made in finding centres of gravity. 


§ 199. In a Fluid at Rest under Gravity, the Pressure Inte 
any two points in the same horizontal plane is the same. 


ity at 



Fig. 277. 

Let P, Q (Fig. 277) be two points in the fluid in the same hori¬ 
zontal plane. 
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Consider a small cylinder of the fluid having PQ as axis and its 
plane ends vertical, one end containing P and the other end containing 
Q. The only horizontal forces acting on the cylinder in the direction 
of the axis PQ are the thrusts on the plane ends of the cylinder. 
Hence, for equilibrium, these thrusts must be equal and opposite. 
When the plane ends are very small the pressures on them per unit 
area will be uniform and equal to the pressure intensities at P and 
Q. Hence the pressure intensities at P and Q in the direction PQ are 
equal, and as the pressure intensity at each point is the same in all 
directions, it follows that the pressure intensity at P is equal to that 
at Q. 

§ 200. The Pressure Intensity in a Homogeneous Liquid at Rest 
under Gravity increases Unifon^ with the Depth. 


A 



Fig. 278. 


Take any point P (Fig. 278) in the liquid and draw a vertical 
cylinder with base of area a including P, and meeting the free surface 
of the liquid in A. 

The liquid inside this cylinder is in equilibrium under its own 
weight and the forces acting on its surface. 

Let z be the depth AP, and w the specific weight of the liquid. 

The weight of the liquid in the cylinder is waz. 

If ^0 is the pressure intensity on A due to the atmosphere, p the 
pressure intensity at P, there is a downward force of on the upper 
end and an upward thrust of pa on the lower end. 

The thrust on the curved surface is horizontal, and has nothing 
to do with supporting the liquid. 

Resolving vertically, 

pa = pf/i -{- waz, 

P = Po + 

The pressure intensity therefore increases uniformly with the 
depth of z. 

If atmospheric pressure is neglected, we have 

p = wz. 


§ 201 . 



ospheric Pressure. 


When atmospheric pressure has to be taken into account it may 
be expressed in lb. wt. per square inch (or any weight per imit area), 
and this pressure intensity will be transmitted to every point of the 
liquid. 
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It is often convenient to express the pressure by imagining the 
atmosphere to be replaced by an equivalent depth of water. The 
common method of expressing atmospheric pressure in terms of the 
height of the mercury barometer is equivalent to stating that the 
pressure intensity due to the atmosphere is the same as that due to 
a column of mercury of certain height (normally about 30 inches). 

The height of a water barometer would be about 33 feet, i.e. the 
atmospheric pressure intensity is equal to that due to a column of 
water 33 feet high. 

§ 202. The Free Surlace of a Heavy Liquid at Rest under Gravity 
is a Horizontal Plane. 



Fig. 279. 

Take any two points P, ^ in the liquid which are in the same 
horizontal plane. 

Draw vertical lines PA, QB (Fig. 279) to meet the free surface in 
.4 and B. 

Let Pq be the pressure intensity due to the atmosphere at A and B, 
w the specific weight of the liquid. 

Then the pressure intensity at P = the pressure intensity at Q. 

Po + = ^>0 + ^QB, 

PA = QB, 

AB is horizontal. 

Since P and Q are any two points in the same horizontal plane, it 
follows that any line AB joining two points in the surface must be 
horizontal. 

It should be noticed that this result depends on our assumption 
that the weights of the particles of liquid are all parallel. 

In a large volume of water, such as the sea, the surface is not 
a horizontal plane. It is well known that the surface of the sea is 
curved, being approximately spherical. 

§ 203 . The theorem of the last paragraph also holds when the 
liquid is contained in a number of connected vessels of different 
shapes and sizes, as shown in Fig. 280. 



Fig. 280 
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The liquid will be at the same level in all the vessels. 

The pressure intensity will be the same at all points in the same 
horizontal plane although these points may be in different vessels 
as P, Q, 

§ 204. The Common Surface of two Liquids of Different Densities 
which do not mix is a Horizontal Plane. 



Fig. 281. 

Let be the specific weights of the liquids’ {Wi > W2). Take 
two points P and Q (Fig. 281) in the lower liquid in the same hori¬ 
zontal plane, and draw PA A', QBE* vertically to meet the common 
surface in A and B, and the free surface of the upper liquid A^ 
and B'. 

Let pQ be the pressure intensity at the level A 'B\ and p that at 
the level PQ. 

By considering the equilibrium of small vertical cylinders with 
PA\ QB' as axes we have 

p — pQ = WjPA + w^AA', 

P —Po^ 

Wi{PA' - AA') + 7 ft A A' = O', (QB' - BB') + w^B'. (i) 

But PQ and A*B' are horizontal, 

... PA' = QB\ 

(i) becomes 

{Wf — t&i) AA' = ~ Wi) BB\ 

and since — w'l is not zero, 

A A’ = BB'. 

Hence AB\s horizontal, and similarly any other line drawn in the 
common surface is horizontal. 

§ 206. Balancing Columns of Liquid. 

When a liquid is placed in a U-tube, the surfaces of the liquid 
in the two limbs are at the same level whether the cross-sections of 
the tube are equal or unequal (unless they are very narrow, when 
the action between the liquid surface and the surface of the tube 

may affect the level to some extent). 

Suppose we have some liquid, such as mercury, in a U-tube. the 
surfaces in the two limbs at A and B (Fig. 282) at the same level. 
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Now suppose some lighter liquid (such as water) which does not 
mix with the first liquid be poured into A. The level of the liquid 

c\r4 II 



Fig. 282. 


at B rises to B' and the level A sinks toA\ which is now the common 
surface of the two liquids. The upper surface C of the lighter liquid 
will now be considerably above the level B'. For, since a point A'* 
at the level of . 4 ' in the other limb is also in the first liquid the pressure 
intensities at these points are equal. Now the pressure intensity at 
A' is that due to a depth AX of the lighter liquid, while the pressure 
intensity at A” is that due to a depth A''B' of the heavier liquid, 

AX>A''B\ 

Also if w, be the specific weights of the lighter and heavier liquid 
respectively, we have 

w^.AX = w^.A”B\ 

w, A"B' 
or 

tt'j AC 

i.e. the weights per unit volume are in the inverse ratio of the heights 
of the columns above the level of the common surface. This method 
can be used for comparing the weights per imit volume, and there¬ 
fore the densities and specific gravities of two liquids which do 
not mix. 


Exampls. 

The lower ends of two vertical tubes of diameters i inch a^td 0*4 inch 
respectively are connected by a tube. The tubes contain mercury of specific 



Fig. 283. 


gravity 13*6. If 28 cu. inches of water are poured into the larger tube, by 
how much is the level of mercury in the smaller tube raised ? (FS.) 
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Let AB, CD (Fig. 283) be the levels of the mercury surfaces before 
the water is poured in. 

The areas of the tubes are - and — sq. inches. 

4 25 ^ 

112 

The length of tube occupied by 28 cu. inches of water is — inches. 

7 T 

The level of the mercury in the larger tube is depressed to A 'B', and 
the level in the smaller tube is raised to CD*. 

Let BB* = y, DD* = x, and let A**B** be at the same level as A*B*. 
The pressure intensity at A**B** = the pressure intensity at A*B*, 


l3-6(;r + y) = 


112 


. (i) 


Also the volume of liquid between AB and A'B' has been driven into 
the narrow tube, and is therefore equal to the volume between CD and 
C'D'. 


n n 

- y = — X, 
4 25 

•. y =1 -^x. 
25 


. (ii) 


Hence, from (i). 


, 4 112 

X + —= — 2 - , 
25 I3-6ir' 


X 


_ 25 X 112 X 7 _ 


29 X I3‘6 X 22 


= 2*258 ins. 


EXAMPLES XLIII. 

1. A U-tube whose ends are open, whose section is i sq. inch, and 

whose vertical branches rise to a height of 33 inches, contains mercury 
in both branches to a height of 6*8 inches. Find the greatest amount 
of water that can be poured into one of the branches, assuming the 
specific gravity of mercury to be 13*6. {f*S.) 

2. A wide and a narrow upright cylinder, whose sectional areas are A and 

<*, are connected by a pipe. The wide cylinder is fitted with a smooth 
air-tight heavy piston of weight W. Water is poured into the narrow 
cylinder, and the piston is raised ;* find the height of the water in the 
narrow cylinder above the piston. If a quantity of water which 
would fill a length t of the narrow cylinder is then poured into it, 
find by how much further the piston is raised. (H.S.C.) 

3. A tube of uniform cross-section consists of two vertical branches 
connected at their lower ends by a horizontal branch 5 cm. long. 
Enough water to occupy 20 cm. of the tube is poured into one branch, 
and enough oil of specific gravity 0*82 to occupy 20 cm. is poured 
into the other. Find the position of the common surface of the 
liquids. 
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§206. Whole Pressure or Thrust and Resultant Thrust. 

If the pressure on each element of area (which will he normal to that 
element) of a surface immersed in fluid he found, the sum of all such 
pressures is called the whole pressure or thrust on the immersed 
surface. 

If the surface is plane the thrusts on all the elements are parallel, 
and it is evident that the whole pressure, as defined above, is equal 
to the resultant thrust on the surface. This follows from the fact 
that the resultant of any nximber of like parallel forces is equal to 
their sum. 

If. however, the surface is curved, the thrusts on the elements 
will not be parallel, and their resultant is no longer equal to their 
sum. The whole thrust as defined above has no physical meaning 
in this case, since adding the magnitudes of two or more forces which 
are not* parallel does not give us a result having any mechanical 
significance. 

The thrusts on the elements of a curved surface will, of course, 
have a resultant, but this cannot be found by adding them up. 

The method of finding the magnitude and direction of the thrust 
on a curved surface will be considered later; at present we shall con¬ 
fine ourselves to the resultant thrust on a plane area. 

§207. To tind the Resultant Thrust of a liquid on any Plane 
Bvataoe immersed in iti neglecting atmospheric pressure. 

We know that the thrusts on each element of the surface are nor¬ 
mal to the surface and therefore parallel to each other. Also the 
magnitude of the thrust on any element depends only on the depth 
of the element below the free surface of the liquid. 



Fig. 284. 


Let G (Fig. 284) be the centre of gravity of the plane surface, z 
the depth of G below the free surface of the liquid, A the area of the 
plane surface. 

Consider the thrust on any element of the surface. 

Its magnitude is wz^hA, where w is the specific weight of the liquid, 
and Zj is the depth of the element below the free surface of the Uquid. 

The resultant thrust is therefore where the £ denotes 

summation for all the elements of the immersed surface. But from 
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the formula for finding the depth of the centre of gravity of the 
immersed surface, we have 



ZzihA — zA, 
wSzyhA = wzA. 

Now wz is the pressure per unit area at G, i.e. the resultant thrust 
is equal to the weight of a column of the liquid whose base is equal 
to the area of the immersed surface, and whose height is equal to the 
depth of the centre of gravity of that surface below the free surface 
of the liquid. 

This result can be easily remembered in the form 

Thrust = Area immersed x Depth of C.G. x specific weight of 
liquid. 

It should be noticed that this result only gives us the magnitude 
of the resultant thrust; we have not found the point in which the 
resultant meets the immersed area. The point of the area where the 
resultant thrust meets it is called the centre of pressure of the area. 
Care must be taken not to make the rather common mistake of supposing 
that the resultant acts at the centre of gravity. 

This is never the case unless the immersed area is horizontal, 
otherwise the centre of pressure is quite distinct from the centre 
of gravity. 

It should be noticed that the rule for finding the magnitude of 
the resultant thrust holds whether the plane of the immersed area is 
horizontal, vertical or inclined. 

The method of determining the position of the centre of pressure of 
a plane area will be considered later. 

§ 208 . Example (i). 

A pair of equal lock-gates are kept shut by the thrust of water 14 feet 
deep. Taking the gates as rectangular and plane, each measuring feet 
vertical by iz feet horizontal, and supported by vertical hinges at their outer 
edges 20 feet apart, show that the reaction between the gates across the line 
where they abut is equal to the resultant reactions on the hinges, and find 
its value. (I S.) 

Let AC, AD (Fig. 285) represent the gates, A the point where they 
abut, C and D the hinges. 

The resultant thrust on each gate will be equal in magnitude to 

14 X Z2 X 7 X 62| lb. wt. 

(Notice that the area immersed is 14 x 12 and not 18 x 12, also the 
depth of the centre of gravity is 7 not 9.) 

It can be seen from symmetiy that this resultant thrust will act 
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somewhere in the vertical line bisecting the surface of the gate. The 
reaction between the gates, R, is parallel to CD, and the reaction, S. at 



each hinge must meet its line of action at E where this line cuts the line 
of action of the thrust P due to the water pressure on the gate. Since the 
line of action of P bisects .4 C at right angles. R and S are equally inclined 
to it, and are therefore equal in magnitude. 

The cosine of the angle between each gate and the line of the hinges 


• lo 5 
is — or 
12 6 


cos EAC = 4 , and sin EAC = 

o 


vn 


Also 2R sin EA C = P, 

2 VII 


6 X 14 X 12 X 7 X 125 

4 ^ 1 ? 

84 X 21 X 125 , 

-2- - tons wt. 


lb. wt. 


2240-v/ii 
= 29*7 tons wt. 

Example (il). 

A triangular lamina ABC is immersed in a liquid with the vertex A in 
the surface of the liquid ; find the position of the line DE parallel to BC 
which will divide the triangle so that the pressure on the area ADE equals 
that on the area DBCE, and show that the position of this line on the lamitut 
IS independent of the inclination of the plane of the lamina to the vertical. 

(l.S.) 



Fig. 286. 


Let F (Fig. 286) be the middle point of BC and let the vertical 
through F cut the surface in H. Let /_FAH 0 . 

Since the pressure on A DE is to be equal to that on DBCE, the pressure 
on ADE will be half that on ABC. 
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Now the areas of ADE and ABC are in the ratio AD *: AB*. 

The depth of the centre of gravity of ADE is ^AK sintf, and the depth 
of the centre of gravity of ABC is f/iFsin^. 

pressure on ADE AD* . ^AK sin 6 _ AD*. AK 
pressure on ABC ~ AB*. ^AF sin B AB* . AF’ 


Also 


AK AD 
AF~ AB’ 


the ratio of the pressures 


AD* 

AB*’ 



AD I 
AB " ^ 2 * 


The above argument holds whatever the value of B (other than zero), 
and the result is independent of the inclination of the plane of the lamina 
to the vertical. 


Example (iii). 

An open tank 4 feet long, 4 feet wide, and 3 feet deep contains water 
to a depth of 2 feet. If it is tilted about one of its lower edges till the water 
is on the point of running out, find the ratios in which the thrusts on its base 
and the non-verUcal sides are altered. (H.S.C.) 


C 


Fig. 287A. Fig. 287B. 

Let A BCD (Fig. 287 a) represent a section of the tank* XY being the 
surface of the water. 

If w is the specific weight of water, the thrusts are as follows :— 
Thrust on base 

= 4 X 4 X 2te> = 32a;. 

Thrust on each vertical side 

=ss 4 X 2 X lo/ s= 8tt>. 

When the tank is tilted so that the water is level with F as in Fig. 
287B, the area of DXBC is equal to that of XDCY in the original 
position. 
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Draw XM perpendicular to BC to meet it in M. 
Area of DXBC 


=^1.4. BM + 4 . MC = zBM + 4MC. 

2BM + 4A/C = 8. 
also BM + A/C = 3, 

2AfC = 2, or A/C = I foot, 
tan BATA/ = 

cos BXM = and sin BXM = 

V^5 v's 


2 

The depth of D below the surface is i x —7-., 

v's 

2 

The depth of C below the surface is 3 x 

V5 

A 

the depth of the centre of gravity of DC below the surface = —. feet, 
the depth of the centre of gravity of XD below the surface = feet, 

and the depth of the centre of gravity of BC below the surface = feet. 

The areas of the sides represented by these lines are 

16, 4, 12 sq. feet. 

Hence the thrusts are 


on the base DC, 



on the side AD, 



on the side BC, 



The ratios in which the thrusts on the base and non-vertical sides are 
altered are therefore 


2X9 

Example (iv). 

The depth of water in a rectangular cistern is 4 feet. If } inch of 
water evaporates, what rise in the height of the barometer will make the magni¬ 
tude of the pressure on a side of the cistern equal to its former value ? {The 
specific gravity of mercury is 13*5 and the original height of the barometer is 
30 inches.) 

If we imagine the atmosphere to be replaced by its equivalent depth 
of water, the evaporation of i inch of water from the surface in the cistern 
would lower this water by | inch. 



INTERMEDIATE MECHANICS 


358 

To restore the original pressures on the sides we should have to add 
I inch of water to the top. 

This is equivalent to adding - inches of mercury. 

2 X 13*5 

The required rise in the barometer is therefore 

= *037 inch. 

EXAMPLES XLIV. 

1. Obtain a formula showing how the pressure intensity in a uniform 

liquid varies with the depth. The area of a dock is 60,000 sq. 
yards. Find the increase in total thrust on the floor of the dock 
occasioned by a rise of 20 feet in the level of the water. (Weight of 
35 cu. feet of sea water = i ton.) (H.S.D.) 

2. A rectangular dam of a reservoir is 40 feet wide and 10 feet deep ; 

calculate the thrust upon the dam, taking 36 cu. feet of water to 
weigh a ton, the surface of the water being i foot below the top of 
the dam. (I S ) 

3. A triangular lamina has the side AB in the surface of a heavy 
homogeneous liquid. A point D is taken in AC such that the thrusts 

AD I /T c \ 

on the areas ABD, DBC are equal. Prove that *= l^-^ ) 

4. A reservoir is closed by a sluice gate 7 feet broad and 10 feet high. 

Calculate in tons weight the pressure of the water upon it, assuming 
that a cubic foot of water weighs 1000 oz., and that the top of the 
sluice is in the surface of the water. (I S.) 

5. A rectangular vessel contains three liquids which do not mix, of 

specific gravities i*o, 1*2, 1*6, the thicknesses of which are 4, 3, and 
2 inches respectively. Compare the total normal thrusts of the 
liquids on a side of the vessel. (LS ) 

6. ABCD is a rectangular lamina which is immersed in a uniform liquid. 

AB is horizontal and uppermost; BC, DA are vertical and of length 
A ; E is the mid-point of AB. Find the depth of AB below the 
surface if the thrusts on the three triangles into which the rectangle 
is divided by DE, EC are in the ratio 1:1:3. Atmospheric 
sure is to be neglected. (H.S.D.) 

7. A stone, 8 feet long and of uniform cross-section, rests with its base 

on the horizontal bottom of a lake 25 feet deep. The vertical cross- 
section of the stone is in the shape of an isosceles right-angled triangle 
ABC, in which AB = BC, B = 90®, and AC the base *= 3 
Calculate the total pressure on each of the four wetted faces of the 
stone (given that i cu. foot of water weighs 64 lb., and that the 
pressure of the atmosphere on the surface of the lake is 14*7 11^ wt* 
per sq. inch.). (H.S.D.) 

8. A rectangular bath of length 3 feet, width 2 feet, smd depth 2 feet 
contains water to a level of 9 inches below the rim. A body m 
weight 300 lb. and of volume 4 cu. feet is then put in the water 
rests on the bottom of the bath completely submerged. Calculate 
the thrust on each wall and on the bottom of the bath. (A 

of water weighs 62*5 lb.) (H.S.D.) 
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9. A square plate is immersed with an edge of length a in the surface 
of water ; find the positions of the two horizontal lines which divide 
the square into three rectangles, on each of which the total water 
pressure is the same. (I S.) 

10. An open circular cylinder 3 feet long with a circular base of radius 

5 inches contains water to a depth of 2^ feet. It is tilted about a 
point on the rim of its base till the water is on the point of running 
out; find the thrust on the base. (I S.) 

11. A closed cistern in the form of a square prism of side 4 feet and height 

3 feet is filled with water and stands with one of its square faces on a 
horizontal plane. It has a small hole in one of its upper edges and 
is slowly tilted about its opposite lower edge until it rests with a 
rectangular face in contact with the plane. Find the greatest 
thrust on this rectangular face while the cistern is being tilted over, 
(i cu. foot of water weighs 62J lb.) (H.S.D.) 

12. A cubical vessel of side a contains two liquids which do not mix. 
The volume and weight of the heavier liquid are a*6 and Wa*b 
respectively, and the volume and weight of the lighter liquid are 
a*c and wa*c respectively, b + c being less than a. Neglecting the 
atmospheric pressure, find the total pressure on a side of the cube. 



CHAPTER XI. 


CENTRE OF PRESSURE. 


§ 209 . Centre of Pressure of a Rectangular Lamina immersed in a 
Liquid with one Side in the Surface of the Liquid. 



Fig. 288. 


Let ABCD be the rectangle with the side AB (Fig. 288) in the 
surface, let AB — b, BC — a, and let w be the specific weight of the 
liquid. 

Divide the rectangle into elementary strips as PQ parallel to A B 
and of breadth dx. 

Each element of a strip is at the same depth so that the thrusts 
on all the elements are equal, and the resultant thrust on each strip 
will act at its middle point. 

The resultant of the thrusts on all the strips will therefore act at 
some point in EMF, the line bisecting AB and DC at right angles. 

The area of PQ is b dx, and if EM = x, the depth of its centre of 
gravity is 2: if the rectangle is vertical, or ;rsin ^ if its plane is in¬ 
clined at an angle $ to the horizontal. 

The pressure on PQ is therefore wbx sin 6 dx (in the general 
case when the rectangle is not vertical). 

The resultant thrust is the integral of this expression between the 
limits x ^ o and x = a, i.e. 

J wbx sin $ dx == sin 0 . 

360 
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The moment of the thrust on PQ about .^4 B is 

wbx^ sin 6 dx, 

and the sum of the moments of the thrusts on all the strips is 

wba^ 




wbx* sin ddx = 


sin B. 


0 3 

If £ is the distance from AB at which the resultant thrust acts, 
then, since the moment of the resultant about ylB is equal to the sum 
of the moments of the component thrusts about AB, we have 

. wba!^ . ^ ivba^ . ^ 

X - sm 0 = - sm B, 


X — \a, unless sin $ ^ o. 


The centre of pressure is therefore at a point in the line bisecting 
the side in the surface and the opposite side, and at a depth two- 
thirds of the length of this line below the surface. 

The position of the centre of pressure is also independent of the 
inclination of the plane of the rectangle to the horizontal, except when 
it is actually horizontal. 

A similar result holds for a parallelogram with one side in the 
surface. 

If the rectangle or parallelogram has its plane horizontal, the 
r^ultant thrust is zero. 

§ 210. Centre of Pressure of a Triangular Lamina immersed in a 
Liquid with one Vertex in the Surface and the opposite side horizontal. 



Let ABC (Fig. 289) be the triangle, A being in the surface and the 
side BC horizontal. 

Let h be the altitude of the triangle AE, AD the median from A 
to BC. and let BC = a. 

Divide the triangle into elementary strips such as PQ, of breadth 
dx measured parallel to AE. 

The thrust on each element of PQ is the same, and the resultant 
thrust on it will therefore act at its middle point, i.e, the point where 
AD cuts it. 

The resultant thrust on the whole triangle will therefore act at 
some point in AD. 
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If X is the perpendicular distance of PQ from A, the length of 

X Xd 

is ia and its area is The depth of its centre of gravity is 

h h 


% sin 0 , where B is the inclination of the plane of the triangle to the 
horizontal. 

The thrust on PQ is 


wx^ a sin Q 


dx, 


and the resultant thrust on the triangle is the integral of this be¬ 
tween the limits x = o and x — h, i.e. 

f* wx*a sin $, i l* • « 

I -^- dx = \wah^ sm 0. 

The sum of the moments of the thrusts on PQ about the line 
in the surface through A parallel to BC is 

f* wx^a sin 0 , , i.« • a 

I -r- dx = irvah^ sm 0. 

Jo « 

If i is the distance of the centre of pressure from the surface, 

xj wah^ sin 0 = ^wah^ sin 0, 

X ~ \h, unless sin ^ — o. 

Hence the centre of pressure is in the median AD, and three- 
fourths of the way down. 

§ 211. Centre of Pressure of a Triangular Lamina immersed in a 
Liquid with one Side in the Surface, 



Let ABC (Fig. 290 ) be the triangle, BC the side in the surface, h 
the altitude, AE and AD the median to BC. 

Let BC — a, and let w be the weight of the liquid per unit volx^e. 

Divide the triangle into elementary strips parallel to BC, the width 
of a strip measured parallel to AE being dx. 

The thrust on each element of PQ is the same, and the resultant 
thrust on it will therefore act at the middle point, i.e. the point where 
AD cuts it. 
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The resultant thrust on the whole triangle will therefore act at 
some point in AD. 

If X is the distance of PQ from BC measured parallel to AE, its 
length is —^ < 2 , and its area Is —r— adx. 

h n 

The depth of the centre of gravity of PQ is x sin B, where 6 is 
the inclination of the plane of the triangle to the horizontal. 

The thrust on PQ is wa —r —x sin B dx, and the resultant thrust 

h 

on the triangle is the integral of this between x = 0 and x = h, 


t.e. wa sm 


A 

in sin ^ ^ ^ wah^ sin B. 


h — x 


The moment of the thrust on PQ about BC is wa sin B — ^ — xHx, 
and the sum of the moments is 

A 

wa sin = wasia B = ^wah^ sin B. 


If I is the distance of the centre of pressure from BC measured 
parallel to EA, 

3t\wahr sin B = ^.^wah^ sin B. 

X = \h, unless sin 0 = 0 . 

Hence the centre of pressure is at the middle point of the median 
AD. If 0 = o there is no thrust on the triangle, and therefore no 
centre of pressure. 

§ 212. Centre of Pressure of any Plane Area immersed in a Liquid. 



Fig. 291. 

Let G (Fig. 291 ) be the centre of gravity of the area, OK the line 
in which the plane of the lamina meets the surface, 0 being the point 
where the perpendicular from 0 to the line meets it. Take OX. OG 
as axes of x and y. 
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Let & be the inclination of the plane of the lamina to the hori¬ 
zontal, h the y co-ordinate of G, and w the specific weight of the 
liquid. ® 

Consider any element dA of the area whose co-ordinates are x,y. 
If y IS the y co-ordinate of the centre of pressure, we have 

Resultant thrust x y ~ sum of moments about OX 
of all the separate thrusts acting on elements like dA. 

Now the depth oi dA is y sin 9, and the thrust on it is wy sin OdA, 
perpendicular to the area. 

The resultant thrust on the area is whA sin 6, 

whA sin 0 . y == Xwy^ sin 6 . dA sin BEyHA, 

- _ EyHA 
* * ^ hA~* 

unless sin 0 = o. 

Now Ey'*-dA is the second moment of the area about OX, and if 
the radius ot g\Tation about a parallel axis through G is 

EyMA = + A*), 

- j I. 

**■ >' = J 

The distance of the C.P. from G along OG is 

h 

If the area is vertical, h is the vertical depth of G and the depth 
of the C.P. below G is 

h 

If the area is symmetrical about OG, as it is in all simpler cases, 
the centre of pressure lies in OG, i.e. its x co-ordinate is zero, 

§ 213. If the area is not symmetrical about OG, the x co-ordinate 
of the centre of pressure is found by taking moments about OG. 

This gives 


whA sin d x = Ewxy sin 9 . dA =w sin 9SxydA, 


._ ExydA 

*-ET" 


unless sin ^ = o. 

In this expression ZxydA is the product of inertia about the axes 

OX, OG. 

If sin ^ = o, the centre of pressure coincides with the centre of 
gravity. 

In all other cases the centre of pressure is below the centre of 
gravity, but gets nearer to the centre of gravity as the depth of the 
latter increases. 
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§214. Example (i). 

A rectangular area of sides a and b has the sides of length a vertical and 
the centre of the rectangle at a depth h beloiv the surface of the water in which 

it is immersed. Prove that the centre of pressure is at a depth —^ below 

the centre. (I S.) 



Fig. 292. 


Let A BCD (Fig. 292 ) be the rectangle, AB = b, BC = a, G its centre, 
(a) The formula of the last paragraph gives the result at once. For 
the radius of gyration of the rectangle about a horizontal axis in its 

plane through G is —, 

12 


the depth of the centre of pressure below G is 


a* 

i2h 


( 6 ) Without quoting the general formula, the position of the centre of 
pressure can be deduced from the position when one edge is in the surface. 
Produce DA and CB to meet the surface in E and F. 

The area of the rectangle EDCF is -f- the depth of its centre 
of gravity resultant thrust on it is 

this thrust acts at the centre of pressure, which is at a depth 2 ) 

below EF. 

Theareaof therectangle^BFEisfe^A — the depth of its centre of 

gravity is and the resultant thrust on it is ~~ 

thrust acts at the centre of pressure, which is at a depth -^A — below 
EF. 

The area of A BCD is ab, the depth of its centre of gravity is A, and the 
thrust on it is wabh. 
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Let the depth of the centre of pressure of ABCD below EF be x. 
The moment of the thrust on ABCD about EF is equal to the differ¬ 
ence of the moments of the thrusts on EDCF and EABF about that line, 





{c) The method in (6) is rather long, and if the position is to be found 
without quoting the general formula, it is better to obtain it by direct 
integration as follows. 



Fig. 293. 


Divide into horizontal strips PQ (Fig. 293) as in the case when AB 
is in the surface. Let x be the depth of PQ below AB, then its depth 

below the surface is (A — - 4 - ^), and the thrust on it is 

2 


wb{h — “ 4- x)dx. 


The moment of this thrust about AB \s 

wb{hx - ^ 4- x*)dx. 


and the sum of the moments is 


w 


i;(‘' 


ha* 


•*(. 




The resultant thrust is wabh, and if x is the depth of the centre of 
pressure below AB, we have 


wabhx = wb(^-^ 


• a , a* 
2 12A 


the depth below the centre is 
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Note (i).—If atmospheric pressure has to be taken into account we 
simply imagine the air to be replaced by its equivalent depth of water. 
This merely increases the depth of the centre of gravity below the sur¬ 
face, and the position of the centre of pressure is worked out as in the 
above and in the next example. 

Note (ii).—If the plane of the rectangle is inclined at an angle d 
to the horizontal, the distance of the centre of pressure from the centre 
of gravity measured in the plane of the rectangle is 

a* u 

—rsm 0 , 

I 2 h 

When ^ = o, this is zero, and the centre of pressure coincides with 
the centre of gravity. 

Example (ii). 

Find the position of the centre of pressure of a triangular area immersed 
vertically with a vertex in the surface and the opposite side horizontal. If 
the area is lowered without rotation through a distance equal to the height 
of the triangle, find the new centre of pressure. (I S.) 

The first part of the question was worked out in paragraph 210 , 
the position of the centre of pressure is three-fourths of the way down 
the median bisecting the horizontal side. 

There is no well-known formula for the radius of gyration of a triangle, 
and the second part of the question is best done from first principles by 
integration. The method is really similar to that in the case when the 
vertex is in the surface. 




Fig. 294. 

Let BC (Fig. 294) be the horizontal side, a its length, h the 
altitude. 

Divide into horizontal strips PQ, 

If X is the perpendicular distance of PQ from A, the length of PQ is 
jju, its area and the thrust on it + x)xdx. 

The moment of this thrust about a horizontal axis through A is 

WO 

^{hx* -t- x*)dx, 
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and the sum of the moments is 



{hx* + x^)dx — 


wa /h* h^\ 

xU 4/ ~ 


J^wah*. 

12 


The resultant thrust is 

^wah{h + fA) = ^wah*. 

Hence if x is the vertical depth of the centre of pressure below A, 

x^wah* ^wah*, 

X = 1 ^* 

Hence the centre of pressure is in the median bisecting BC and ^ of 
the way down. 


Example (hi). 

The depths of the water on the two sides of a lock-gate are A, and A|. 
Prove that the resultant pressure on the gate acts at a point whose depth 
below the mean level of the surface is 

+ 4^1^* /T ^ 



Let AB (Fig. 295) represent a section of the gate, C and D the levels 
of the water on the two sides, a the width of the gate, w the speafic 


weight of the water. 

Let BC = At, BD = A,. 

The thrust on BC is ^a/flA,*, 

and acts at Pi, where BPi = \hi. 

The thrust on BD is \wah^\ 

and acts at where BPt = iA*. 


Now Pt and P, are unlike parallel forces, and their resultant will act 
at a point P above Pi. 

The position of P can be found by taking moments about B. 
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The resultant thrust is 


iwa(Ai* - A,>), 

\wa{hx* — A,*)BP = \wah^* . — — \wah^^ . —, 

3 3 

BP — ^ _ 5 ^1* 

3 * — ^1* 3 

The height of the mean level above B is 

+ A, 

2 

Hence the depth of P below the mean level is 

^1 "f* _ Ai* + A,* -{- AjA , 

2 3 (Ai + A,) 

_ 3A1* + 6A|A, + 3A,* — 2A1* — 2A,* — 2A1A, 

6(Ai + A,) 

_ A/ + A/ + 4A,A, 

6{Ai + A,) • 

Example (iv). 

A plane lamina ABCD in the form of a parallelogram is immersed in a 
homogeneous liquid with the comer A in the surface and the diagonal BD 
horizontal. Prove that the centre of pressure lies in the diagonal AC and 
divides it in the ratio.j ; 5. (H.S.D.) 



Produce CD, CB to meet the surface in E and F (Fig. 296). 

AF = AE =i BD Bm I, say. 

Let A be the depth of B below the surface, and w the specific weight of 
the liquid. 

2 A 

The area of the triangle FCE is 2A/, and the thrust on it is 2hl . —w ; 
., 3 

Its centre of pressure is at a depth A. 

The area of the triangle ABF or ADE is -hi, the thrust on each is 
, 2 

I.| h u 

2 ^ • -w, and its centre of pressure is at a depth ». 

The area of the parallelogram ABCD is hi, the thrust on it is hi . hw, 
and the depth of the centre of pressure is x, the value we require. 
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Now the moment of the thrust on ABCD about FE is equal to the 
moment of the thrust on FCE less the moments of the thrusts on FBA 
and ADE, 

hHwx = — 2 . \h*lw . 

3 6 2 




By dividing the parallelogram into strips parallel to BD, it is clear 
that the resultant thrust on each acts at its mid-pomt, i.e. in A C. Hence 
the centre of pressure of the parallelogram must Mein AC. 

Since the depth of the centre of pressure is JA it must lie m at 
a distance ^ of C from A, i.e. it divides .<4 C in the ratio of 7 : 5 . 


Example (v). 

Show that the moment of inertia of the area of a circle of radius r about 
a diameter is jTrr*. 

A circular hole in a vertical side of a tank containing water is closed 
by a door. If the radius of the hole is i foot, and if the centre of the hole is 
at a depth 5 feet below the surface of the water, find the resultant thrust of 
the water on the door, and find the centre of pressure. {Neglect atmospheric 
pressure.) (I-E-) 

The first part of the question is dynamical and will not be worked out 
here. It is inserted because it indicates that the result asked for in the 
second part of the question is to be obtained by using the general formula 
for the depth of centre of pressure below centre of gravity 

paragraph 212 ^, 

Here A is 5 feet, and A* is J since r = i foot, 

... i ^ feet below the centre. 

The resultant thrust is obtained by the ordinary rule, and is 


ir X 5 X 62 | lb. Wt. 
982 lb. wt. nearly. 


§ 216. The depth of the centre of pressure of a vertical circular area 
of radius a immersed with its centre at a depth A can be found by direct 
integration as follows:— 



Fig. 297. 
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Let C (Fig. 297) be the centre of the circle, A B the horizontal diameter. 
Divide the area into horizontal strips such as PQ of breadth dx. If 
X is the distance of PQ from /IB its area is 2 Va* — x*dx, and the thrust 

on it is 2 Va* — (A + x)wdx. 

The moment of this thrust about AB is 


2w{hx + x*)Va* — x*dx. 

The sum of the moments is the integral of this between x = — a, and 
s + a, i.e. 

+ a + a 

2wh^xVa* — xHx + 2«j|af*Va* — x^dx. 


— a 


— a 


Now ^xVa* — x*dx — — — x*)^, and this vanishes at both limits. 

To obtain the value of the second integral we put ^ = a sin 6 , then 
dx = a cos 0 dd, y/a* — x* = a cos 0 , and the limits become 

- - and + 

2 2 


+ a 




*. Va* — x*dx ^ sin* 0 . a cos 0 . a cos BdB 


^ A 




= sin* 0 cos* 


0dB 


+ ~ 




= ^J(sin 2^)* (ftf = 


ESl±^d0 

2 


n 

Z 


w 

2 


a*r, sin 4^-1 » 

= 8r“-T" J . 


na* 

T' 


Hence tlie sum of the moments is 

4 

The resultant thrust is 7rtt*Au'. and if x is the depth of the centre of 
pressure below AB, 

xiTa*hw « — w, 

4 


X * 


a 


4A* 
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EXAMPLES XLV. 

1. A cubical open vessel of edge i foot is filled with water, one of the 

vertical sides is hinged along its upper edge and can turn freely 
about it. What force must be applied to the lower edge of this side 
so as just to keep it from opening ? (The weight of i cu. foot of 
water is 62^ lb.) (I^S.) 

2. A rectangular plane surface ABCD free to turn about its diagonal 

BD has its plane vertical and one side of it exposed to water pressure, 
AB being in the surface. Prove that, it AB = ^ feet, and BC = 
4 feet, a couple of moment 600 lb.-ft. must be applied to prevent 
rotation about BD. (Take the weight of i cu. foot of water to be 
1000 oz.) (I*S0 

3. The depth of water on one side of a rectangular lock-gate is 12 feet 

and on the other side it is 4 feet. The breadth of the gate is 10 feet. 
Find the magnitude and the line of action of the resultant thrust on 
the gate, (i cu. foot of water weighs 62*5 lb.) (I S.) 

4. A rectangular door in the vertical side of a reservoir can turn 

freely about its lowest edge, and is fastened at its two upper comers. 
The door is 3 feet wide and 6 feet high, and its upper edge is 5 feet 
below the water level. Determine the reactions at the upper comers, 
assuming them to be equal. (Take the weight of i cu. foot of water 
as 1000 oz.) (I S.) 

5. A lock-gate 12 feet wide has fresh water (weighing 62*5 lb. percu. 

foot) on one side to a depth of 10 feet, and sea water (weighing 

64 lb. per cu. foot) to a depth of 6 feet on the other. Calculate 

the resultant pressure on the gate, and find the point where it acts. 

(H.S.D.) 

6. An open drain, full of water, whose cross-section is an isosceles 
triangle of depth 6 feet, and greatest breadth 4 feet, is closed by a 
gate. Find the resultant pressure on the gate in lb. wt., and the 
force which, applied at right angles to the gate at its lowest point 
will keep it closed, supposing that the gate can swing about smooth 
hinges at its upper comers. (i cu. foot of water weighs 62J lb.) 

7. A vertical rectangular dock-gate ABCD is hinged so as to move 
about the upper horizontal edge AB, and is fastened at the mid¬ 
point of the lower edge CD. It AB = 20 feet, BC — 15 

culate in tons wrt. the stress on the fastener in CD, given that the d^k 
is full of water. (H.S.D.) 

8. An equilateral triangular area is totally immersed in water with one 
vertex in the surface and one of the sides through this vertex 

Find the position of the centre of pressure. (H.S.C.) 

9. A rectangular lamina whose sides are 2 a, 2 b is immersed in a fl^d 
with the side of length 2 a in the free surface. Show that 

tance between the centres of pressure of th e two triang les mto whicn 

the lamina is divided by a diagonal is jV(9a> -b 4^)-" (H.S.C.) 

10. A soUd prism, of specific gravity i -5, has a triangular section 
in whidi A = 30“. fl = 60°, C = 90° and CA = 8 feet 
prism can turn about the horizontal edge through B and rests witn 
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the face through BC on a horizontal plane. The vertical face CA 
forms one side of a rectangular tank ; to what height can the water 
rise in the tank before the prism begins to turn ? (Ex.) 

II. A trapezium is formed by cutting a square A BCD along the line 
joining A to the mid-point of BC, and is immersed in water with 
AD in the surface. Find the distances of the centre of pressure 
from AD and DC. (LS.) 


12. Find the centre of pressure of a side of a hollow cube when the lower 
half of the cube contains water and the upper half a liquid of specific 
gravity 0*9. (H.S.C.) 


13. An embankment of triangular section ABC supports the pressure 
of water on the face A B which is vertical. Prove that, in order that 
the embankment may not be overturned or displaced the base BC 

must exceed and the coefficient of friction must exceed 


Vzs 

where 5 is the specific gravity of the embankment. 


(Ex.) 


14. Show that the line of action of the resultant thrust on a vertical 
sluice gate in the wall dividing two reservoirs, in which the water 
levels are different, always passes through the same point when the 
sluice gate is completely covered on both sides by the water. 

(ff .S.O.) 


15. ABCD is a plate in the form of a trapezium 7 inches high, whose 
parallel sides AB, DC are 2 and 6 inches long respectively. Find the 
thrust on one side of the plate and the depth and position of the centre 
of pressure when the plate is immersed vertically in water with 
AB in the surface. (The weight of a cu. foot of water is 62*5 lb.) 
(Neglect the atmospheric pressure.) (H.S.D.) 


16. A triangular door in the vertical side of a tank of water has its upper 
edge BC horizontal at a depth h below the surface of the water, 
the vertex A being at a depUi h a. The breadth BC = b. Find 
the thrust on the door, and the depth of the centre of pressure. 

(H.S.C.) 

17. Fig. 298 represents a spill-gate which closes a concreted drain, the 
gate sliding in vertical slots EA X, CB Y. 

The square part of the gate measures 
4 feet by 4 feet and the altitude of the 
triangular part is i foot. Find the re¬ 
sultant thrust on each slot and the point 
of application of this thrust when the 
level of the water in the drain is 1 foot 
below AB. (H.S.C.) 

18. A cube of edge 3 feet is full of water, 

and is placed with two faces vertical 
and four faces making 45® with the ver¬ 
tical. Find the thrust on one of the 
upper inclined faces, and the moment 
of this thrust about the highest edge 
01 the cube, (i cu. foot of water weiehs 
62*5 lb.) S.) Fig- * 98 . 

VOL.ii—N 
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19. A drain is closed by a vertical gate in the form of a trapezium of 

height 21 feet, whose breadth at the bottom is 4 feet, and at the top 
6 feet. Find the total thrust on the gate, and its point of application 
when the water is level with the top of the gate. (The slant slides 
of the trapezium are equal.) (H.S.D.) 

20. A cubical box has one face hinged about one edge. It is filled with 

water and held, with the hinged face vertical and the line of hinges 
along the upper horizontal side of this face half immersed in another 
liquid. Find the specific gravity of this liquid if the hinged face is 
just in equilibrium. (H.S.D.) 

21. The height of the water on one side of a dock-gate 12 feet wide is 
10 feet, and on the other 4 feet. Determine the resultant horizontal 
thrust of the water on the gate, and find also its line of action, 
assuming i cu. foot of water to weigh 62-5 lb. 

22. A plane lamina is completely immersed in water, and when the depth 
of its centroid below the surface of the water is h, the depth of the 
centre of pressure below the centroid is d. Prove that hd is constant 
whatever be the depth of the water above the lamina. An aperture 
in the vertical side of a tank has the form of an equilateral triangle 
of side 2 feet, one side being uppermost and horizontal. Find the 
total pressure on a plate closing the aperture and the position of the 
centre of pressure when the water level is 5 feet above the horizontal 
side. (Take i cu. foot of water to weigh 62J lb.) 

23. A rectangular lock-gate 12 feet wide can just bear a resultant force 

of 100 tons weight. If the depth of water on the lower side is 10 
feet, to what depth can the water on the other side be rilowed to 
rise ? When the depth is as great as possible, at what height above 
the bottom of the gate does the resultant thrust act ? (Take i 
cu. foot of water to weigh 62*5 lb.) {!•£•) 

24. A lamina in the form of a quadrant of a circle of radius a is immersed 
in liquid with one bounding radius in the surface. Prove that the 

centre of pressure is at distance from this radius. (H.S.C.) 

25. Fig. 299 represents in section a rectangular sluice-gate of breadth b 



Fig. 299. 

which turns freely about a horizontal axis O. The level of the water 
is regulated by a weight W sliding along a horizontal bar OA . When 
IF is at the water can just rise to the level O. Prove that if t^ 
water level is to be kept at a distance h below O the weight ^ 
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26. 


must be moved back from A a distance - where w is 

2 W 

the weight of unit volume of water. (N.U.3) 

A plane area of any shape is held vertically, completely immersed 
in water. The level of the water surface is now raised an amount 
h by pouring more water into the containing vessel. Prove that the 

centre of pressure of the water on the area is raised a height 

where x, y were the original distances of the centre of pressure and 
the centroid of the area below the surface of the water. (N.U.3) 


27. The depth of water on one side of a flood-gate is equal to one-half 
that of the flood-gate, while the depth on the other side is only one- 
quarter of that of the flood-gate. If the gate is held by horizontal 
forces at its comers, find the ratio of the forces at the lower corners 
to those at the upper comers (neglecting atmospheric pressure). 

(N.U. 3 and 4) 

28. Three sides of a trough are vertical and of height 4 feet, and the base, 

which is horizontal, is a square of side 4 feet. The fourth side is 
hinged at the base and is inclined at an angle of 30® to the vertical. 
Find the total pressure on this side when the trough contains water 
to a depth of 2 feet, and the pressure of the atmosphere is neglected, 
and state where and in what direction a force should be applied to 
keep the side in equilibrium. Assuming the hinged side to make 
water-tight connections with the two adjacent sides, find the work 
required to move it to a vertical position. (N.U.3) 

29. A lamina in the form of a regular hexagon is half immersed in liquid, 

a diagonal being in the surface. Prove that the centre of pressure 
of the immersed half is at a depth gr, where r is the radius of the 
inscribed circle. (C.W.B.) 

30. The gates of a lock are closed, the depth of water being 7 feet outside 

the lock and 4 feet inside. If the width of the gate be 4 feet, find 
the resultant thrust on the gate and the point at which it acts. What 
force applied perpendicular to an arm 6 feet long would be required 
to open the gate (neglecting friction) ? (C.W.B.) 

31* Find the centre of pressure of a rectangular area with sides of length 
n, b when it is placed in a liquid with its plane inclined at an angle a 
to the vertical and its upper edge of length a horizontal and at a depth 
h l^low the surface. A rectangular parallelepiped stands on a 
horizontal plane, and is more than half filled with water to a depth 
h. The base on the plane is a rectangle with sides a and b, and the 
top is open. If the parallelepiped is now tilted about the edge a 
on the plane until its previously vertical edges make an angle 6 with 
the vertical, find the magnitude and line of action of the pressure on 
the base, assuming that none of the water is spilt. (C.W.B.) 

32 • Find the centre of pressure of a circular area of radius a immersed 
m a vertical plane with its centre at a depth h {> a) below the free 
surface of a liquid. If the area is that of a plate which forms a 
^p-door to close a circular hole in a vertical wall of a tank, and which 
w hinged about its upper horizontal tangent and kept in position 
A ^ ^ applied perpendicular to its plane at its lowest point, 
nnd the horizontal reaction on the hinge of the door. (C.W.B.) 



CHAPTER XII. 


RESULTANT THRUST ON ANY SURFACE. 

§ 216. When a curved surface is immersed in a heavy liquid, the 
determination of the resultant thrust of the liquid on it is a matter 
of some difficulty. The thrusts on different elements of it are 
no longer parallel, and we cannot obtain their resultant by adding 
them up. 

If, however, we can find the resultant thrust in three different 
directions at right angles to each other, say the vertical and two 
horizontal directions at right angles to each other, we then have 
three perpendicular component thrusts, X, Y, Z and their resultant 
R is given by _ 

R = vx^ + -f Z\ 

We shall now consider how to find the resultant vertical thrust; 
and the resultant horizontal thrust in any given direction. 

§ 217. Resultant Vertical Thrust on a Surface immersed in a 
Heavy liquid. 



Fig. 300. 


Consider a portion of a surface A BCD (Fig. 300 ) immersed in a 
liquid. 

Suppose that through each point of the bounding edge of this 
surface a vertical line is drawn, and let the points in which these 
vertical lines meet the free surface of the liquid form the curve abed. 

Consider the equilibrium of the liquid enclosed by these vertical 
lines and the surfaces ABCD, abed. 
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The resultant vertical thrust on ABCD must evidently act up¬ 
wards and balance the weight of this column of liquid. Also its line 
of action must pass through the centre of gravity of the column. 

Hence we have the following result:— 

The resultant vertical thrust on any surface immersed in a heavy 
liquid is eqtml to the weight of the superincumbent liquid and acts 
through the centre of gravity of this liquid. 

§218. In the case considered in the last paragraph it was evident 
that the resultant vertical thrust of the liquid on the upper of 
the immersed surface was in a downward direction. 



Now consider the case of a vessel containing liquid as in Fig. 301 . 
For simplicity the vessel is taken as a conical one, but the same argu¬ 
ment applies to a vessel of any shape. 

In this case it is clear that the resultant vertical thrust on the 
curved surface is an upward one. 

Now the thrust at any point of the surface depends only on the 
depth of the point below the free surface. 

Hence the thiust at any point on the curved surface is equal in 
magnitude but opposite in direction to what it would be if the liquid 
inside were removed and liquid placed outside up to the level of the 
free surface, i.e. to fill up the space between the curved surface, 
the vertical lines, Bb, Ee, Cc, Ff drawn through the edge of the 
base, and the surface beef enclosed by the curve in which these 
verticals meet the horizontal plane through AD. 

The vertical thrust on the curved surface is equal to the weight 
of water which could be contained by these surfaces, but it acts up¬ 
wards. The vertical thrust on the base is equal to the weight of water 
which would fill a cylinder whose base is the same as that of the cone 
and whose height is equal to that of the free surface above the base. 
It is evident that this is greater than the weight of liquid contained 
in the vessel. This is accounted for by the fact that the downward 
tbrust of the curved surface on the liquid is transmitted to the base, 
fhe magnitude of this downward thrust is equal to the weight of 
iquid which would fill the space outside the curved surface up to the 
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level of AD. This volume and that actually contained in the vessel 
are equal to the volume of the cylinder whose ends are BECF and 
beef, so that it is the weight of this cylinder which gives the thrust on 
the base. 


§ 219. If a vessel open at the top is filled with liquid and inverted 
on a horizontal plane, the upward thrust of the liquid (assuming that 
none runs out) will tend to lift the vessel. Unless the vessel has 
a certain weight, equilibrium in this position is impossible. This is 
illustrated in the following example. 


Example. 

A wine-glass when filled holds I of a pint (i pint of water weighs 20 oz.) ; 
its rim is a circle of diameter 2^ inches, and the greatest depth of the contained 
liquid is 2§ inches. The glass, filled ivith water, is inverted in a horizontal 
plane. Prove that equilibrium is impossible in this position if the weight of 
the glass when empty is less than 2*13 oz. {Take tt = 3*1416.) 

The upward thrust is the weight of water which would fill the space 
between the upper surface of the glass and the cylinder whose base is 
the rim of the glass and whose height is 2| inches. 

Taking i cu. foot of water to weigh 1000 oz., the weight of water 
contained in this cylinder is 

81 8 1000 

•-0 oz. 

64 3 1728 


The weight of water in the glass is 4 oz., 

81 8 1000 


the upward thrust 


_ / 01 0 I 

” ^ ■ 3 ■ 1728 

_ /125 X 3-1416 
\ 64 

_ 136-7 


^ oz. 




64 


=S 2*136 OZ. 


Hence equilibrium is impossible if the weight of the glass is less than 
2*13 oz. 


§ 220. Resultant Horizontal Thrust in a given direction on any 
Surface immersed in a Heavy Liquid. 



Fig. 302. 
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Let ABCD (Fig. 302 ) be the surface. Through each point of the 
perimeter of ABCD driLW horizontal lines Aa, Bb, etc., in the given 
direction to meet any vertical plane perpendicular to this direction 
in a curve abed. . . . 

Take any element of area at P on the surface ABCD, and consider 
a small horizontal cylinder whose ends are the element at P and its 
projection Q on the plane abed. 

From the equilibrium of the liquid contained in the cylinder we 
see that the horizontal thrust on the element of surface at P must 
equal the horizontal thrust on the corresponding element of surface 
at Q. Since this is true for each element of the surface ABCD, it 
follows that the resultant horizontal thrust on this surface is equal to 
the horizontal thrust on its projection on the vertical plane abed. 
Also the lines of action of this thrust must pass through the centre of 
pressure of the projection abed. 

The resultant horizontal thrust in any given direction on any sur¬ 
face is equal to the resultant thrust upon the projection of the surface on 
a vertical plane perpendicular to that direction, and acts through the 
centre of pressure of that projection. 

§ 221. To find the resultant thrust on a curved surface we must 
find the resultant vertical thrust, and the resultant horizontal thrusts 
in two directions at right angles. We then compound these three 
forces into a single force. 

There is one very important case where the resultant thrust on 
a surface is obtained easily, and that is the case where the surface is 
a closed one. 


§ 222. The Resultant Thrust on a Closed Surface, wholly or partly 
immersed in a Heavy Liquid, is a Vertical Force equal to the weight of 
liquid which would occupy the space enclosed by the immersed part 
of the surface, and acting through the centre of gravity of this liquid. 


A 



Let ABCD (Fig. 303 ) be the closed surface. In the first case the 
whole of the surface is immersed, and in the second case only the 
portion BCD. 
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The thrust on the immersed surface is not affected by the nature 
of the substance filling the space enclosed by it. 

Hence we may consider this space filled with the liquid itself. 
Considering the equilibrium of this liquid it is clear that the resultant 
horizontal thrust in any direction due to the surrounding liquid 
must be zero, while the resultant vertical thrust must be equal to the 
weight of the. enclosed liquid, and must pass through the centre of 
gravity of this liquid. 

Hence the resultant thrust on the closed surface is a vertical force 
equal to the weight of liquid which would fill the immersed part of 
the surface, and it acts through the centre of gravity of this liquid. 

This result is known as the Principle of Archimedes, and it 
evidently holds for gases as well as for liquids. The principle is of 
great importance when we come to deal with the flotation of bodies 
in liquids and gases (Chapter XIII). 

§ 223. The following examples illustrate the results of the pre¬ 
ceding paragraphs. 


Example (i). 

A conical vessel contains enough fluid to fill it to a depth equal to half 
the depth of the vessel. If the vessel « inverted on a horizontal table and no 
fluid is allowed to escape, show that the resultant thrust on the curved surface 

of the vessel is altered in the ratio of (23 — 12 ,x 7’) : i. (H.S.C.) 

Since the question states that the vessel is inverted on a horizontal 
table, we can assume that originally the vertex was downwards. 

The volume of liquid present is therefore one-eighth of the volume 

of the cone. 

Let W be the weight of this liquid, then the resultant thrust on the 
curved surface is vertical and equal to W. 


A 



Fig. 304. 


When inverted the volume of the frustum BCDE (Fig. 304) occupied 
by liquid is one-eighth of the volume of the cone. The height of the cone 

ADE is therefore ^-^h, where h is the height of the whole cone. 

2 


The height of the frustum 


is A( I 


( 
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The resultant thrust on the curved surface is now the diderence in 
weight of the fluid which would fill the cylinder whose base is BC and 
whose height is equal to that of the frustum, and the weight of fluid 
filling the frustum {W). 

Now if r is the radius of the base the volume of the cylinder is 

and W is the weight of a volume of fluid. 

Hence the weight of fluid in the cylinder is 

.4(1 

and the thrust on the curved surface is 

(24 — 12 X 

or (23 — 12 X 7 ^) 1 ^- 

Example (ii). 

A hemisphere of radius a is immersed in water tinth its plane face ver¬ 
tical, the centre of this face being at a depth a below the surface. Find the 
magnitude and direction of the resultant lhrx*st on the curved surface. 


tK 



Let AB {Fig. 305) be the vertical diameter of the plane face. O the 
centre of this face, and OC the horizontal radius perpendicular to the 
plane face. 

The resultant horizontal thrust on the curved surface in the direction 
CO is equal in magnitude to the horizontal thrust on the plane face and 
acts through the centre of pressure of this face. 

The thrust on the plane face is rro^w, where w is the specific weight of 

the water. 

The centre of pressure of the plane face is at P in where 

OP — - (paragraph 216 ). 

4 

The resultant horizontal thrust perpendicular to OC is zero. 

The resultant vertical thrust on the curved surfaces is equal to that 
on the whole hemisphere, since the plane face is vertical. The magnitude 
of the vertical thrust is 


3 
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and it acts through G. the centre of gravity of the hemisphere. The 
resultant thrust on the curved surface is therefore the resultant of hori¬ 
zontal and vertical forces na^w and acting at D, where 


GD OP ^ - 


DP ^ 0 G=^^ 


4 

3a 

8 


The tangent of the angle made by this resultant with the horizontal 

is and this is equal to ^p. 

The resultant therefore passes through O. 

The magnitude of the resultant is 


7Ta*w 


V-i= 


ira*w 




Note. —We could have deduced that the resultant thrust on the curved 
surface must pass through O from the fact that the thrust on each 
element, being normal to the surface, must pass through O. 


Example (iii). 

A cone whose vertical angle is 2a, has its lowest generator horizontal and 
is filled with liquid ; prove that the resultant pressure on the curved surface is 
Vi 4- 15 5m* a times the weight of the liquid. 

C 


A 

Fig. 306. 

Let ABC (Fig. 306) represent the central section of the cone, D being 
the centre of the base, and let r, A be the radius an(^ height of the cone, w 
the specific weight of the liquid. 

The depth of D below C is r cos a. 

The resultant thrust on the base is 

irr*rw cos a, 

and acts perpendicular to the base. 

The horizontal and vertical components of the thrust on the base are 

wr*u/ cos* a and nr*w cos a sin a, 

respectively. 

The horizontal thrust on the curved surface is equal to the hori¬ 
zontal thrust on the base. 

The vertical thrust on the curved surface is the sum of the weight 
of the liquid and the vertical thrust on the base, since the base is pressing 
down on the liquid. 
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Now the weight of the liquid is W', where 


IV = ^Trr^hw, 


and the horizontal and vertical thrusts on the curved surface, H and V, 
are therefore given by 

H = irrhv cos* a = lnr*hw^ cos* a = cos* a. 

h h 


V = 


W + irr^w cos a sin a = W ^ cos a sin a 


Since - s= tan a, these become, 
h 

H = sin a cos a. 

V = W{i + 3 sin* a), 

the resultant thrust 

= W Vg sin* a cos* a + i -f 9 sin* a -f 6 sin* a. 
= IF Vi -f 15 sin* a. 


EXAMPLES XLVI. 

1. A closed vessel in the form of a right circular cone is placed on its 
flat base, and liquid is poured in through a small hole at the top until 
the depth of the liquid is i of the height of the cone. If W is the 
weight of the liquid that would fill the cone, show that the pressures 

8 W' 

on the base and curved surface are respectively W and 

2. A sea>wall slopes from the bottom at an angle of 30® to the horizontal 

for 30 feet, and is then continued vertically upwards. Find the 
resultant horizontal and vertical pressures on it in tons weight per 
yard of its length, when there is a depth of 15 feet of water. {Take 
I cu. foot of sea-water to weigh 64 lb.) (LS.) 

3. A sea-wall is carried vertically downwards for 10 feet and then 

slopes for 16 feet to the bottom at an angle of 30® to the horizontal. 
Find to the nearest ton the horizontal and vertical components of 
the pressure on a yard length of the w'all when the depth of the sea 
is 16 feet, (i cu. foot of sea-water weighs 64 lb.) (H.S.C.) 

4. A right circular cone of height h and radius r is filled with water 

and placed with its axis horizontal and base vertical. Find the 
magnitude and direction of the resultant thrust on the curved 
surface. (IS.) 

5. A closed vessel is in the form of a hollow pyramid, with a square 

base of side 10 cm., whose vertex is 10 cm. above the centre of the 
base. It is completely filled with water, and is then placed so that 
its axis and two sides of its base are horizontal. Determmc the 
thrust on each of its faces. (H.S.D.) 

6. A closed hemispherical bowl of radius 6 inches is filled with water. 

It is held with its plane face making an angle 50® with the horizontal, 
and the curved surface above this face. Find the resultant thrust 
on the curved surface in amount and direction. (H.S.D.) 
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7. Prove that the centre of pressure of a circular disc of radius a 

immersed in a vertical plane just touching the surface of a fluid at 
its top point is Ja below the centre of the disc if atmospheric pressure 
is neglected. Find the horizontal and vertical components and 
line of action of the total pressure on the curved surface of a hemi¬ 
sphere, with its plane face vertical and just touching the surface of 
the water. (N.U.4) 

8. A hollow right circular cone of height h and semi-angle a rests with 

its base on a horizontal table. If the cone is filled with water, and 
the weight of the empty cone is equal to the weight of the water it 
contains, find the thrust of the water on the base of the cone and the 
pressure of the cone on the table, explaining briefly why the second 
result is not double the first. (N.U. 3) 

9. A closed vessel in the form of a quarter of a sphere, bounded by two 

perpendicular planes through a diameter, is just filled with water and 
placed with one of its plane faces on a table. Find the magnitude 
and position of the resultant fluid thrust on each plane face, and 
deduce the magnitude and direction (but not the position) of the 
resultant thrust on the curved surface. (N.U. 4) 

10. A cylindrical boiler of circular section with flat ends, whose length is 

horizontal, is filled with water; find the ratio of the vertical pressures 
on the upper and lower halves of the curved surface. (C.W.B.) 

11. An open hemispherical shell 6 inches in diameter is filled with water 

and closed by a glass plate. It is then inverted and placed on a table. 
Find, in lb., the least weight of the shell which will prevent it being 
lifted by the pressure of the contained water. (Weight of i cu. 
foot of water = 62 43 lb.) (C.W.B.) 

12. A uniform solid hemisphere of radius a immersed in water has its 
centre at a depth h and its plane base, which is uppermost, inclined 
at an angle $ to the horizontal. Find the resultant thrust on the 
curved surface, and prove that it is inclined to the horizontal at an 
angle ^ where 


tan 



2a + 3/1 cos 9 
3/1 sin 0 


(C.W.B.) 



CHAPTER XIII. 


EQUILIBRIUM OF FLOATING BODIES. 

§224. Conditions ot Eqailibhom of a Body floating freely in a 
Liquid. 



Fig. 307. 


Consider the body whose section is shown in Fig. 307 . 

We have seen that the resultant horizontal thrust on the immersed 
part of the surface in any direction is zero, i.e. the horizontal thrusts 
of the liquid balance among themselves. 

The only other forces acting on the body are its weight acting 
vertically downwards through its centre of gravity G, and the up¬ 
ward vertical thrust of the liquid. The latter is equal to the weight 
of the liquid that would fill the space occupied by the portion of the 
body immersed, and it acts through G', the centre of gravity of this 
liquid. 

The point G' is called the centre of buoyancy. 

For equilibrium these forces must be equal and opposite and act 
in the same straight line. 

Hence the required conditions are :— 

(i) The weight of the liquid which would fill the space occupied by 
the immersed portion of the body must be equal to the weight of the body, 
and 

(ii) The centres of gravity of this liquid and of the body must be in 
the same vertical line. 

The question of the stability of the equilibrium will not be dealt 
with. 

§ 226. From the conditions obtained in the preceding paragraph, 
it is evident that if the weight of the body is less than the weight of 
its own volume of the liquid in which it is placed it will float. If 
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it is heavier than the weight of its own volume of the liquid it will 
sink. 

In the case of water a body whose specific gravity is less than 
unity will float; if its specific gravity is greater than unity it will sink. 
If its specific gravity is equal to unity, it will float at any depth, 

provided it be totally immersed. 

Let V be the volume of a body, s its specific gravity, referred to 
a liquid whose weight per unit volume is w. 

The weight of the body is Vsw, and if placed in the liquid con¬ 
sidered it will float if s < I. 

In this case it will sink into the liquid until a volume v of it is 
immersed such that 

i<w — Vsw, 

V 

or y = ^> 

i.e. the ratio of the volume immersed to the whole volume is equal to 
the ratio of the density of the bodj^ to the density of the liquid. 

In the case of a piece of wood whose specific gravity is 0*5 it will 
float in water with half its volume immersed. 

0*5 

In a liquid of specific gravity 2 it will float with — or J of its 
volume immersed. 

§ 226. Equilibrium of a Body with part of its volume inmiersed 
in one liquid and the remainder of its volume in another liquid. 

It is evident that the weight of the body must be equal to the sum 
of the upward thrusts of the two liquids. The upward thrust of 
each liquid is equal to the weight of that liquid which would fill the 

volume of the body immersed in it. 

If s, Sj, S 2 are the specific gravities of the body and the two 
liquids, w the specific weight of water, and v^, the volumes of the 
solid in the liquids Sj and Sg respectively, we have,# 

weight of solid = (Vj + 
weight of liquid of volume Vj = 
weight of liquid S 2 of volume 

(Vj + l»2)S = + *'2^2- 

§ 227. When a body is floated in liquid contained in a vessel, it 
exerts on the liquid a thrust equal and opposite to that exerted by 

the liquid. . 

This thrust is transmitted to the base and walls of the vessel 

containing the liquid. 

If the vessel has vertical sides the total increase of thrust on the 
base is equal to the weight of the body. 
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The increase in thrust on the sides, whether vertical or not, is 
harder to calculate, as it depends on the amount the liquid rises in 
the vessel. 

This is illustrated in the following example. 


Example. 


A trough whose cross-section is a triangle with vertex downwards is 
partly filled with water of weight W. A block oj wood of weight \V' is then 
introduced and floats on the water. Show that the pressure on either of the 
vertical plane ends of the trough is increased in the ratio 


\ ‘W ) • 


(H.S.D.) 



Fig. 308. 


Let ABC (Fig. 308 ) represent a vertical section of the trough, DE the 
original water level at height h above B. 

When the block is floated in the water the surface rises to a level 
D'E' such that the volume v between this and the old level is equal to 
the volume of the block immersed. 

If V is the volume of water, and ti; its specific weight, 

Vw = W. 

and vw — IV\ 

V V W W' 
y - w ' 

If h' is the new height of surface above B, the areas of the triangles 
DBE and D'BE* are in the ratio : A'*, the volumes V and V -j- v are 
also in the same ratio. 

Now 

Pressure on D'BE' h'*^h' h'* /K + (W -y W'\ 3 

Pressure on DBE "^“1 V IV ) ' 

§ 228. The first of the conditions for the equilibrium of a body 
floating in a liquid is frequently stated as follows :— 

The weight of liquid displaced by the body must be equal to the 
weight of the body. 

The expression “ liquid displaced ” is, however, apt to be mis¬ 
leading. When a body is placed in a considerable volume of liquid 
of greater density than its own, it does actually displace liquid out 
of the volume occupied by the part of it which is immersed. 
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Suppose, however, that there is a small amount of liquid in a 
cylinder, and a body which nearly fills the cylinder is lowered into 
it. Liquid will be pushed up in the space between the body and the 
cylinder, and if it reaches a certain height before the body touches the 
bottom it is quite easy for the body to float. This is illustrated in 
Fig. 309. 



Fig. 309. 


It is quite obvious that the volume of the body below the level of 
the free surface may be considerably greater than the total volume 
of liquid present, so that there can be no question of the body dis¬ 
placing " its own weight of liquid. 

The weight of liquid which gives the upward vertical thrust is 
the weight of that volume which would fill the space below the level 

of the free surface occupied by the body. 

It is by considering the equilibrium of this volume of liquid that 
we obtain the value of the resultant vertical thrust on the surface of 
the body due to the surrounding liquid, and " displacement * has 
nothing to do with it. 

When the terms “ weight of liquid displaced " or " volume of 
liquid displaced ” are used, they must be understood to refer to the 
amount of liquid which would fill the space occupied by that part of 

the body which is below the free surface. ^ , 

In the case of ships the term “ displacement is used, and it is 

generally given as a weight. , 

The weight refers to the weight of water it displaces, but this is, of 

course, equal to the weight of the ship itself. 

§229. Hydrometers. 

A hydrometer is an instrument which, by being floated in a 
liquid, enables us to determine the specific gravity of the liquid. 
Hydrometers are of two kinds :— . 

(i) The common hydrometer, whose weight is constant, the 
gravity of the liquid being determined by the depth to which the 

instrument sinks. • 1* /i 

(ii) Nicholson's hydrometer, in which the total weight is altere 
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by placing weights on a scale pan so that the volume of the instrument 
immersed is always the same. 

This type can also be used for determining the specific gravity of 
a small solid. 

§ 230. The Common Hydrometer. 

This consists of a straight glass stem of uniform section joined to 
two bulbs. The lower bulb is loaded with mercury to make the 
instrument float with its stem vertical. 



Fig. 310. 


In Fig. 310 .(4 R is the stem, C the bulb which increases the displace¬ 
ment of the instrument, D the bulb containing mercury. 

Let W be the weight of the instrument, V its total volume, a the 
area of cross-section of the stem, and X the point on the stem which is 
in the surface when the instrument floats in water. 

The volume immersed is then V — a . AX, and if iv is the specific 
weight of the water, 

(V ~ a . AX)w = W. 

In a liquid of specific gravity Sj (> i) the volume immersed will 
be less, and if Xi is the point on the stem now in the surface, we have 

(V — a . /fXjlSiW = W, 

(V~a,AX^)s, _^ 

** V~a.AX 

V-a.AX 
*’• V ^ a. AX{ 

In practice the instrument is graduated before it is sold, the marks 
on the stem at different points giving the specific gravities of the 
liquids in which the instrument sinks to these points. 

To show specific gravities over a large range the stem of the in¬ 
strument would have to be inconveniently long. For this reason 
they are usually made in sets, two or three for liquids lighter than 
water, and two or three for liquids heavier than water. 
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§ 231. Graduation of the Common Hydrometer. 

The stem can be graduated theoretically in the following way:— 

A 

X 

X, 


o 

Fig. 311. 


Let 0 (Fig. 311) be a point on the stem, produced if necessary, 
such that the volume of the length ^0 of the stem is equal to V, 
the total volume of the hydrometer. 

Let X be the point in the surface when floated in water, then, as 

{V -a. AX)w = W, 
a(A 0 — AX)w = W, 
a . OXw = W. 


before, 

or 

or 


If Xj be the point in the surface when floated in liquid of specific 
gravity s„ 

a . OX^. s-^w — W, 

''OX 


Similarly in a liquid of S.G. Sj, 


_ 

~ ox^ 
ox 

“ OXt 


Hence if Sj, Sj, etc., be in aritiunetical progression, 

OXi, OXj, etc., 
are in harmonica! progression. 

SimUarly if OX,. OXj. etc., are in A.P., the corresponding specific 
gravities are in harmonical progression. 


§ 232. Nicholson^s Hydrometer. 

This consists of a hollow metal cylinder C (Fig. 312) which supports 
a thin stem, and a scale pan A on which weights can be placed. 
Below C is attached a heavy cup B, whose weight enables the hydro¬ 
meter to float vertically. 



NICHOLSON’S HYDROMETER 891 

On the stem is a mark X, and in using the instrument it is always 
made to float with the mark in the surface. 



Fig. 312. 

As mentioned already this instrument can be used to determine the 
specific gravity of either a liquid or a small solid. 

(i) To determine the specific gravity of a liquid. 

Let W be the weight of the hydrometer. 

Let w be the weight that must be placed on the pan A to sink the 
instrument in water to the mark X. 

Let Wy be the weight that must be used to sink the instrument to 
the mark in a liquid of specific gravity Sj. 

The volumes immersed are the same in the two cases, so that the 
weights of this volume of water and liquid are equal to -f and 
W ^ Wy respectively, 

W 

- w A-w' 

(ii) To determine the specific gravity of a solid. 

Let w be the weight that must be placed in the pan to sink the 
instrument to the mark X in water. 

Remove w and place the body in A, and find the weight now 
required to sink the instrument to the mark. 

The weight of the body is obviously equal io w — w^. 

Now place the body in the cup B underneath the water, and let 
1^2 be the weight that must be placed in A to sink the instrument to 
the mark. 

The weight of the solid in air together with is equal to the 
weight of the solid in water together with 

weight in air -f- = weight in water -|- W2, 

weight in air — weight in water = a»2 — w'l. 

But weight in air — weight in water * weight of water equal in 
volume to the solid ; and 

weight of solid = w-^w^, 
specific gravity = ^ 

W2 — W1 



392 


INTERMEDIATE MECHANICS 


If the specific gravity of the solid is <i, it can be tied into the 
cup B with fine thread, or in some instruments B is covered with 
a gauze top forming a sort of cage. 


§233. Example (i). 

A common hydrometer is placed in turn in each of three liquids of 
knotmi specific gravities, the distance on the stem between the graduations 
corresponding to the first and second liquids is given ; find the distance 
between the graduations for the second and third liquids. If the graduations 
for these liquids are in A.P., show that the reciprocals of their specific 
gravities are in A.P. (H.S.C.) 

Let A be the top of the stem. V the volume, and W the weight of the 

hydrometer. 

LetSi, St, 5s be the specific gravities of the three liquids, and Aj, A„ A, 
the points on the stem which are in the surface when the instrument floats 
in the three liquids respectively. 

W 1 

{V ~ a . AXt)$itu — W or V — a . AX^ = — . 

W I 

{V — a . AX^StW ~ W or K — a . AXg “ 

IV I 

(V — a . AX,}StW ~ IV or V — a . AX^ = — . 


a .X,X, = 

‘ * W\Si 5 ,/ 


and 




Hence, if A,. X^, s, and s, are known, we can find the value of —, and 


jV 

aw' 


then find AjA, from the second equation. 

If the graduations are in A.P., 

AXt - AXi = AXt - AXt, 
aw\Si 5*/ flW\5, 5*/' 

I _L 

5j 5s Sm 5s 


the reciprocals of the specific gravities are in A.P. 


Example (ii). 

A cylinder of specific gravity 0-95 and length I2 iwhes floats with its 
axis vertical in a vessel containing oil and water and is totally immersetf 
What length of the cylinder i5 in the oil if the specific gravity of the Waiter ts 

0-84 

Let V be the volume of the cylinder, i/j and v, the volumes immersed 
in water and oil respectively, and w the specific weight of water. 

The weight of the cylinder is P(o-95)tt;. 

The upward thrust of the water is ViW. 
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The upward thrust of the oil is (0*84)0/, 

ViW 4- Vs(-84)it; = K(-95)it/, 

o, + -841;, == ‘957. 

also • t/i 4 - t>, as K, 

•i 6 t/, = •05 V, 

• fj — « 1/ 

• • — Iff 

the length immersed in the oil is of the total length, i.e. 3J inches. 


Example (iii). 

A cubical block of wood {S.G. 0*83) contains inside it a piece of lead 
( 5 .G. 11*35). floats in water unth one-tenth of its volume not immersed 
and can be just immersed by putting a weight of 100 gm. on its upper sur- 
face. Calculate the length of an edge of the cube and the volume of the piece 
of lead. (I.S.) 

Let a cm. be the length of the edge, v c.c. the volume of the piece of 
lead. 

Since i c.c. of water weighs i gm., the weight of the wood is 
o*83{a* — v) gm., and the weight of the lead is 11351' gm. 

When of the volume is immersed the upward thrust is gm., 

.*. o*83(a* — V) + 11 ■35*' = Vii"' • * • (*) 

When the whole volume is immersed, the upward thrust is a* gm.. 


From (i) 
From (ii) 


Hence 


Example (iv). 


.*. 0-83(0* — v) 4- 11*35*/ + *0® = 
0*070* — 10*52V = o, 

0-170* — 10*521; — 100, 

.*. 0*10* 100, 

o* = looo, or o = 10 cm. 
10*521; = 70, 

70 

V = —— = 6*6 c.c. 
10*52 



A cylinder of specific gravity 0*45 floats in water with its axis vertical. 
If its height be 12 inches and radius 2 inches, find what volume of lead 
{S.G. 11*4) must be suspended from the centre of its lower face to make it 
sink so that only i inch emerges above water. (I S.) 

Let w be the specific weight of water in lb. per cubic inch. The 
weight of the cylinder is 48^(0*45)0; lb. 

If V cu. inches is the volume of the lead, its weight is 11 *400; lb. 
When only i inch of the cylinder emerges above water the volume im¬ 
mersed is 44fr cu. inches. 

The upward thrust is 


{44W 4- v)w lb. 

.*. 48 (* 45 ) 70 ; 4- 11*41/0; = (447 4 " 

.*. 2i*6w 4- 11*40 = 447 4- V , 

.*. 10*40 = 22*47, 

22*47 . 

V = —— s= 6*77 cu, ms. 
10*4 ‘' 
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Example (v). 

If a uniform metal sheet in the form of a triangle ABC can float freely 
in a vertical plane in a liquid of density p, having the vertex A in the liquid 
surface, AB above the surface, and AC wholly immersed, prove that the 
density of the metal t5 p cosec A sin B cos C. 

Find what weights must be attached at the vertices A and C in order that 
the sheet may float in the same position in a liquid of density kp where A> i. 

fH.S.D.) 


B 



Let AD (Fig. 313) be the line in which the plate meets the surface. E 
the middle point of BC, F the middle point of DC. 

The centre of gravity of the triangle ABC is at Giin AE such that 
G^E — \AE. The centre of gravity of the triangle ACD is at G, in AF 
such that GiF = \AF. Now the weight of the triangle acts at Gi and 
the upward thrust of the liquid at G^. Since these are in equilibrium. 
GjG* must be vertical, and since 

AG, AG, 

AE ” AF' 

EF is parallel to G,G,. 

Hence BC must be vertical. 

The volumes and weights of portions of the plate are proportional to 
their areas. 

If 5 is the density of the metal, the weight of ABC and the thrust are 
proportional to 

area of ABC x 5, and area of ADC x p respectively. 

s_ ^ADC CD AC cos C 
*** p~ AABC ~ BC BC ' 

BC sin A 
:?C”sin^' 

- = cosec A sin B cos C. 

P 


and 
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In the heavier liquid the upward thrust still acts at G,. The centre 
of gravity of the added weights must therefore lie in the vertical through 
Gi,,i.e. two-thirds of the way down AC. 

If o/j and a/, are the weights at A and C. 


2a/i = 0/,. 

Also 

«'i + K'. + (A^BC)s = {AADC)kp, 
but (d.ABC)s = {AADC)p. 

-f = {^ADC)ik — i)p 

= ^AC* sin C cos C(k — i)p, 

= ^AC* sin C cos C{k — i)p. 
sin C cos C(A •— t)p. 

Example (vi). 

A cylinder of density $, height h, and cross-section A floats in a liquid of 
density pi contained in a cylindrical vessel of cross-section B. Liquid of 
density p, (< 5) is then poured in until it reaches the top of the floating 
cylinder. Prove that the latter will have risen a height 

hfj - ~ 

\ piipi — Pt) 

above its original position. {The liquids do not mix.) (Ex.) 


A‘ ! 

1 

1 

1 

M _ ___ 

5 ‘I 
» 

t 

B 

Y 

A 

X 

1 

1 

..x: 


X'.. 

D' 


c 

D ( 



Fig. 314. 


A BCD (Fig. 314) represent a section of the floating cylinder in 
its original position, XY the original level of the surface of the liquid p,. 
When the second liquid is poured in the cylinder rises partly out of 

the first liquid to the position A'B'C'D', the level of the first liquid 
sinking to X'Y'. 

The liquid which originally occupied the space between the two 
cylinders and the levels X and X' is now filling the space DCC'D' 
vacated by the floating cylinder. 


{B - A)XX' = A . DD'. 


From the original 


condition for equilibrium we have. 


XD _s^ 

p"i 



or XD = hL. 

Pi 


9 


■ (U) 
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) 


\ 5 //>l(Pl — />l) 


and DD' is the distance through which the cylinder has risen. 


(iii) 


For equilibrium after the second liquid is poured in, we must have 

A'X', pt + X'D' ,pi ^ h,s, 

(A - X'D')pj + X'D'p, hs, 

X'D' = A ^ ~ 

Pi - Pt 

Now from (i) 

A . DD' = (B - A){XD - X'D' - DD'). 

B . DD' = (B - - A'D'). 

Hence using (ii) and (iii), 

DD’= U - i) (hI - hlSlPl), 

\ B/\ Pi Pi — pj 

DD’ = h(i-i) CP' - + gjP* 

\ B) \ piipi — Pt) 


Example (vii). 

A uniform rod. loaded at one end so as to float upright, floats in a 
liquid of S.G. Sj with a length a unimmersed, and in a liquid of S.G. 5g with 
a length b unimmersed. Show that the length that is unimmersed when the 
rod floats in a liquid of S.G. s is 

a^i {s — S|) — bSi (s Sj) /T ^ 

5(S, -Si) ' ■ 

Let V be the volume of the attached load, w the specific weight of the 
water, W the weight of the rod and load, and I the length of the rod and 
A its area of cross-section. 

In each case the upward thrust of the liquid must be equal to W. 
Hence, if x be the length unimmersed in the liquid s, we have 

vSiW + {I — a)AsiW — W. . . • !!^ 

vSiW + (/ — b)ASiW — W. . . ' 

vsw + (f — Asw = W, . . • (hi) 

Multiplying (i) by 5, and (ii) by Sg, and subtracting (i) from (ii), 

aAstSiW — bAsxStW = — 5,). . • I*'') 

Multiplying (ii) by s and (iii) by s,, and subtracting (iii) from (ii), 

xAsSiW — bAsSiW s= lV{s — s,). . . • (W 

Dividing (v) by (iv). 

s{x — 6) _ s — s* 

Si{a — b) ~ Si - sf 

s;r(5, — s,) == asi{s — 5,) — hs^s — 5,) + bs{Si — 5,). 

= a .«|(5 — 5 ,) — bst(s — 5 i), 
asi (s — 5 ,) — bst {s — S|) 

* - s(s, - ,.) 
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Example (viii). 

Find the work required to sink completely a vertical cylinder in open 
water, the cylinder being lo feet high, its specific gravity 0-7, and its weight 
2 tons. (H.S.C.) 

Examples of this type are best done by considering the changes which 
take place in the potential energy of the system. 

Potential energy is lost by the cylinder being lowered, while poten¬ 
tial energy is gained by the water, which previously occupied the space 
taken up by the immersed cylinder rising to the surface. The difference 
between these amounts of energy is the work required to submerge the 
cylinder. 

Since the water is “ open ” we can assume that its level remains un¬ 
altered. Also, since the specific gravity of the cylinder is 0 7 it will be 
floating with 7 feet of its length immersed. 

The centre of gravity of the cylinder therefore descends 3 feet, 
the loss of potential energy is 4480 x 3 ft.-lb. 

The weight of water which originally occupied the extra space taken 
up by the submerged cylinder is obtained by dividing of the weight 

of the cylinder by its specific gravity and is ^ lb. The centre of 

0*7 

gravity of this water rises from a level of 8 J feet below the surface to the 
level of the surface 


the gain of potential energy ss 
The work required to sink the cylinder is 

448 - 3°) 

^ 448 X 9 

1*4 

= 2880 ft.-lb. 


448 X 3 X 17 
1-4 


Example (ix). 

A tall rectangular tank whose base is 2 feet square is filled with water 
to a depth of 4 feet. A heavy box, 2 feet high on a base i foot square 
and of weight 2 cwt., is lowered into the water so as to stand on the bottom of 
the vessel. Find the least amount of work required to raise it just clear of 
the water. (I S.) 

^t ABCD (Fig. 315) represent a section of the tank, AB being the 
original level of the surface of the water. 

When the box is lowered into the water, the level of the surface rises 
to A'B', where the volume between AB and A'B' is equal to the volume 
of the box, i.e. 2 cu. feet. 

The height AA' is therefore x i 

Now when the box is lifted out of the water the surface falls to its 
original level so that the box has to be raised 4 feet only. 

The gain in potential energy = 224 x 4 ft.-lb. 
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The centre of gravity of the water between AB and A*B' falls to the 
level of G, the centre of gravity of the box when resting on the bottom, 

i.e. ft. 



Fig. 315. 


The weight of this water is 2 x 62*5 ^ 125 lb. 
the loss of potential energy is 125 x 3J ft.-lb. 

The work required to raise the box clear of the water is the difference 
between these, 

, • j 125 X 13 

work required = 224 x 4- - - - 

4 

= 896 — 406^ 

= 489J ft.-lb. 


EXAMPLES XLVII. 

1. A uniform rectangular block of density s floats completely immersed 

with two of its faces horizontal in two liquids (which do not mix) of 
densities Si and 5* where < s <; Find the ratio in which the 
vertical faces of the block are divided by the common surface of the 
liquids. (H.S.D.) 

2. A solid cone of which the height and diameter of the base are each 
10 inches floats with its vertex downwards in water, with 8 inches of 
its axis immersed. What weight, when placed at the centre of the 
base, will wholly immerse it ? (i cu. foot of water weighs 62 J lb.) 

(H.S.C.) 

3. A right circular cylinder 6 inches in diameter and 12 inches long* 
whose ends are plane, floats with its axis vertical in water. If the 
cylinder weighs 6 lb., calculate (i) the length of cylinder that wU 
be above the water, and (ii) the force that would have to be applied 
to keep the cylinder forced down through a further distance of 
1 inch, (i cu. foot of water may be taken to weigh 64 lb.) 

(R.S.ID.) 

4. A cubical block of wood each of whose edges is 8 inches and which 
weighs 14 lb. is placed in water. Calculate the depth to which it 
will be immersed, (i cu. foot of water weighs 62 J lb.) (H.S.D.) 
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5. The trapezium ABCD represents a block of wood ; AB . (= 16 
inches) and CD (= 6 inches) are the parallel sides, the perpendicular 
distance between them being 10 inches ; AD = BC. The specific 
gravity is and the block floats in water with AB immersed and 
horizontal. Show that the depth of is about 4*86 inches. (I.S.) 

6. A ship with sides practically vertical near the water line is observed 

to sink I3’8 inches deeper when loaded with 400 tons of cargo in 
salt water. Find the water line area, taking the density of sea 
water as 64 lb. per cu. foot. The displacement of the ship is 4500 
tons ; find how far it sinks when passing from salt to fresh water 
of density 62-5 lb. per cu. foot. (I S.) 

7. A boat sails from sea water of specific gravity 1*025 fresh water 
and sinks 2 J inches. A man. weighing 200 lb., gets out and the boat 
rises to its original water line. Find the weight of the boat, 

(H.S.C.) 

8. A ship sailing from the sea into a river sinks 4 inches, and after 

discharging 40 tons of her cargo she rises i inch. Taking the specific 
gravity of salt water with respect to fresh water as 1025. and the 
sides of the ship near the water line as being vertical, find the total 
weight of the ship and cargo. (H.S.D.) 

9. A cylindrical block of wood of diameter 4 inches, height 3 inches, and 

specific gravity J is immersed with its base horizontal in a cylinder 
of 6 inches diameter containing water; calculate the height to which 
the level of the water will rise (assuming that there is enough water 
to keep the cylinder floating) and also the length of the immersed 
part of the wood. (I S.) 

10. A solid wooden cone, of height 10 inches and radius of base 2 inches, 

floats in water with its axis vertical and vertex downwards so that 
6 inches of the height of the cone are immersed. Find, in oz. weight, 
the vertical force that must be applied at the centre of the base of 
the cone to immerse a further 2 inches of the height of the cone. 
(i cu. foot of water weighs 1000 oz.) (I.S.) 

11. The displacement of a floating vessel is IV, and the centre of gravity 
of the water displaced is at depth h below the centre of gravity of the 
vessel. Cargo of weight w is placed on board at a depth 6 below the 
water line, and the draught of the vessel is increased by d. Show 
that the centre of gravity of the water displaced is now at a depth 
below that of the loaded ship equal to 

~ fr^(* + * + i)- 

the sides of the ship near the water line being assumed vertical. 

(I.S.) 

12. A rectangular lamina ABCD floats upright in water with AC in the 
surface, .Dout of the water, and a weight of negligible volume attached 
to B. Determine the specific gravity of the material of the lamina. 

^ ^ ^ (H.S.D.) 

13. A thin hollow cylinder floats vertically in water, immersed to a depth 
h. On pouring in a liquid to depth hi this depth is increased by 
h*. Show that, when the empty cylinder floats in the liquid, the 

depth immersed is^. (I S ) 

h 
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14. A uniform rod has a weight attached to one end to make it float 

upright in liquid. If 3 inches of the rod is immersed when it floats 
in water and 3*5 inches when it floats in a liquid of specific gravity 
0 9, what length of it will be immersed when it floats in a liquid of 
specific gravity i*2 ? (I*S-) 

15. The upper half of a cylindrical rod is of specific gravity Show 

that if it can float upright in water the specific gravity of the lower 
half must lie between | and yi. What is the greatest fraction of 
the whole length that can be above water ? (I«S.) 

16. A bottle with a long straight neck floats vertically upright in water, 

part of the neck alone emerging. It is then placed in a solution of 
specific gravity 1*12, and 3 inches more of the neck are above the 
liquid surface. If the diameter of the neck (assumed of circular 
cross-section) be i inch, find the weight of the bottle, taking i cu. 
foot of water = 1000 oz. (I.S.) 


17. A buoy in the form of a hollow spherical shell, of external diameter 

3 feet and uniform thickness, floats in water with half its volume 
immersed. Find the thickness of the shell if it is made of material 
of specific gravity 8. (I*S.) 

18. A straight wooden rod, of uniform cross-section and length I inches, 
has a piece of metal of specific gravity ox attached to one end so 
that it will float upright in liquids. When placed in water a length 
a inches of the rod is immersed, when placed in a liquid of specific 
gravity 0% a length b inches of the rod is immersed. Show that the 
specific gravity of the material of the rod is 



ly. A solid right circular cone, the diameter of whose base is 10 inches and 
the length of whose slant side is 13 inches, floats in water with its 
axis vertical and its vertex downwards, three-quarters of its slant 
side being immersed. Calculate the weight of the cone, given that 
the weight of the water is 62^ lb. per cu. foot. What vertical force 
would have to be applied to the upper surface of the cone so as to 
cause it to be just completely immersed. (H.S.D.) 


20. It is desired to construct a hollow sphere of iron, of specific gravity 

7*8 and with J inch thickness of metal, of such size that it will float 
totally immersed in water. Determine its external diameter. 

(H.S.C.) 

21. A buoy is in the form of a hemispherical iron shell, 6 feet in diameter, 

surmounted by a right circular cone of slant height 3*6 feet; the iron 
is I inch thick and is of specific gravity 7*5. Prove that the buoy 
can float in water with the hemispherical part almost entirely im¬ 
mersed. (H.S.D.) 


22. A sponge, when completely saturated with water, is frozen solid 
and just floats completely immersed in water, displacing 33 cu. 
inches. When the ice is melted the sponge requires a force of 2 oz. 
weight to support it in water. What is the volume and specific 
gravity of the material of which the sponge is composed.? Specific 
gravity of ice =* 0*918, i cu. foot of water weighs 62*5 lb. (H.S.) 
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23. Water is contained in a vessel with vertical sides and horizontal 
cross-section A, and a uniform circular cylinder of horizontal 
cross-section B, height h, and specific gravity s. floats in the water 
with its axis vertical. A liquid of specific gravity s'{ < 5), which 
does not mix with water, is now poured on to the water until the 
top of the cylinder is just covered. Prove that the depth of the 
upper layer of liquid is 

- s) 

I - s' ' 

and find the distance through which the cylinder rises. 

24. A cjrlindrical vessel of radius 6 inches contains water to a height of 

18 mches. Find the pressure on the base and the total pressure on 
the curved surface. By how much are these pressures increased 
when a body of specific gravity o*6 and weight i lb. floats on the 
surface of the water ? (H.S.C.) 

25. A solid homogeneous cone, of height 5 feet and diameter of base 
4 feet, floats with its axis vertical and vertex downwards in water 
contained in a cylindrical vessel, the diameter of whose cross-section 
is 6 feet. If the specific gravity of the cone is f, find how far the 
placing of the cone in the water causes its surface to rise, and how 
much of the axis of the cone is immersed. 

26. A cone floats, vertex downwards, in water, immersed to a depth of 
4 inches ; when floating in a liquid it is immersed to a depth of 4-3 
inches. Determine the specific gravity of the liquid. 

27. A hollow circular cylinder, open at one end, has external and in¬ 
ternal radii rj and r* respectively, and the thickness of its base is d. 
When it floats in water with its axis vertical a height H is immersed. 
If water flows in through a leak, find the height of the cylinder 
immersed when the water inside is of depth h. Show that the cylinder 
will ultimately remain floating provided that its total length is 
greater than 


(r»» H - 


I_ 




(I.E.) 


28. 


29 . 


An iron cylinder of diameter 25 cm. and height 10 cm. stands in 
a cylindrical jar of diameter 30 cm. Mercury is now poured into the 
jar until the iron just begins to float. Calculate the depth of the 
mercury. Oil is now poured on top of the mercury until the upper 
1 cylinder is just level with the surface of the oil. Find 
volume of oil required and the height of the base of the cylinder 
above the bottom of the jar. (Take the specific gravities of iron, 
mercury, and oil to be 7*9, 13-6, and 0-9.) (I-E.) 

A man^n float in sea water with only part of his body immersed. 
^5 water an upward force of 4 lb. wt. is required to keep him 
afloat with the same amount immersed. Find the man’s weight, 
5^ f^at a cubic foot of sea water weighs 64 lb. and a cubic 
foot of fresh water 62 J lb. If, when the supporting force of 4 lb. wt. 
IS remov^, the man still floats, find what additional volume is 


immersed. 


(N.U. 3 ) 


weigh W, and the centre of gravity of the dis¬ 
placed water is h feet below the water line. A weight w of cargo is 
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removed, and it is observed that the draught is diminished by 
d feet. If the centre of gravity of the displaced water is now A' 
feet below the new water line, show that 

w d + h' ~ h 
W ~ V + \d ' 

the sides of the ship near the water line being assumed vertical. 

(C.W.B.) 

31. A rect^gular box is 4 feet long and 2 feet wide, and it floats in water 

with its bcise horizontal, the total weight of the box and contents 
t>eing 45 lb. Find the pressures on the sides, (i cu. foot of 
water weighs 62 5 lb.) An additional weight of 5 lb. suitably 
placed in the box causes it to float with one of the longer edges of 
its base in the surface. Show that the total fluid pressure on the 
base is approximately 49 8 lb. wt. (C.W.B.) 

32. If a length a cm. of the stem of a common hydrometer is above the 

liquid, when the hydrometer floats in a liquid of specific gravity s, 
and a length b when it floats in a liquid of specific gravity s\ find the 
length of the stem above the surface when it floats in a liquid ob¬ 
tained by mixing equal weights of the former liquids. (Ex.) 

33. The stem of a common hydrometer is graduated from the top down¬ 

wards into 100 equal parts, the zero of the scale being uppermost; 
the volume of the whole instrument is three times that of the 
graduated stem ; and the hydrometer sinks to the mark 20 in water. 
Find the specific gravities of liquids in which it sinks to o and 60 re¬ 
spectively. How does the hydrometer behave if placed in liquid 
of specific gravity 0-85 ? (H.S.D.) 

34. A body floats partly immersed in a liquid and is observed at times 

when the density of the air is p^, p^, p,. It has at these times volumes 
1^1. ^3 respectively, above the surface of the liquid . Prove that 






(Ex.) 


§ 234. Equilibrium of a Body totally immersed in a Heavy Liquid 
of density greater than its own. 


Since in this case the upward vertical thrust of the liquid in the 
body is greater than the weight of the body, it is evident that a down¬ 
ward force must be applied to it to keep it immersed. 

Since the weight of the body and the resultant thrust of the liquid 
on it are both vertical forces, it is also evident that the downward 
force applied to maintain equilibrium must be vertical. 

Let ABC (Fig. 316) be a body, of specific gravity < i, held under 
water by a string OA attached to the bottom. 

If the body is homogeneous so that the centre of gravity G coin¬ 
cides with the centre of gravity of the water which would occupy 
the same space, the weight of the body and the resultant vertical 
thrust of the water pass through the same point G and the line of 
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the string must also pass through G. In this case there is only one 
position of equilibrium as shown in Fig. 316A. 



If, however, the centre of gravity G does not coincide with the 
centre of gravity G' of the water which would occupy the same space, 
there may be another position of equilibrium in which GG' is in¬ 
clined to the vertical as in Fig. 316B. The string OA is still 
vertical, its tension T and the weight W just balancing the upward 
thrust through G', 

The position with OG'G vertical is also a position of equilibrium 
and is the one usually considered. 

In either case the tension T is the difference between the upward 
thrust of the water and the weight of the body. 

Example. 

A sphere of i foot diameter and specific gravity 1 J rests on the bottom 
of a tank filled with water. To it is attached by a light string another 
sphere of i foot diameter and specific gravity |, which floats above the first 
sphere and is also wholly immersed. Prove that the tension in the string is 
equal to the weight of about 10*9 lb., and that the reaction of the base of the 
tank on the lower sphere is half of this (i cu. foot of water weighs 62 J lb.). 

(H.S.D.) 



The volume of each sphere is 


4 I ir 

T*h “ A 

5 0 0 
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The weight of the upper sphere is 


2 7rI25 


lb.. 


362 

and the upward thrust of the water on it is 


TT 125 
6 ■ 2 


lb. 


Hence, if T be the tension in the string. 


6 * 2 ^ * 6 * 2 ' 


n 

18 • ~2 


2 3 

125 II X 125 


18 X 7 

The weight of the lower sphere is 


= 10-9 lb. wt. 


3 125 

2*6’ 2 


lb.. 


and the upward thrust of the water on it is 


125 


6 ' 2 


lb. wt. 


If R is the reaction of the base of the tank, we have 


7 ? 4. T ii 5 . 7^ _ 3 ^ 125 

^6’ 2 ^^“2*6* 

^ ^ • g - ^ = ^T, from above ; 

7 ? = IT. 


EXAMPLES XLVIII. 

1. A piece of wood in the shape of a right circular cylinder, length 12 

inches and radius of cross-section 8 inches, floats in water with its 
axis vertical and 3 inches of its length above water. Calculate the 
density of the wood. The cylinder now has a string attached to the 
centre of its lower section and to the bottom of the vessel containing 
the water, and the string is shortened until the cylinder is just sub¬ 
merged. Calculate the tension in the string, (i cu. foot of water 
weighs 62^ Ib.) (I.E.) 

2. Two solid uniform spheres each of radius 4 inches are connected by a 
light string and totally immersed in a tank of water. If the specific 
gravities of the spheres are 0*4 and i*8, find the tension of the string 
and the pressure between the bottom of the tank and the heavier 
sphere, (w = 3-1416. i cu. foot of water weighs 62J lb.) (I.S.) 

3* A buoy in the form of a right circular cone, the vertex of which is 
fastened to the bottom of the sea by a chain, floats at low tide with 
the chain slack, the axis of the cone being vertical and f of it immersed. 
If the ^ameter of the base is 9 feet, and the height 12 feet, calculate 
the weight of the buoy, assuming that the weight of the water is 64 lb. 
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per cu. foot, and that the weight of the chain is negligible. Calculate 
also the pull on the chain at high tide when the buoy is completely 
immersed. (LE.) 

4. A spherical buoy is half under water, its external radius is 18 inches, 

and it is made of sheet iron ^ inch thick ; calculate the tension in the 
chain which holds it down, taking water to weigh 62*3 lb. per cu. 
foot, and iron 450 lb. per cu. foot. (I S.) 

5. A hollow vessel is in the shape of a right circular cylinder with closed 
ends. Its external dimensions are diameter 8 feet and length 20 
feet, and it is constructed of iron of specific gravity 8 and uniform 
thickness J inch. It is completely immersed in water and attached 
to the bottom by means of a chain. Calculate the tension in the 
chain in tons weight when the vessel is empty, (i cu. foot of water 
weighs 62^ lb.) 

6. A rectangular board A BCD floats with the diagonal ACin the surface 
of water, the lowest comer B being attached to the bottom by a 
string. Prove that unless the rectangle be a square, this position is 
only possible if the specific gravity of the board be L (C.W.B.) 


librium of a Body 
string attached to s 


The weight of the body and the resultant thrust of the liquid on 
it are both vertical forces, hence, for equilibrium, the tension of the 
string must also be a vertical force, i.e. the string must be vertical. 
The two cases which may arise are illustrated, in Fig. 318A and b. 


0 O 



In the first, which is not of much importance, the centre of gravity 
of the body G is in the line of the string, and the centre of gravity of 
the water which would occupy the immersed part of the volume must 
be also in this line. 

The tension in the string is equal to the difference between the 
weight of the body and the upward thrust of the liquid. It may of 
course be zero. 

In the second case the tension of the string is again equal to the 
difference between the weight of the body and the upward thrust of 
the liquid. Now, however, we must have a further condition for 
equilibrium in the inclined position. This condition is that the 

voL.n-o 
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moments of the weight and the upward thrust about A, the point of 
attachment of the string, must be equal and opposite. 

This is illustrated in the following examples:— 

Example (i). 

A uniform rod rests inclined to the vertical with ^ of its length in water, 
the upper end of the rod being supported by a string. Prove that the specific 
gravity of the rod is 



Fig. 319. 

Let AB (Fig. 319) be the rod, G its middle point, C the point where 
it meets the surface of the water. Let 5 be its specific gravity, V its 
volume, and w the weight of unit volume of water. 

The weight of the rod is Vsw. 

The volume immersed is ^V, so that the upward thrust of the water 
on the rod is equal to ^Vw and acts at Df the middle point of BC. For 
equilibrium in the inclined position we have, taking moments about A, 

Vsw . AG cos 8 = \Vw . AD cos 6 , 

But AG = \AB. and = (§ -f ^)AB = ^AB, 



Example (ii). 

A homogeneous rectangular lamina A BCD, moving freely in a vertical 
plane about a horizontal axis through A, is immersed in water with the 
diagonal BD in the surface and A above it. Prove that the specific gravity 
of the lamina is f. (H.S.D.) 

Let G (Fig. 320) be the point of intersection of the diagonals, V the 
volume of the rectangle, s its specific gravity, and w the weight of unit 
volume of the water. 

The forces acting on the lamina are 

(i) its weight Vsw acting vertically downwards through G ; 

(ii) the upward thrust of the water ^Vw acting vertically upwards 
through E, the centre of gravity of the triangle BCD {GE = Y^C ); 

(iii) the reaction at A which must also be a vcrticad force. 
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Taking moments about A, we have 

Vsw . AG — -Vw . AE =■ ~Vw . ~AG, 

2 23 




Fig. 320. 

Example (iii). 

Two equal uniform rods AB, BC, each of length 2a and density p, 
are freely jointed at B and can move freely about A, which is fixed at a 
given depth below the surface of a uniform liquid of density a. Show that, 
if both the rods are partly immersed, and are in equilibrium, the length of 
BC below the surface is _ 

- V'" 



Fig. 321. 

Let G (Fig. 321) be the centre of gravity of BC and x the length of 
BC below the surface. 

BC is acted on by its weight 2ap vertically downwards through G, 
the upward thrust xa acting vertically upwards through the middle point 
of the part immersed, and the reaction of the hinge at B, which must 
therefore be an upward vertical force. 

[Note. —Strictly the weight and thrust are only proportional to 
2ap and xa.'l 
o* 
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If a is the inclination of BC to the horizontal, we have, taking 
moments about B for BC, 

2a — cos a, 

X* 

laax —= 2a*p, 

x^a — ^aax ^a*p = o, 

. _ _ 4«o' ± Vi6a*<7* — i6a*pa 

• « ^ » — _ - * _ 

2 a 

since the positive sign is impossible. 
het y be the length of A B immersed. 

AB is acted on by a downward reaction 2ap — xa at B, its weight 
2ap, the upward thrust of the water ya at the middle |>oint of the part 
immersed, and the reaction of the hinge at A. 

If ^is the inclination of to the horizontal, we have, taking moments 
about A for AB, 

[zap — X(7) 2a cos p + zap , a cos p = ya . ^ cos p, 

■ ■■ 4a‘p - ~ 

... >• = - 8a«[i 

But y must not be greater than 2a, 




zap . a cos a — 


a = ;ra^ 


■■■ ’V' ” s ^ 

'4^ + 5<o. 




5 
• • 

9 


EXAMPLES XLIX. 

1. A thin uniform rod of length 2a and of specific gravity f is hinged 

at one end to a point at a height Ja above the surface of water, and 
the other end is immersed in the water. Find the inclined position 
of equilibrium. (LS.) 

2. ABC is a triangle in which AB = 20 inches, BC = 15 inches. AC ^ 
25 inches. A triangular prism of which ABC is the central cross- 
section can turn freely about the edge which passes through A, 
which is hinged to two fixed points in the same horizontal line ; and. 
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thus supported, the prism floats in water with one-half of AB and 
imc-lmlf of BC immersed, A being above the surface of the water. 
Prove that the specific gravity of the material of which the prism is 


made is 


89 

5 ^- 


(H.S.D.) 


The cross-section of a uniform prism is a rectangle with unequal 
sides, and it floats in water with two opposite edges in the surface, 
supported by a string attached to the edge which is out of the water. 
Show that the specific gravity of the prism is f, that the string is 
vertical, and that the tension in it is one-fourth of the weight of 
the prism. (I S ) 


A straight uniform thin rod of specific gravity 0-64 floats in water. 
One end is then lifted out by a string fastened to it. Prove that 
until the rod becomes vertical two-fifths of it remains immersed. 
If, instead, the string were held under the water so as to pull the 
end down, prove that one-fifth of the stick will be visible above the 
water. (IS.) 





A rectangular lamina A BCD of uniform thickness and density rests 
in a vertical plane partly immersed in water. Its highest point A 
is held by a smooth fixed pivot about which it can rotate, and it 
rests in equilibrium with its sides AB, AD divided internally in 
the same ratio 3 : 2 by the surface of the water. Find the specific 
gravity of the lamina, and what fraction of its weight is supported 
by the pivot. (Ex.) 


A uniform thin rod floats in water in an inclined position with one- 
half its length immersed, the upper end of the rod being supported 
by a string. Prove that the string is vertical and that the density 
of the rod must be three-quarters of that of the water. (I S.) 


A uniform wooden rod of density p is free to move about a horizontal 
axis through its end A , and has its other end B submerged in a 
liquid of density p'. {p < p'). Prove that at whatever height the 
axis through A is placed al»ve the liquid, the length of the sub¬ 
merged part of the rod will remain constant, so long as it floats 
obliquely and not vertically. Prove that the height at which the 
axis through A must be placed above the liquid, so that the rod may 

be able to float obliquely, must be less than /a/ i _ where I is the 

^ P 

length of the rod. (H.S.D.) 


8, A uniform square plate is free to turn about a horizontal axis through 
one comer, this axis being perpendicular to the plane of the plate. 
If the axis is in the surface of a tank of water, and if less than half 
of the plate is immersed, show that the specific gravity of the plate is 


tan* $ A- 2 tan 6 
3(1 -h tan 6 ) ’ 


where 0 is the angle which the immersed side through the axis 
makes with the horizontal. (I H.) 

9. A uniform flat sheet ABC, in the form of a right-angled isosceles 
triangle, having the right angle at B, has the vertex A pivoted in 
the surface of the water, and floate in a vertical plane partly 
immersed, with the vertex B below the surface. If the side AC ia 
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inclined at an angle of 15® to the horizontal, show that the specific 
gravity of the material of the plate is about 0*52, and find the reaction 
at the hinge. (H.S.C.) 

10. A thin rectangular board of specific gravity ^ is hinged along its 

shorter side to the fiat bottom of the tank. Find the position 
assumed by the board when water is poured in to a depth h ; and 
prove that the board assumes the vertical position when h becomes 
equal to Vs times the length of the board. (N.U.3) 

11. A uniform rod of length / and specific gravity s can turn freely about 
its upper end, which is fixed at a height A (< /) above the surface 

of water. Prove that the vertical position is unstable if A < iVi — s. 
and find the inclined position of equilibrium. (C.W.B.) 


§ 236. Eqnilibritim of a Body Totally Immersed in a Liquid and 
supported by a String. 


In this case the specific gravity of the body must be greater than 
that of the liquid. 

The upward thrust of the liquid on the body is equal to the weight 
of liquid which would occupy the space occupied by the body, and is 
therefore less than the weight of the body. 

The tension in the string = weight of body — upward thrust. 

If the string supporting the body is attached to one arm of a 
balance, it is clear that the body appear to weigh less when 
immersed in the liquid than when hanging freely in the air, i.e. 
there is an apparent loss in weight equal in amount to the weight of 
liquid having the same volume as the body. 

Let V be the volume of the body, s its specific gravity, p the 
specific gravity of the liquid, and w the weight of unit volume of 
water. 

The weight of the body is Vsw, and the weight of liquid having 
the same volume as the body is Vpw. 

Hence, if T is the tension in the string, we have 

T Vsw — Vpw = Vw(s — p). 

When the liquid is water, p = i, and 


T = Vuis - I). 

§ 237 . One of the commonest methods of determining the specific 
gravity of a body depends on the result of the last paragraph. 

The body is weighed hanging from the arm of a balance in air. 
It is then immersed in water and the apparent weight determined. 
The apparent loss in weight is equal to the weight of water having 
the same volume as the solid. 

c -x weight of body 

peci c gravi y — equal volume of water 

weight of body 


apparent loss m weight 
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Strictly speaking, the weight of a body hanging in air is not its 
true weight. The surrounding air exerts an upward thrust on it 
equal to the weight of air having the same volume as the body. 

Unless, however, the body is large, the weight of this volume of 
air is very small and is usually neglected. 

In weighing a gas the vessel containing it must be fairly large, 
and in such cases allowance has to be made for the buoyancy of 
the air. 

§ 288, The following examples illustrate the method of calculating 
results from the weights of a body in air and in liquid. 


Example (i). 

A piece of glass weighs 5 gm. in air, 3*2 gm. in water, and I’j gm. in 

sulphuric acid. Find the specific gravity of the glass and of sulphuric acid. 

(I.S.) 

When the glass is immersed in water the upward thrust of the water 
on it is equal to the weight of the volume of water having the same volume 
as the glass, and this weight is 

5 — 32 = 1-8 gm. 

... weight of glass 

Specific gravity of glass = weight of equal volume of 

1-8 9 9 


Similarly the weight of sulphuric acid having the same volume as the 
glass is 


5.0 — 1*7 = 3*3 gm. 

. weight of sulphuric acid 

Specific gravity of sulphuric acid = weight of equal volume of water 



Example (ii). 

A block of wood weighed in air had a weight of 2-75 lb. ; a piece of metal 
weighed in water appeared to weigh 1-65 lb. ; and the two when jmned 
together appeared to weigh 0-85 lb. in water. Find the specific gravity of 
the wood. (1-S-) 

The wood and metal together should weigh 2*75 4 - 1*65 = lb. 
in water, the difference between this and the apparent weight being 
due to the upward thrust of the water on the wood, 
upward thrust 4*40 — 0*85 = 3*55 lb. 

Now is the weight of water equal in volume to the wood. 


specific gravity of wood 


^♦75 _ 55 
3*55 n 
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Example (hi). 

A cofnpound of two bodies of specific gravities 1*5 and 2*3 respectively, 
weighs 480 gm. in water and 240 gm. in a liquid of specific gravity 1*3. 
Determine the volume of each body in the compound. (I S.) 

Since the units are C.G.S., i c.c. of water weighs i gm. 

Let Vi and V| c.c. be the volumes of the bodies of specific gravity 1*5 
and 2*3 respectively. 

The weight of the solid is 

(1-51;, -f 2-31;,) gm. 

The weight in the water is 

(I’St'i + “ {Vi + V,) = 480. . . . (i) 

The weight in the liquid is 

+ 2-3V,) - (vi + Vt) 1*3 

and *21;, + V, 

t/j + 2 ' 6 Vi 

and Vi H- 5V, 

.*. 2*41/, 

.-. t/, 

v, 

EXAMPLES L. 

1. A piece of wax of weight 26‘65 gm. is tied to a piece of copper ; the 

weight in water of the combination is 9*16 gm. If the weight of the 
copper in water is lo-io gm., determine the specific gravity of the 
wax. (IS.) 

2. A piece of wood weighs 144 gm. in air and a piece of metal weighs 

36 gra. in water. When fastened together the two weigh 24 gm. 
in water and 8 gm. in a solution of specific gravity i*i. Find the 
specific gravities of the wood and the metal. (I S.) 

3. A uniform solid body weighs 40 gm. in water and 50 gm. in a liquid 

of specific gravity o*8. Find its volume and specific gravity. (The 
weight of I c.c. of water may be assumed to be i gm.) (I S.) 

4. A body is known to consist of two substances A and B of specific 
gravities i‘5 and 4. When weighed in vacuo its weight is ii lb. 
When weighed in water its weight is 6 lb. What are the proportions 
of the two substances in the body (i) by weight, (ii) by volume ? 

(I.S.) 

5. A mixture of two uniform substances weighs 25 gm. in water and 

28 gm. in a liquid of specific gravity 0-8. A mass of one of the sub¬ 
stances of equal weight with the mixture weighs 30 gm. in the second 
liquid, and a mass of the other substance of equal weight with the 
mixture weighs 15 gm. in water. Find the specific gravity of each 
substance and their volumes in the mixture, (i c.c. of water weighs 
1 gm.) (I.S.) 


= 240, . (ii) 

— 480 
= 240, 

=s 960 
= 1200 , 

= 240, 

— 100 C.C., 

= 700 c.c. 
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G. A body weighing 156 lb., of specific gravity 6 7, is found to weigli 
115 lb. when immersed in Nvater. Show that there are hollow spaces 
in the body and find their total volume. (H.S.C.) 

7. Ablockof metal, of specific gravity 7*5, weighs 1501b. When weighed 

in water the weight is found to be 120 lb. Show that there is a 
hollow inside the block, and calculate the ratio of the volume of the 
hollow to the apparent volume of the metal. (I S.) 

8. To find the specific gravity of a body lighter than water, weighing 

I lb., it is attached to a mass of lead whose apparent weight in water 
is 5 lb. The apparent weight of the two when immersed together is 
lb. Find the specific gravity of the body. (H.S.C.) 

9. A nugget of quartz and gold weighs 13 oz. in air and 9 oz. in water ; 

taking the specific gravities of quartz and gold to be 2-6 and i9-5 
respectively, find the weight of gold in the nugget. (I S.) 

TO. An alloy of two metals, whose specific gravities are 11*4 and 7 3. 
weighs 10 lb. in air and 9 lb. in water. Find the weight of each 
metal and the ratio of their volumes. (H.S.C.) 

11. If Wi, Wf, Wf are the apparent weights of a body when totally 
immersed in three different liquids, whose specific gravities are ai, 
ct. Qz, prove that 

(<ri — oi)WI + (<T» — (Ti) IP* + ((Zi — of|)IP» = o- 

The apparent weights of a body, when totally immersed in water and 
in a liquid of specific gravity 2*5, are respectively 5 and 2 grams. 
Find the specific gravity of a liquid in which the body will float with 
only one-half of its volume immersed, the density of the atmosphere 
being neglected. (N.U.3and4) 

12. A body has apparent weights and IP, when floating submerged 

in liquids of specific gravities and s,. Find (i) its actual weight, 
and (ii) its apparent weight when floating submerged in a liquid of 
specific gravity 4 (Si 5,). (Ex.) 
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GASES. 

§ 239. The essential difference between gases and liquids is that 
the latter are practically incompressible while the former are easily 
compressible. 

A gas will expand and fill any space into which it is put, and will 
therefore have no free surface. 

In the case of the atmosphere there is of course an upper limit, 
but there is no definite free surface as in the case of a liquid. The air 
gets more and more rarified as the altitude increases, and the transi¬ 
tion to space where there is no air is gradual. 

Except in the case of the atmosphere the external pressure to 
which a gas is subjected is the chief cause which determines the 
magnitude of its pressure. 

§ 240. Pressure due to the Atmosphere. 

The height of the atmosphere above the surface of the earth being 
several miles, the weight of the air is sufficient to cause a pressure 
in the same way as a heavy liquid does at points below its surface. 

The pressure intensity of the atmosphere is about 14 J lb. per 
square inch, equivalent to a depth of about 33 feet of water, or of 
about 30 inches of mercury. 






* ^ 

A 


• • 

B ( 




Fig. 

% 

322. 


If a tube about 3 feet long, closed at one end, is filled with mercury 
and inverted, with the open end under mercury in a vessel as shown 
in Fig. 322 , the mercury in the tube will descend imtil its level is at 
a point A whose height above the level of the mercury at B outside 
the tube is about 30 inches. 
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The pressure intensity at the level of B inside the tube is that due 
to the depth of mercury AB, and the pressure intensity outside at B 
is that due to the atmosphere. Since the pressure intensities at the 
level B inside and outside the tube are equal, the pressure intensity 
due to the atmosphere is the same as that produced by a column of 
mercury of height AB. 

This is the principle of the mercury barometer, which is largely 
used for measuring atmospheric pressure. 

We have assumed that there is no pressure on the upper surface 
of the mercury column at A . Since the space above A contains only 
a small amoimt of mercury vapour this is very nearly true. 

If some air or any other gas or vapour be present in the space above 
A, it will exert a pressure on the mercury and depress the column ; 
in this case the height of the column is no longer a measure of the 
atmospheric pressure intensity outside. 

Atmospheric pressure intensity = pressure intensity due to column 
of mercury + pressure intensity due to gas above A . 

§241. Boyle’s Law. 

The pressure intensity of a given nuiss of gas, whose temperature 
remains unaltered, varies inversely as its volume. 

This is an experimental law, and is only accurately true within 
certain limits for actual gases. 

Gases such as air, hydrogen, and oxygen obey this law over a 
large range of pressures and approximate to what is known as a 
Perfect Gas, i.e. one which obeys this law absolutely. 

In what follows we shall assume that the gases considered are 
perfect. 

For such a gas, iipxs the pressure intensity and v the volume then 



.*. 0 =5 where c is some constant, 

^ V 

pv = c. 

Hence Boyle's Law can also be stated as follows :— 

The product of the pressure intensity atul the volume of a given mass 
of gas whose temperature remains unaltered is constant. 

Since the mass of the gas is equal to the product of its volume and 
density, we have, if is the density, 

vp = constant, 
i> 

c =5 constant, 

P 

i.e. the density increases with the pressure, the ratio of pressure to 
density remaining constant. 
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§242. Example (i). 

A faulty barometer indicates 29-2 inches and 30 inches when the true 
readings arc 29-4 inches and 30'3 biches respectively. What length of tube 
would the air in the tube occupy when subject to a pressure of 30 inches? 

(H.S.C.) 

Let I inches be the length of the tube occupied by the air when the 
reading is 29*2 inches. 

The pressure of the air is then 29 4 — 29 2 = 0 2 ins. The volume 
of the air may be assumed proportional to the length of tube it occupies. 

When the reading is 30 inches the length of tube occupied by the 
air is / — o-8, and the pressure of the air is 30 3 — 3O'0 = 0*3 inches, 

0-2/ = o-3(/ — 0-8), 

01/ = 0 24, 

I = 2*4 ins. 

If .r is the length occupied by the air when its pressure is 30 inches. 

;r X 30 = 2*4 X 0-2, 

2*4 X 0-2 

X — — -^ 016 in. 

30 

* 

Example (ii). 

An empty inverted hollow cylindrical vessel 20 feet long is lowered in 
water till the water rises inside so as to occupy half of its voltane. Taking 
the height of the water barometer as a feet, find the depth of the top of the vessel 
below the surface of the water. 

If an amount of air that at atmospheric pressure would fill the vessel 

is now pumped in, how much water will be driven out of the vessel ? 

(H.S.C.) 



Fig. 323. 


Let ABCD (Fig. 323) represent a section of the vessel, XY the level 
of the surface of the water inside it, EF the level of the free surface of 
the water. 

Let X be the depth of the top, BC, below the surface, w the specific 
weight of the water. 

The pressure intensity at the surface is 3yv, and that in the position 
shown is (33 + ^ + io)a;. 

Under the latter pressure the volume is halved. 
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Hence, by Boyle's Law we have 

33«) = i(43 + x)w. 

66 = 43 + X. 

X — 2 ^ ft. 

Let y be the depth below BC of the surface of water in the cylinder 
when the extra air has been pumped in. 

The pressure is now (33 -f 23 -}- y)w, and the volume is proportional 
to y. 

At the surface the pressure would be 33«^, and the volume would be 
proportional to 40. 

(56 -{■ y)w X y = X 33 «'. 

• • + 5 ^y — *3^0 — 

“ 56 + v'sb* + 4 X 1320 
y = — ^ —I—— — - - — = 17-80 ft. 

Hence a depth of 7-86 feet is driven out. 


Example (iii). 

A tumbler of height 10 inches has vertical sides and a flat bottom the thicks 
ness of which can be neglected. It is lowered vertically into water, mouth 
downwards, and floats when free with a height of 5-9 inches above the outside 
surface of the water. If the water barometer is 33 feet, find the height to 
which the water has risen in the tumbler. Prove that if the mouth of the 
tumbler is sunk to a depth of 50 feet below the surface of the water the tumbler 
will again float in equilibrium under its own weight, assuming that the 
temperature of the air inside the tumbler has remained constant. (Ex.) 

I.et AT inches be the depth of the surface of the water inside the tumbler 
below the base. 

The pressure intensity of the contained air is 


^33 -|- ^ i2 ~) water. 


The original and new volumes of the contained air are proportional 
to 10 and X respectively. 

Hence, by Boyle's Law we have 

*(33 + ) = 10 X 33 , 

X * + 390-i^f — 3960 = o. 

This equation gives x = 9-9 inches. 

The pressure intensity of the air is ^33 + feet of water. 

The difference between this and the outside pressure intensity is 
feet, so that this pressure intensity is enough to support the weight 
of the tumbler. (The pressure due to the 5*9 inches of air is neglected.) 
When the mouth is 50 feet below the surface, the base is 49^ feet below, 
and if x is again the depth of the water surface inside below the base, 

the pressure intensity is ^82 J feet of water. 
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Hence, by Boyle’s Law, 

X 33 . 

.*• + 9S6X — 3960 O, 

giving X = 4. 

The difference between the inside and outside pressure intensities 
on the base is again feet, so that the tumbler is again in equilibrium 
under its own weight. 


EXAMPLES LI. 







A barometer is defective in having a small amount of air enclosed 
at the top. If when the atmospheric pressure is 30 inches only 
29-8 inches are indicated, and when the pressure is 29 inches only 
28 85 inches are registered, find the length of the air-filled space at 
the top when the atmospheric pressure is 30 inches. (H.S.C.) 


The specific gravity of mercury is 13*6, and the air pressure on the 
surface of the Earth is i4'7 lb. wt. per square inch. Calculate the 
height of the column of mercury in the barometer, given that i cu. 
foot of water weighs 62^ lb. (H.S.D.) 


A uniform U-tube has equal vertical arms each 3 feet long. One of 
the arms is closed at its upper end, and the two arms communicate 
at the bottom by a negligible length of tube. Mercury is poured 
in until the length of the tube occupied by it is 30 inches. Assuming 
that no air escapes from the closed branch, find the length of mercury 
in each arm, the height of the mercury barometer being 30 inches. 


A diving-bell, 8 feet internal depth and 1000 cu. feet capacity, is 
sunk until its lower rim is 51 feet down. The pressure of the atmos¬ 
phere is 34 feet of water. Find how much air at atmospheric pres¬ 
sure would have to be pumped in to keep out the water. If none 
is pumped in, how high will the water rise in the bell ? (H.S.C.) 


A flask filled with air stands in an upright position, and is closed by a 
cork through which passes a vertical tube of uniform bore containmg 
a thread of mercury of length h. If the whole is turned into a 
position in which the tube is horizontal, the mercury thread moves 
through a distance x, and if it is turned upside down, so that the 
tube is again vertical, the mercury moves through a further distance 
y. Show that the height of the mercury barometer is 



y + X 
—X' 


(H.S.C.) 



A cylinder of length 2a, open at one end, is lowered vertically into 
water, open end downwards, in such a way that half the cylinder 
is under water and the upper half is occupi^ by air at atmospheric 
pressure. The cylinder is now moved till its lower end is at a depth 
b below the surface, and the water now in the cylinder occupiw a 
length a -|- ;if of it. Write down the equation for x, the height 
of the water barometer being h, and show that, if a and b are small 
compared with h (A is about 1000 cm.), x is approximately equal to 


a{b — a) 
A -t- 6 ’ 


(H.S.C.) 
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7. A horizontal tube 32 inches long, ol uniform narrow bore, has its 

central portion to a length of 8 inches on each side of the centre 
filled with mercury. The ends of the tube arc then closed, one with 
a tight fitting piston, the air inside being at atmospheric pressure 
and the barometer standing at 30 inches. The tube is now held 
vertically, and the piston is pressed down through 8 inches. Find the 
length of tube now occupied by the air above and below the mercury, 
assuming that no air passes through the mercury, and that there is 
no change of temperature. (H.S.C.) 

8. A cylinder of height 7 feet, with its axis vertical, is full of air at 

atmospheric pressure, and is closed at the top by a tightly fitting 
piston of weight 20 lb.; if the piston sinks 3 feet under its own weight, 
find the pressure which must be applied to the piston to force it 
down through an additional 3 feet. (H.S.C.) 

9. A uniform tube, closed at one end, is immersed vertically with its 
open end downwards into liquid. The length of the tut^ is I and 
the height of the barometer in terms of the liquid is h. If x is the 
distance that the liquid has penetrated into the tube when the lower 
end of the tube is at a depth y below the surface prove that 

^ _ X + ^ -h. (H.S.D.) 

10. A cylindrical diving-bell 8 feet high, originally full of air at atmos¬ 
pheric pressure, is lowered until the water rises 3 feet in the interior. 
What is the depth of the top of the bell below the surface of the 
water ? (Height of water barometer 33 feet.) Determine also 
how many cubic feet of air at atmospheric pressure must be pumped 
in in order that the water may be expelled from the interior, the 
sectional area of the bell being 12 sq. feet. 

11. A diving-bell has the form of a paraboloid of revolution cut off by a 
plane perpendicular to its axis at distance h from the vertex, where 
h is the height of the water barometer. If the bell be lowered so that 

its vertex is at a depth ^ below the surface of the water, find how 

high the water will rise in the bell. (C.W.B.) 

12. A vertical tube having a uniform section of 0*4 sq. inch opens 
at the top into a bulb whose capacity is 36 cu. inches ; the lower 
end is open and dips into a wide cistern of mercury, the mercury in 
the tube stands at 20 inches above the level in the cistern, and the 
portion of the tube above the mercury is 10 inches long. If the height 
of the barometer is 30 inches, find the level at which the mercury will 
stand if the tube be depressed vertically through 10 inches. (C.W.B.) 

13. A cylinder of height h and cross-section a, and made of thin materi^ 

is closed at one end, and, being initially full of air at atmospheric 
pressure, is immersed vertically in water with the of^n end down¬ 
wards till its top is at a depth d below the surface. Find the height 
to which the water rises in the cylinder, and the resultant force due 
to fluid pressure buoying it upwards. (C.W.B.) 

14. A closed cylindrical can of length / made of thin metal floats in water 
with its axis vertical, a length c of its generators being immersed. 
At the bottom of the can a very small hole is made which allows 
water to enter, but no air escapes. If the can was originally full 
of air at atmospheric pressure, the height of the water barometer 
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being H. show that the can will be in equilibrium when the water 
has risen in it to a depth and show that the can will sink 


c + H 


unless H > 


I ~ c' 


(N.U. 4 ) 


15. A sphere of specific gravit^’^ s just fits into a vertical cylinder with 
lower end closed. The sphere is allowed to drop slowly until it is 
held in equilibrium by the pressure of the air, there being no leakage. 
Find the position when the diameter of the sphere is d, the length of 
the cylinder is /, and the height of the water barometer is h. 

(H.S.C.) 

16. A conical vessel full of air is air-tight save for a small hole at the 

vertex. It is placed vertex downwards in water and floats, the 
water rising 3 feet within the cone. How deep in the water will it 
be if the height of the water barometer is 34 feet, the vertical height 
of the cone being 10 feet, and its semi-vertical angle 30® ? Find 
also the weight of the cone when empty. (Ex.) 

17. A diving-bell whose internal dimensions are 10 feet high and 5 feet 

diameter is sunk in water until its mouth is 50 feet below the surface, 
and a quantity of air which at atmospheric pressure would occupy 
100 cu. feet is pumped into the bell. Find the height of the water 
level within the bell above the mouth of the bell, the height of 
the water barometer being 33 feet. If the weight of the bell is 
9000 lb. and its specific gravity is 7*5, find the tension of the chain, 
neglecting the weight of the contained air and the weight of the chain 
itself. (Ex.) 

18. Two equal cylindrical diving-bells closed at the top and open l^low 
are just immersed in water, and the water inside stands respectively 
4 feet and 7 feet below the level outside. If communication be 
established between the interiors by a pipe, find the new level at 
which the water will stand. (Height of water barometer = 33 feet.) 

19. If the readings of a barometer with an imperfect vacuum are a 
and b when the true readings are a -f a and 6 -f ^ respectively, 
find the true reading when c is the reading of the faulty barometer. 

20. A diving-bell in the form of a hollow circular cylinder, of weight IF and 
height h, and volume na^h, is supported by a chain attached to the 
centre of its closed upper circular end, w'hich is at a depth k below the 
free surface of water. If the cylinder was originally filled with air 
at atmospheric pressure /, where I is the height of the water bar¬ 
ometer, show that the volume of air in the cylinder is 

4’^a*[V(A + /)“ + 4^A - (^ + 

and find the tension of the chain. 


containiB^ 


Gas. 


In the case of a gas the pressure intensity is uniform over 
whole of the internal surface, and there is no tendency to distortion 
from the circular cross-section. 
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If the internal pressure intensity is a circumferential pull and 
a longitudinal pull will be set up in the material of which the cylinder 
is made. 

Let these pulls be T and T' per unit length. 

To determine T we can suppose a length I of the cylinder to be 
divided into two halves by a diametral plane, and consider the 
equilibrium of either half. 

If the radius is t, the resultant thrust on the curved surface of one- 
half is equal to the thrust across the plane base, i.e. 2plr, and this is 
balanced by the pull Tl along each edge of the diametral plane, 

2TI = 2plr, 

T = pr. 

The longitudinal pull is obtained by considering the equilibrium 
of one of the plane ends. 

The resultant thrust on a plane end is ■nr’^p, and this is balanced 
by the longitudinal pull 2TTrT* acting round the circumference of 
the circular end, 

2‘nrT' — TTf^p, 

T' = ipr. 

Hence the longitudinal tension is half the circumferential tension. 

This means that in a cylindrical boiler the joints and rivets which 
resist the circumferential pull must be twice as strong as those 
which resist the longitudinal pull. 

§ 244. Tension in a Spherical Vessel containing Oas. 

Let the pressure intensity be p, and the radius of the sphere r. 
Suppose the sphere divided into two halves by a diametral plane, 
and consider the equilibrium of either half. 

The resultant thrust on one of the hemispheres is equal to that 
across its plane base, i.e. Trr'^p. 

This is balanced by the tension T per unit length acting round the 
circumference of the base, 

T 27 Tr = Trt’p, 

T = irp. 

This tension is half the circumferential tension in a cylinder. 
Hence if a cylindrical boiler has hemispherical ends, these ends need 
only be of half the thickness of the cylindrical part. 

Example. 

A hollow sphere of negligible weight consists of two hemispheres which 
fit together along an equatorial circle. It is filled with gas of negligible 
weight at a pressure of n atmospheres, and immersed at a great depth in 
water with the rims in a horizontal plane. If the sphere is gradually raised 
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through the water by a force applied to its lower half, show that the two hetnu 
spheres will separate when the plane of their rims is at a depth 

(« — i)H + fa 

below the free surface, the pressure of the atmosphere being that due to 
a column of water of height H. 

Let ABC (Fig. 324) represent the equatorial circle, XY the surface 
of the water, and let x be the depth of ABC below the surface. If w 
is the specific weight of the water, the resultant vertical thrust on the 
upper hemisphere is 

7Ta* {x 4- H)w — fir a’ w. 



Fig. 324. 


and the upward vertical thrust of the enclosed air is 

nahiHw. 

The hemispheres will separate when 

ira* {x + H)w — f na* w ^ nahiHw, 
or ^ 

or X {n — i) H A- §«■ 

§ iM, Decrease ol Atmospheric Fressore Intensity with increase 
in Altitude. 

The pressure intensity at points at any level in the atmosphere 
is less than at points on a lower level, since there is less air above 
the former. The decrease is not, however, imiform as in the case 
of a liquid, since the atmosphere is not homogeneous in density. 

Liquids are so little compressible that, except for very great 
depths, we ignore the compression and consequent increase in density 
due to the pressure of the upper layers of liquid, and assume that the 
density is the same at all depths. 

In the case of a gas we cannot ignore this compression. 

If Pa> Po ^ pressure intensity and density at the ground, 
p, p the values at height z, 

.w 

P Po 
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(If /> = then p = i/>o so that the density is only half what it 
is at the ground.) 

For a further increase in altitude dz, the change in pressure is dp, 
and assuming that the density p is constant through the small dis< 
tance dz, the change dp is equal to the difference in weight of a 
depth dz of air, i.e. gpdz, 

dp = — gpdz, .... (ii) 


the minus sign being used becaase the pressure decreases. 
Hence, using (i) 

dp=-- 

Po 


. ^ _ 

• p ~ p. 


Integrating, 

Now when z o, p = pQ, 


logp = - + c. 


or 


c = log p,. 

-Ci«- 

P=poe 


. (hi) 


If the atmosphere were homogeneous, i.e. its density were the 
same throughout and equal to that at the ground, then, the pressure 
at the ground being p^^, the height H of the atmosphere would be 
given by 

p9 — 

or ' H = 

This height H is called the height of the homogeneous atmosphere. 
Using this quantity, equation (hi) becomes 

p=p^e 


The value of Ih. wt. per square foot at the ground is about 
I 4 i X 144 . 

The value of ^0 in lb. per cubic foot at the ground is about 
*0013 X 62 ^, 



. X ^ ^ £88 

• 00 x 3 X 62 jg *0026 125 

— 29 X 288 

” -0026 X 125 X 5280 
SB 4*9 miles. 


miles, 
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EXAMPLE LII. 

i. A cylinder of height h is filled with gas at a constant temperature. 
Prove that if the density and pressure of the gas at the bottom are 
and pQ respectively, then the density at the top is 

Poe~^. 

^Iiere « = (C.W.B.) 

Po 



ANSWERS TO THE EXAMPLES. 


EXAMPLES I. (p. 9 ) 


(1) (i) 15; (ii) 12; (iii) 13 ; Jiv) lo; 

(v) cos~» (— I); (vi) V58. 

{3) (i) 120® : (ii) 60®. 

(4) Q « V3P. 

(5) 15 lb. wt., 9 lb. wt., cos-* {— I). 

(6) 20 lb. wt. on each peg. 

(7) iov'3 lb. wt. on the upper peg; 

10 lb. wt. on the lower peg. 


(8) cos-*UV). 

(10) 120®. 

(11) 4 lb. wt., COS"* (— I). 

(12) V76lb. wt. 

( 13 ) 10*3 lb- wt. 

(14) 4-v/ 3 lb. wt., at 90® to the 4 lb. 

force. 


EXAMPLES II. (p. 17 ) 


(1) 7*7 lb. wt.. 29* 

(2) 10 lb. wt. at tan“* (J) with the 

4 lb. force. 

(3) 7 lb. wt., between the 13 and 10 lb. 


forces at tan-* with the 

former. 

9*198 lb. wt. 

5) 63 s lb. wt., 13^ 57' S. of W. 

(6) 20 lb. wt. at 60® to AB. 




{7) 57*2 lb. wt.. 49 * 39' S. of E. 

(8) 23*9 lb. wt. on .<4 ; 10 lb. wt. on B 
and C; 10^/3 lb. wt. on D. 


(9) Vs P ; tan-* (3 - 2v/2). 

(10) 112*8 lb. wt., tan-* 3{V^ — *) S. 

of E. 

(11) 1217 lb. wt.. 25j°. 

(12) 6'3 lb. wt. at tan-* 

with the 2 lb. force. 

(13) V281 lb. wt. at tan-*^^^ with 

AB. 

(14) 8 lb. wt. along GA. 


EXAMPLES III. (p. 21 ) 


16 lb. wt. and 12 lb. wt. 

72 lb. wt. and 54 lb. wt. 

24 lb. wt. and 10 lb. wt. 

7*8 lb. wt. and 6*6 lb. wt. 

96 lb. wt. and 28 lb. wt. 

I*) SVS !!>♦ wt.; ib) iov' 3 lb. wt. 

W = 6. - 6^3 lb- wt. 

8*x lb. wt. and 5*5 lb. wt. 

9*03 lb. wt. in AC ; 7*1 lb. wt. in 
BC. 


(12) (i) 7ilb. wt.. 61 b. wt. ; 

(ii) 60 lb. wt., 36 lb. wt. ; 

(iii) 2*89 tons wt., 2^ tons wt. 

(13) 10 lb. wt., iov' 3 lb. wt. 

(14) At right angles to the first string ; 

5v' 3 lb. wt. and 5 lb. wt. 

(15) 6o* 2 lb. wt. 

(I) SVMVS — *) lb- and 10(^3 - 1) 
lb. 

(17) lb. wt., P = 5 lb. wt. 

(18) 7.,V lb. wt. 


EXAMPLES IV. (p. 27 ) 
1 (3) 4*85 lb. wt. 


(1) 10 lb. wt., 8*96 lb. wt.* 
(a) 0*25. 
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EXAMPLES V. (p. 29 ) 


(1) 

( 2 ) 

( 3 ) 

( 4 ) 


i. 

lb. wt. 


(a) 8 8 lb. wt. ; (6) 15-2 lb. wt. 
V 3 

ft 

15 


112 lb. 


{5) 12 lb. wt.. 213 lb. wt. 

(6) 73*57 lb. wt. 

(9) tan-^ (J) with the plane ; 

wt. 

(10) sin a = sin ^ + /i cos fi. where ft is 

the coefficient of friction, and 
a the inclination of the smooth 
plane. 


(12) (i) 0-53 : (ii) 34-9 lb. wt. 

P = W sin tt + M €0S g . 

' cos yj + ^ sin ^ * 

cos ^ ; 

cos p n sin 
4537 ft.-lb. 

(14) cos A = — 

qVp^ + w* 

(* 5 ) 52® 30'- 7 ® 30'* 7 i® to plaoc 

(16) 2/?a, where a is in radians. 

(17) 0*3535 ; 2**92 lb. wt. 

(18) 20 lb. wt., 28*66 lb. wt. 


EXAMPLES VI. (p. 38 ) 


(1) II lb. wt., 14 ins. from A i 3 lb. 

wt., 5i| ins. from A beyond B. 

(2) 21 lb. wt., 24 ins. from A ; 3 lb. 

wt., 168 ins. from A beyond B. 

(3) 4 lb. wt.. 24 ins. from A on BA 

produced. 


(4) 12 lb. wt., 10 ins. from the 8 lb. 

force. 

(5) 15 lb. wt., 5 lb. wt.; the 15 lb. 

force being x ft. from the resuU 
tant. 


EXAMPLES VII. (p. 42 ) 


(1) 32 lb.-ins.. 64 lb.-ins., 16 lb.-ins. 

about A, B, C respectively. 

(2) 180 lb.-ins., 180 lb.-ins. 

( 3 ) by /3 Ib.-ft. 


(4) i8 Ib.-ft., zero. 

(5) 5 Ib.-ft., 3 lb.-ft. 

(6) 21 \/3 Ib.-ft., 21 ^^3 Ib.-ft. 


EXAMPLES VIII. (p. 45 ) 


(1) 7 lb. wt. on the support nearer the 

3 lb. wt.: 6 lb. wt. on the other. 

(2) 20 lb. wt. at /I; 40 lb. wt. on the 

other. 

(3) 140 lb. wt. on the nearer; 84 lb. 

wt. on the other. 

(4) 75 lb. 

(5) 7i lb. wt. at ./4 ; lof lb. wt. at B. 

(6) 2|S from the end from which 

distances are measured. 

(7) 5 lb. wt. at 14 ft. from A on DA 

produced. 

(8) 7,^y ft. from A. 

(9) 2 It. 

(10) 14,V lb. wt. at C ; lb. wt. at 

D •, 41*2 Ib.-in. 

(11) 4$ ft. on either side of the centre. 

(13) Not nearer than 7 ins. to either 

string. 

(14) A couple of moment 37 Ib.-ft., 

xo lb. wt. — 3*7 ft. from O. 


(16) 94 lb. wt. on the prop further 

from the 4 lb. wt.; 14! Ib. wt. 
on the nearer one. 

(17) 26 lb. and 14 1b. 

(18) 25 lb. 

(19) p-¥ q. 

(20) AC — 2 ft., DB — i ft. 

(21) 20 lb.. 6 ft. 

(22) At B. 48 + 91*^1 - 3 ^_%^ 

Ate. 36+io^,-2lV,. 

each equal to 6 lb. 

(23) IA ft. 

(24) 6o\ 

(25) 25 lb. wt. at 8 ft. from the end 

from which distances arc 
measured ; 15 lb. wt. at this 
end, 10 lb. wt. at the other end. 


EXAMPLES IX. (p. S 3 ) 


(0 *. 

(3) Mark off distances a, 2a. etc., from 
Af towards A, a being the dis¬ 
tance of the midpoint of BD 
from C. 


(5) X must not be less than 14 lb. 
X » I 4 V '2 lb- 

(7) 28 lb., f ft. from centre. 

(9) 4 in.; W, = 4fVt. 
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EXAMPLES X. (p. 63 ) 


(1) 241-4 lb. 

(2) 20 ^ 3 ^ 

Ib. wt.. _ 32V^) lb. wt. 
on A, B, and C respectively. 


(3} A weight equal to that of the 
table. 

(5) 40 11>- 

(6) 334 lb.; 200 lb. 

(7) 29*86 lb. 


EXAMPLES XI. (p. 74 ) 


(*) 45 *- 

(a) tan'^ (}); li times weight of rod 
at tan~^ to the honzontal. 

(4) W sin 15®; H'cos 15®, at 15® to 
the vertical. 

(8) 4} lb. wt. 

(9) 5 tan 40® = 4‘2 lb. wt. nearly. 

10*8 lb. wt. at 67® 14' to hori¬ 
zontal. 

(xo) \W ; ; at tan-*6 to the 

o 

horizontal. 

(IX) ; at 60® to bori- 

3 3 

zootal. 

(12) ^w. 

(15) 7 t lb. wt. 


{16) 154-27 lb. wt.; 358-3 lb. wt., at 
65® 31' to the horizontal. 

(18) 1-23 ft. each. 

(19) ACB = 90®, and B is below C. 

Least pressure = If' sin a. 

(21) 34 lb. wt. 

22) 41 lb. wt., 9 lb. wt. 

24) tan-M 4 )- 

(25) Perpendicular to/fB ; 

“V 4 - 3sin« ^. 

(26) 2 lb. wt.; Vi lb. wt. 

(27) 20V3 lb. wt. on 30® plane; 20 

lb. wt. on 60® plane ; at 30® 
to horizontal. 

(28) 

(29) VTTH'. 


EXAMPLES XII. (p. 86) 


(1) 66 lb. wt.: 61 lb. wt., at tan~' 44 

to the horizontal. 

(2) 3 lb. wt.; 184 lb. wt. nearly, at 

tan-^6 to the horizontal. 

(4) 224 lb. wt. 

(6) 4 of the length of the beam from 
the end on the 30® plane. 

(8) 104 lb. wt., Z4 lb. wt., vertically. 

(9) Rt=iiW. 

(10) 8in-*^2LiJ? sin 8^ ; 0-73. 


(11) Perpendicular to the line joining 

the centre of roller to edge of 
kerb. 

(12) Perpendicular to the line joining 

tne centre of roller to edge of 
step, X : 2. There is a ten¬ 
dency to slip at the step, but 
not at the ground. 

(14) 328 lb. wt., 75® S. of E.; 978 lb. 

wt. 

(15) ( 8 -Vi) lb. 


EXAMPLES XIII. (p. 96 ) 


(1) horizontal at the lowest 
o 

joint; at tan-* zVJ to 

the horizontal at each of the 
upper joints. 

(2) tWinACi — horizontal at B and 

D. 

(3) Tension in string ^ zW. Reaction 

at B and D » horizontal. 

(4) IP; IV vertical at A and C; fV 

horizontal at B. 

(5) JW'. 


(6) Horizontal and vertical compon¬ 
ents of reactions are at B, 

ab(a_±_^,y _£!_Z_5LiP- 

2 (a* -f 6*) ' 2 {a* 4- 6*) 

ate, 

+ fe) u/ g* -f 2a»fe -f . 
2(a* -f- 6 *) ' 2(g* + 

atA, 

ab(a + b) a* -I- zab* + b*„^ 
2(a* -H 6*) ' 2(a* -h M) 

,7)H'(.+±);H'(2-A); 

zaV a* — c* 
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(9) 2IV ; the horizontal and vertical 
components of the reaction at 
the hinge are 2IV and 

(12) Horizon^ and vertical com¬ 
ponents of the reaction at B or 
E are 

, and - i). 

\4Sini8 2/ 

VTg 


(13) 


4 cos 18 

at A and D : 


O' at B 


2 

and C. 


zontal and vertical components 

of the stresses are 



at .< 4 , 


oz. wt.. and 


oz. wt.; 


10 


10 


at B, 

8_4 

oz. wt., and 

163 

oz. wt.; 


10 


10 


at C, 

84 

10 

OZ. wt., and ^ 

10 

oz. wt. 


(15) cot a ; H'’cosec a; 

(16) ^^tan CL 2 cosec* 


(17) 2 lb. wt., 2 lb. wt. 

(20) Reaction of plane touched only by 
W \s\(W ■\-W') sec. a: between 
W and other plane 
sec. a ; between W' and plane 
W' sec a; between cylinders 
W' tan a. 

(23) 23*48 lb. wt. 

(25) (i) 4*03 lb. wt. horizontal; 

(ii) 10 lb. wt. vertical: 

(iii) 4 03 lb. wt. 

(26) Wa cos Q[i — cos ^_sin B - cos* 6 ). 

(30) P = {3 cos ^ -f- V3 sin $) lb. wt. 

(i) 30®; (ii) 120®. 

(31) 400 lb. wt. horizontal and ver¬ 

tical at both D and B. 

(32 i(>^i + Wf) tan a. 

(33 2 ft. from B ; 5 lb. wt. 

(34 The lower cylinders separate and 
the upper one descends. 

(35) 5 lb* wt. horizontal. 

' 3 ^) (Jha} 


EXAMPLES XIV. (p. 106 ) 


(1) 0 74a from A on the side opposite 

to B. 

(2) 2 forces each equal to-, forming 

a couple. 

(3) 2I ^t. 

(4) 6*05 at 70® 42' to .< 4 B on the side 

opposite to the square. 

(5) Divides BC in the ratio i : 2. 

(6) 24 V2 lb. wt. 

7) 30 lb. wt. 

18 ) 57 - 6 . 

(9) 2*37P, it cuts BC at JBC from B, 

and makes an angle 

5 

with BC. 

(10) i from C to D, I from C to B, i 

from A to D. 

(i) 2 along BC ; (ii) a couple of 
moment twice the side of the 
square. 

(11) A force of 36 from B to .^4 ; 53 lb. 

wt. nearly. 


(13) ft.; 5V2 lb. wt. 

(14) 2 lb. wt. from D to 

(16) 2P, perpendicular to BD at 

distance from D. 


2 


a 


(18) 6F. —? to a 4 B; 3*17 of 

Q 

AB beyond A, 0*27 of BC 
beyond C. 

(20) 34*8 lb. wt. at about 83® with 
DA cutting it 0*45 of AD from 
D. 


(22) I : 0 27 : 1 : 1-55. 

(23) 2 lb. wt. parallel to DA, cutting 

BA produced at a distance 
3^4B from A. 

(24) VJ lb. wt. ; 5 ft. 

(25) 2 ins. 

(26) When P = Q, they are equiva¬ 

lent to a couple. 

(27) At C. 

(28) 7*6 lb. wt. ; 28*5 ins. 


EXAMPLES XV. (p. Ill) 


(8) Another circle. 

(9) 6BG where D is the midpoint of 

AB, and G the point of trisection 
of BC which is nearer to C. 

(10) The line bisecting ^C at right 

angles, where C is the mid¬ 
point of AB. 

(11) The centre is at G, the midpoint 

of the line joining the mid¬ 


points of opposite sides of the 
quadrilateral; the radius is 
PG. 

(12) CF — AE. 

{13) Zero. 

(16) Vio lb. wt. at tan-* i with AB, 
cutting AB produced at 1^36 
AB from A. 
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EXAMPLES XVr. (p. 120) 


(2) 13 lb. wt.; V173 lb. wt. 

( 3 ) 2i. 

(4) where a is a side of the 
2 


hexagon; 6 parallel to the 
force of 5. 

(5) + W + gs* - " <^3^1 

- G,G,. 


(6) N - xY -ir yX = o. 

(7) 50: 0-047 0° produced, 

0*094 ^f^* between A and D. 

(8) 2P par^lel to bisecting_^i?. 

(10) I lb. wt.; V^x — y~ V3a = o. 
(”) 3i: 5* 


(12) V 74 lb. wt. at taa-'(— i) to WB : 

36 units counter-clockwise. 

(13) 19-05 lb. wt. at I® 36' with the 

horizontal sides of square; 
23*11 in.-lb. anti-clockwise. 


(M) 

(15) 

(16) 


( 17 ) 

(18) 




0 Ib. wt. in direction CO ; 36-37 
in.-lb. wt. 

10. 5%/2- 

P . lb. wt. along BC. 

5 

lb. wt. along A C, 

15 

lb. wt. along v 4 i?. 

V53 at 180® A- tan“i (5) with 
AB: 5. 

6 lb. wt. inwards at midpoint 
of BC : 8 lb. wt. outwards at 
midpoint of AC. 

(i) V10 lb. wt. at tan-i (3) with 
AB i 18 lb. w’t. ft. anti-clock- 
wise. 

(ii) V 160 lb. wt. at B; Vgo lb. 
wt. at C. 

7-07 lb. wt. ft. 


EXAMPLES XVir. (p. 129 ) 


(0 3*4 : at 55® to BA produced and 
cutting it 10-6 ins. from A. 

(2) 29 lb. wt. ; BC and CD, -j- 24-4 ; 

AB and AD, -+- 16*9. 

(3) i8olb. wt.; 128 lb. wt. at 100® 36' 

with DB. 

(5) AB. —w ; BC, —tt»; CD, —o b2w ; 

DE, “0-380;; EA, —0*620;; 
BE, -1-0*620;; BD, A-O'bzw. 

(6) 4*38 lb. wt.; 9-6 lb. wt. 

(7) P = 50 lb. wt. ; AB, A" 86*0 ; 

AC, — 100; BC. + 173. 

(8) 5*97 Ib. wt. at 37® 3' with DA 

produced. 

(9) AB and DC, — 0*38 ; AD and 

BC, — 0*76 ; BD, -i- o*66. 

(10) AB and AD, -f 18*75 ; BC and 

CD, -h 25 ; AE. — 22*5 ; BE 
and ED, — 31*25. 


(11) ^B. —3; BC. —1-8; CD,-1*1; 

AC. -h 1-85. 

(12) BD, + 10 ; BC and AD, — 8 3 ; 

AB and CD, — 5-5. 

(13) 5*9. at 13® with 3 lb. force. 

(14) YD and YC, — 1-73 ; AD and 

BC. -1-5; XD and XC. 
-f 0-86 ; XA and XB, — i • 15 ; 
AB, - 0-86. 

(15) Each force = 10 lb. wt., AB. BC, 

CD, DE. -t- 20 ; AC and CE, 

- 11-55 ; + 5 ' 77 - 

(16) 0*2 lb. wt. at 76® 0 ' to BC, cut¬ 

ting BC between B and C at 
^ in. from B. 

(17) 21*21 lb. wt. in each supporting 

string ; 17*32 lb. wt. in AB 

and AC ; 6*34 lb. wt. in BC. 


EXAMPLES XVm. (p. 133 ) 


(1) Between the 5 and 4 lb. wt. forces; 

0*08 ft. from the former. 

(2) 9*7 lb. wt. at the left-hand end; 

9*3 lb. wt. at the other end. 

(3) Between the 7 and 4 lb. wt. forces, 

at 0*24 in. from the former. 

(4) 3*6 ft. from the end. 

(5) 7*2 lb. wt. at end from which dis¬ 

tances are measured, 7*8 Ib. wt. 
at the other end. 


(6) 10-5 lb. wt., and 8*5 lb. wt. 

(7) 2-66 ft. from the 2 lb. wt. force. 

(8) 16 ft. from the first lo-ton load. 

(9) 8-3 ft. from the end nearer to the 

4 lb. wt.; 8*2 lb. wt. on the end 
nearer the 4 lb. wt., and 13*8 lb. 
wt. on the other end. 

10) i 8’2 ft. 

11) 88*75 lb. wt. at .4 ; 211*25 Ib.wt. 

at the support near B. 


480 


INTERMEDIATE MECHANICS 


EXAMPLES XIX. (p. 140 ) 


(1) /IE, +358; Al), -320: LC, 

4- 134 ; ED. 4- 223 ; CD, 

— 150 ; CF, 4 - 268 : FD, 

4 - 56 ; FB. 4 - 324 : — 145 - 

Reactions, 160 at A, 290 at B. 

(2) Reactions, 27-7 at A, 22*3 at D \ 

AC, — 28 3 ; AD, — 77 ; CD, 
4- 20 ; AB, — 20 ; BD, 4 - 3*6; 
DE. 4 - X 7‘3 J — 15 

— 20; EF, 4 - I 7 - 3 - 

(3) Reaction, 27-5 at^, 22-5 at J 5 , .< 4 C, 

4 - 55 ; AF, — 48 ; CD, 4 - 25 ; 
CF, 4 - 30 : E>F. — 25 : DE, 
4 - 25 ; EF. 4 - 20 ; EB, 4 - 45 ; 

FB.-i^'l, 

(4) Reaction at 1*12 ; at A -i*o ; 

AB. - i . HD. -^r o-y. BC. - 07 
DC. 4 - 0 5. 

(5) AB. 4 - 11-5 ; + 34*5 J 

4 - 11*5 : DF. 4 - 23 0: CB. 
4-11*5; EF, —11*5; CE, 

— 11-5 ; AC, — 23 ; CD, —11-5 

(6) OB. -( yo : AH, 4 - 42 3 : AC, 4 - 30: 

RD, - 20 : RC.' - I4'2 : CD, 
4 - I4‘2 : CE, 4 - 10 ; DE, - 14 2. 
'Reaction at ^ = 66*9. 

(7) AF,- 40; A 8. - 20 RC, + 20: BF, 

+ 28-3: FE, - 20: CE. 4 - 141; 
CD, 4 - 10: ED, - 14’ I. CF, - 20. 

(8) Reaction at /4 = 126; AC, 4-56‘5; 

BC, — 120; AD, 4 - 80; CD, 

— 56*5 ; CE, — 40 ; DE. 
4 - 28*2 : DF, 4- 20 ; EF, 

— 28’2. 

(9) AB, — o*5H' ; AC, 4 - I*i2ir : 

BC. + W : EB. - i‘i2\V : 
CD. + 3 314': EC. - 14IV. 

(10) TB. 1*03; TC, 1*10; TD, 1*25; 

TE, 1*4. 

(11) AC, — 4*62 ; BC, 4 - 2*3 ; BD, 

4- 5 63 : CD. - 4. 

(12) AB, 4- 18 ; BF, 4- 18 ; BG, 

— 11*3; EG, — 18; CG, 4 - 15- 

(13) AF and BG zero ; AD, 4 - 0*66 ; 

DF, — 0*94 ; DE, 4 - o*66 ; 
FE. — 0*37 ; EG, 4 - o *37 : 
FG. — 0-5 ; EC, + 0-34 ; CG, 

— 0-47 : BC. 4 - 0-34. 

(14) 'Roactiiin.o ftat /<, 072 at 7 /: /i f ). 

— i-i ; AC, 4 - 1*32 ; DE, — 1; 
CD, - 0-20: EC. - 0-20 : BC. 
4- 0-5 : EB. — i-i. 

{15) CE, 2; EF zero. AD, 4 - 14; 
DC, 4- 10; AE, — X2*i ; DE, 
_ 4- 4 : EB. - 8-7: CF. 4 * 10 ; 
BF, 10. 

(i^>) 33®» 4- 2*6. 

(17) AB. 4- 4 : AF, — 5*6 ; BC. 4 - 5 ; 
BE.^i' 4 ',E£>- 4 :CD.F 5 ; 
ED. - 7; CE, zero. RF, 4 - i : 


(18) 

(19) 


(20) 

(21) 

(22) 

( 23 ) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

{32) 

(33) 

(34) 

( 35 ) 

(36) 


AC, 4 - 4'i8 ; AE, 4 - 14*26 ; ED, 
4-15-7; CD, — 11*83; 

— i6*oi ; CE, — 3*53. 
Reactions, 1*87 at A, i*i2 at B ; 

AC, 4 - 2*i6 ; AD, — i*o8; CE, 
4 - 1*25 ; CD, — 0*5 ; DE. 
4 - 1 ; DB. — 1*94 ; 

+ 2-25. 

QR. - 25*8: RS. + 27*5: QS, 

— 28*5 ; PQ. - I 3'5 : 

+ I ^'6. 

A B and BC. - o : AD and 
CD + o'^sW . BD, - o-^W. 

AB, — 3 06; AD, — 5*13 ; BC, 

— 171; CD, — 1*02 ; BD, 
+ 3 * 6 i. 

4 and 12 cwt.: AB, - 2; AC, 

— 69: BC. 4 - 3 * 5 ^ CD. + 6 : 

AD, — 10*4. 

AC. 4 - 433 - + 750: AD, 

— 1000 ; CD, 4- 866. 

AC, + ‘iQ9\ AD, - 7-5: DC, 
-15*7 : DB, - 14-3 : BC, 
4 - 15 - 2 . 

Reaction at = 25*5 cwt. ; AB, 
4 - 7 ; AD, 4 - 20 ; BC, — 20 ; 
BE, — 35*4 ; BD, - 30 ; CD. 
4- 28*2. 

AE. - 10*4: AD. 4-46 2 : AD. 
+ 11-5; AC, - 26. 

AB, -12 5: AD, 4- ^»o'6; BC, 

— 52 ; BD, 4 - 23 ; CD, 4 - 60. 
At ^, 32 lb. wt. vertically down¬ 
wards. 4-80; v 4 C, — 68 ; 

BC. 4 - 32; BD, 4 - 100; CD, 

— 60. 

AC, - 43'2 ; BC, 4 - 30; BD, 
4 -28*« ; CD, —20; CE, 
— X4‘i; DE, 4 - 10. 

AB, 4-17*3; AC, —8*6; BC, 
-5-8; BD. 4 - 11 * 5 ; 

— 11*5 ; CE, — 5*8 ; DE, 
4 - ii* 5 * 

AB, 4-20; AC. 4 * 7 * 0 ; BC. 

— 10 ; BD, 4 - 14*1 ; CE. 

— 7 0 : DE. 4 - 10 ; CD. zero. 
Supporting forces. 2$ A, 75 at 

B ; AB, 4 * 14*5 ; AD, -28 9 ; 
RA 4 - 50 ; CD, - 57*8 ; BC. 

— xi5*6. 

10 lb. — 

25*2 cwt. on D, 29*8 cwt. on /*. 

AD. 4 - 26; RR. - 5*5: * 1 ^' 

— x6*2 ; AB, 4 - 22*4 ; BE. 
4 - 12*5 : BC, 4 - 22 4 ; EC. 
-15*5 : EF, - 6*1. CF, 4 - 30 * 5 - 

AC and BE, 4 - 7 *i ; 

BD, 4 * 20 ; CD and DE, 4 - 5 ; 
AB, — 22-3. 
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EXAMPLES XX. (p. ISl) 


(1) CD, 4-175; CD. 4-0-56: GH. 

— 2. 

(2) AS, + W; AF. 4-0'52H': AD. 

- BF. 4 - 0 - 57 H': DF. 

4 - ; DE, — I'l^W ; 


where 2IV is the weight sup¬ 
ported at B. 

(3) AB. 4-28; AE. —25; BE. 
— 13-5 : ED. — 15 0. 


EXAMPLE {p. 154). 

AE, 4 - 12*3 : AF, — 8*9 : EC, 4 - ii '3 : EF. + 1*7 ; FC. — 4 8 ; 
FG, — 4*4; CG, — 9 * 5 ; CD, -+-14*7; GD, 4-3*6; BD. 4-15*8; 
EG , — 13*6. 

Reaction at B, 6-3 vertical. Reactions at .^ 4 . 5*1 vertical. 2 horizontal. 


EXAMPLES XXI. (p. 164 ) 


(I) tan-* ( 5 ). 

(3) I of the weight of the ladder. 

(II) 6f lb. 

(12) Zero ; The friction will be 

limiting at both wall and 
ground. 


(*3) *00 lb. 

(15} The thirteenth rung. 


(2) 2 tan-* 
(4) 


EXAMPLE XXII. (p. 169 ) 


(9) (i) by sliding ; (ii) by tilting. 


W y- a 

(”) 


EXAMPLES XXIII. (p. 171 ) 


(1) ; the longer rod will slip 

W i. 

4 cos a 


at C, 
At A, 


W{i cos 2a 4- I) . 

4 cos a 
5VT 
7 


(1) - ^ 

cos Qt 4- M sin « 

(2) P ■Si W Vfi* ^ n*, tan-* 


EXAMPLES XXIV. (p. 175 ) 

(17) P - W{V2 - I) ; not. 


n 


W 


Vu* — n*' 


( 7 ) f 


^t 2 $ — 


|gj m cos g (sin a — ^ cos a) 

Af 4- »» 

(14) sin-* (i). 


(18) 

3 m 4 - 4 

(22) i._ 

(24) ^ : /I < 

(25) S^sinstf. 

r 

(26) (/ — x)w + W. 


EXAMPLES XXV. (p. 185 ) 


(a) Un- A 

\a coe 94-/1/ 

( 3 ) ThesmtUIerof <i;lKand " H'. 


( 8 ) 

( 9 ) 


4-^ 7 . 4 - V 7 

3 ' 9 

_IV_ 

2 sin / 9 (^ cos a — sin ot)* 


INTERMEDIATE MECHANICS 



(ro) .V = 
(ii) JiX ± 


Wa sin A 
b — a sin A 


m 


I on the two sides of 

M + m 

C. The + sign on the side 
from which m is suspended. 
(22) 6o®, 


(2q) —on back, and 
s\ a 4 - a' / 

on front. 


Wl ag^f}x \ 
+ ‘i' / 


When a — a', the maximum 
retarding force for back wheel 


( 43 ) 


braking is . , and for front 

2a-\- fxh 

wheel braking ■ The 

® 2a — ^ 

first is less than i e. less 

than i the full braking force. 

. + ..d 

when 2/ is the length and w 
the weight of each ladder. 


EXAMPLES XXVI. (p. 198 ) 


(2) i’i8 ft. approximately. 

(3) . sin-- 


(4) 2j ft.-lb. 


(1) 7i| lb. wt. 

(2) 9i lb. wt. 


EXAMPLES XXVII. (p. 207 ) 

(4) 25 lb. wt., 25 lb. wt., 50 lb. wt., 
100 lb. wt., 200 lb. wt. Differ¬ 
ence is the effort, 25 lb. wt. 


EXAMPLES XXVIII. (p. 213 ) 

(1) 10 lb. wt. 

(2) lb. wt. 


1 (3) 50 ll’- wt. 

1(4) 50; 37 ilb- wt. 


EXAMPLES XXIX. (p. 215 ) 


(1) 4 strings ; 2 lb. 

(2) 3 lb. M.A. = 6. 

(3) 5 ; 24 lb- wt. 

(4) 85 4 lb. wt., 31-74 per cent., 38 09 

per cent., 40-82 per cent. 

(5) w = 15^^ + iiu'- 

(6) 672 lb. 

(7) 1^- 

(8) 129 lb.. 129 lb. 

(9) loif lb. wt. 


(11) 

( 12 ) 
(13) 

14) 

15) 

16) 

(17) 

(18) 

( 19 ) 

(20) 

(21) 


37J lb. wt. 

64-8 per cent, nearly. 

Thesidewoundonthe i2-in.drani. 

iW. 

iV- 

12 ^** 

4525 lb. wt. approximately. 

fiin- 

I nearly. 

^ 

4a 4an 

75 lb. wt., 370 lb. wt. 


EXAMPLES XXX. (p. 223 ) 


(1) 

(2) 

( 3 ) 

( 4 ) 

( 5 ) 

( 6 ) 
( 7 ) 


3*1 ins. 

2-5 ft. 

2-828 ins. from BC ; J in. from A D. 
5-6 ins. ; 4 ins. 

ins. 

2 

21 *9 ins. nearly. 

2! ft. 


(9) Half the length of a side on 

line joining the 15 lb. and 3 lb. 

(10) 4 ins. towards the 5 lb. weight o 

the line joining this weight to 
the 2 lb. weight. 

(11) 3*375 103- 

(12) 8-4 ft.; 3 ft. 
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EXAMPLES XXXI. (p. 231 ) 


(I) 

(^) 

( 3 ) 


9i*r ins. 

A ins. on diameter through hole. 

ins. from centre on diameter 

17 


bisecting line joining centres of 
holes. 

6} ins.; 3} ins. 
ins. : 6f ins. 

On AC at 6*07 ins. from A. 

tan“i(H). 

(xi) H i^ length up the mediau. 
(12) i8‘6 ins. 

(13I 6-03 ins. ; 6 05 ins. 

(15) 29 ins. 

(18) 55V3 


11 ! 


(20 

(2X 

(22 


(24) 


—?i— cm. 

18 

2*0 ins. 

10*4 ft. 

In each case i of the way up the 
line joining the vertex to the 
centre of gravity of the base. 

-ins. up the median drawn 

9 

to the side of 8 ins. 

( 28 ) 13 : 54- 

(31) tan-i hV (5 + V7)]. 

(33) At the point (2, 3) taking the 

outer edges as axes. 

( 34 ) H of_M edge. 

(33) liV'io from the base. 

3 a* + 3<»<? + g* 

3(2a -t- c) 


( 36 ) ,6 ; 


(37) 


(38) 

( 39 ) 


(41) 

( 43 ) 


( 45 ) 

{46) 

(48) 

(49) 

(50) 

(51) 


loj^ ft. from the free end of the 
hrst plank, and at the height of 
the upj>er surface of the second 
plank. 

o*52a from the top. 

At a distance from the 

A/6* 

axis. 

m ^ b*(a — 6) 

M ^ 2a‘c ' 

3 ins. from BC. 

(i) At the intersection of the 
medians of ABC. 

(ii) i'9 mm. 

JjV in.; Vo*^ in. 

AC = 3 ins. 

4 in.: j in. ; ^ ins. 

iVtt of the height from base. At 
tan-* (JHi) to the vertical. 

~ ^^5/1 from the base. 


12 


c + 


5 a*6 


8 { 3 <»* + 3 <w^ + 26c) 
base. _ 

3a*6{2 - y/ 3 ) 


from the 


(52) 


3^+ - V 3 / from 

2 8(3a6 + ^ac + 26c) 

the end to which the li<i of 
length a is attached. 

*cos — psin — + sin 15 + . . .*1, 

« 2nL 2« 2» J 

where a is the radius of the 
circumcircle. 


EXAMPLES XXXII. (p. 238 ) 


(a* + 06 + b*)V4C* — (6 — a)* 

6c(a + b) 
from DA : 


4ac' + 2bc‘ -a' + b> 
6 c{a 4- 6) 
other axis. 

(4) 0 50. 2*69. ^ 

(6) I in. from each diagonal. 


EXAMPLES XXXIII. (p. 248 ) 


(2) 24 ins. from C. 

( g* + 06 + fe»)>/4c» - (6 - a)« 
^(a + 6) 
from DA ; 

+ f f the 

6 e{a -f 6) 

other axis. 

(j) 

(6) ;! +“ + *• ; + ^) . where 

3(g + ^ 3(« + X) 

* a Ae. AB not less than 

2 


(7) With BC or DE in contact with 
the plane : with BD or EC in 
contact with it if DE is above 
BC. 

(10) Yes. 

ix) Not less than 3:1. 

12) 1 * 59 . 

(n ~~ i)e from the centre of 


(13) 


lowest block and at a vertical 
height of 5 ?. 


(25) Jlr. 

(x6) 23J ins.; 27®. 
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EXAMPLES XXXIV. (p. 258 ) 


(2) V 2 : 1. 

(8) ^ from the centre along the 
2n 

middle radius, a being the 
radius of the disc. 

(9) d® from AB; d® + from the 

n 42 

perpendicular to AB through A. 
The point distant ?d^ and d^ 

n 2 

from these axes* 

(12) fjr. 

(13) sin-* (ffr sin 

(14) In the line joining the point where 


the planes meet the sphere to 
the centre, at a distance 

3(4^3 + 3) 

104 

of the radius from the centre. 

(15) At- - — 7^ from the centre. 

(16) tan a. 

(17) 6, 7. and 8. 

do) ? 6a» + 3a* - 

from the centre of the circle. 
(20) 1728 lb., 2i|i ft. from the butt. 


EXAMPLES XXXV. (p. 269 ) 


(1) B.M. increases from zero at to 

12 at C, and then to 20 at D, 
where it is a maiximum; it then 
decreases to zero at B. 

(2) 13*6 at A and 13*3 at B ; 4*4 and 

93 **- 

(3) Shearing force = i*o5. 

Bendmg moment = 43*4. 

(4) Shearing force = 1-91. 

Bending moment ^ 25*6. 


(5) Between C and i> at ft. from D. 

(6) Shear is 16 up from first suj^rt 

to centre and 20 down ^m 
centre to second support. Bend¬ 
ing moment increases uniformly 
from zero at first support to 80 
at centre, and then decreases uni¬ 
formly to zero at the second 
support. 


EXAMPLES XXXVI. (p. 274 ) 


(2) 


( 3 ) 


(i) Shearing force = 6‘3. 

Bendmg moment = 56*35. 
Maximum at 12 ft. from A, where 
its value is 18. The value at B 
is 16, and it decreases uniformly 
from there to zero at C. 

Shear -{- 2 from A to C, zero C to 
D, and — 4 from 2 > to B. 
B.M. increases from O At A to 

8 at C, then constant to D, and 
decreases to zero at B. In 
second cases shear curve is a 
straight line from + 3 at ^4 to 
— 3 at B. and BJ\ 1 . curve is a 
parabola with maximum value 

9 at middle point. 

- “)■+ k - 

7 ins. from end nearer 8 lb. wt.; 

81. 

2I 

W' 

^ear A to C, + to -|- 2W; 

C to 2 >. - f FK to - flF ; 
i> to B - ilT to — iW. 


( 4 ) 


( 5 ) 

(6) 
( 7 ) 


)■ 


B.M. values at x from A. 

A to C, w(^x + * 4 ) : 

CtoB, w(^ - lh(-\-Ua); 
\2a 4 4 / 

DtoB,1v(^ - ^ + ^a\ 

\2a 4 4 / 

(8) B.M. at 7J fixed end, 2J at centre, 

zero at free end. 

(9) If X is measured from C, the values 

of the shearing force and bend¬ 
ing moment for sections CD, 

DA. etc., are x + 2 ; “ + * 

2 

X - 18; - - iSx + 126; 

2 

X — 17— 17X JtS; 

X — 13; j — 132^ + 82 ; 

jr ~ 12; — — I2X -f* 72. 

2 

(ii) IIIF. Diminished. 
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(Z2) Shearing force, xw — \aw for 
AB, For BC, xw + ^aw from 
B to D,xw ^aw from D to C. 

Bending moment. — xa^w 


for^^B. ForBC, 




from B to B. — ojr + y 

from B to C. x measured 
from end of rod. 

(13) 9 tons on each support. Shear* 
ing force curve consists of three 
straight lines, y = ^ 3 between 


ends and supports and y=^x—6 
between supports. Ending 
moment curves, 

>' =* 3^. y — 62r + 9. 

2 

and ^ = 9 — 3^. 

(15) Shearing force varies from — 0’8w 
at if to 9‘2u; at B, then — lou; 
to ^ 4t& at C. Bending mo¬ 
ment, — o*8^r^a; from A to 

B, — 20jr + 192^11/ from B 
to C. 


EXAMPLES XXXVII. (p. 287 ) 


(I) 2 : I. tan“» m. tan-‘ (|), Un-i (|), 

( 5 ) 30 tons weight. The portions of tan-^ (f). tan-* (i), tan-* (j). 

chain starting from the middle /q. w antn — i)tj, 
link are inclined at angles 

tan-' (J). tan-' (J). wV4A«-f a"(n - i)y 

and 45* to the horizontal. ' 2A 

(6) 8 ft. above roadway. Slopes of {9) i*66 lb. wt.; i‘35 lb. wt.; 12*81 

links starting from lowest are ft.; 10*77 ft. 


'•> $■ 


(I) 2 W. 

( 3 ) V 3 W. 
(8) 2V3W. 


EXAMPLES XXXVIII. (p. 294 ) 

1 (7) 50a and 14a. 

48a sinh''(A). 

EXAMPLES XXXIX. (p. 304 ) 

(13) W. 

9V3/* — a* 


(22) 




at tan-' 4 to the hori¬ 


zontal. 


(i) ten-' {*) ; stable. 
(7) Mgaii — cos 8) 

(9) Afga(z — cos d) 


— \mga sm 




EXAMPLES XL. (p. 311 ) 

(13) BC horizontal, unstable; AC 

horizontal, unstable; .^B in 

g \ contact with one plane, stable, 

-cos-j. (17) 34 >50. 

(.8) tan 9 . 

cos?). T\ cos 9 ; 2 


COS 


EXAMPLES XLIe (|). 330 ) 


14) In BB. ^; in AP, - 51 ^ 

2d cos 8 2 sin 8 


mAQ,E(^ - 
* 2 Vsin 8 


cos 8 


(i) ten8>^; 


(u) tan8<£; 

a 

(Ui) ten 8 = 1 

a 

(,6) »y(2a rin 9 - c cosec« 9 ) 3 ^ 

' ' acos8 

B move outwards. 
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(21) 37* lb. wt. 

(26} ±a(3- ^ 

!0 V lOI 

(27) = 2W^£/rsiii acos^ 

-f- cos* a — sin* a), 

taking the hole as origin and 
line of greatest slope as initial 
line. 

w{a 4- + c/i sin 0) 


(31) 

( 32 ) 


(43) 


a{i -f- fi) 

IV , W 
—Ts and —T=- • 
Vt 3V6 


V6, 


W in AB, AC. AD. 


V6 


W in DC. CD. DB. 


^ 


in each. Tension in 


CD, thrusts in the other. 

W cot a 


(61) At a depth I cot ot^i + 


Att 


) 


below the vertex. 


COS' 


■( 


(63) The line joining the centre of the 
circle to B makes an angle 

3 «^ - 4iy 

3«=‘ / ' 

with the upward vertical in the 
upper position, and with the 
downward vertical in the lower 
position. 

(68) (i) on back sin a + cos a^. 

on front ^cos a — — sin 

(ii) the same values interchanged, 
0*38. 

(69) ^W. 

(72) 5*36 lb. wt. on B and C ; 9*28 lb. 

wt. on A. 

^ 2 

(73) About a point — 


times the 


length of the rod from the end 
to which the force is applied. 
(74) W A- {I - x)w. 


(1) 1*01. 

(2) 1*072. 

(3) (0 4^7^; 


(ii) 4*511 


EXAMPLES XLII. (p. 347) 


(4) 30 gm* 

(5) 2o| c.c.; 4if c.c 


EXAMPLES XLIII. (p. 352) 


(1) 27*2 cu. ins. 

(2) iil where w is the specific weight 
Aw 

of water. 
at 

a A' 


(3) C'77 cm. from the vertical branch 
containing the oil. 


EXAMPLES XLIV. (p. 358) 


(j) 308571S tons weight. 

2) 45 tons weight. 

4) 9*77 tons weight. 

5) 40 : 87 ; 92. 

(6) \h. 

(7) 62252 lb. wt. on the rectangular, 

and 8290 8 lb. wt. on the tri¬ 
angular faces. 

(®) 344*3 lt>. wt. on longer sides. 229*5 


lb. wt. on shorter sides, 768*75 
lb. wt. on bottom. 

(g) “^3^ and below the surface. 

3 3 

(10) 54*56 Ib. wt. 

(I I) 3204 lb. wt. 

(12) a^W + + 


EXAMPLES XLV. (p. 372) 


(l) 2011 lb. wt. 

(3) 40.000 lb. wt. ; 4J ft. above the 

bottom. 

(4) 1968I lb. wt. 

(5) 23,676 lb. wt.; 4*11 ft. above the 

bottom. 

(6) 1500 lb. wt.; 750 lb. wt. 


7) 41*8 tons wt. 

8) At a vertical depth of Vgfl, and at 

V^3 

a horizontal distance of 


from the vertical side, where a 
is the side of the triangle. 

(10) To A. 
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(I2) 

(15) 

(IG) 


(17) 

(18) 

(19) 

(20) 

(21) 

( 22 ) 


|a from AD, and JJa from DC, 
where a is the side of the 
square. 

of the length uf a side below 
the upper edge. 

7145^ lb. wt. at a depth of 5 in. 
t^low AB. 

ob[^h + a) ^ ^ where w is 

0 


the specific weight of the 
water. 

+ “I below BC. 

2 ( 3 A -f a) 

2*36 ft. below sur- 


77oj lb. wt. 

face. 

596-5 lb. wt. 
911*46 lb. wt. 
face. 


1193 lb. wt. ft. 
ft. below sur- 


3 i. 

31,500 lb. wt.; 3f ft. above 
bottom. 

603-75 lb- wt.; 0-6 ft. below 
horizontal side. 


(23) 2fy.\ ft. ; 9-7 ft. abo\e the 

boltjiin. 

(27) 29 : 7. 

(j 8) 577‘3 lb. wt. ; the tenlrc of pres¬ 
sure is 0-77 ft. from lower edge ; 
234 ft.-lb. 

(30) 4125 lb. wt. at 2,“, ft. above 
bottom ; 1375 lb. wt. 

6(3* + a6cos«) „ 

3(2A + b cos a) 
edge of the rectangle. 
wabh cos 0, where w is the specific 
weight of the water. 
b(6h cos 0 + b sin 0) 

12 cos 0 

from the upper edge of the 
base. 

(32) In the vertical diameter at a depth 

— below the centre ; 

4 * , 

4 ^ - g p 
4b + a ' 


EXAMPLES XLVI. (p. 383 ) 


(2) Horizontal, 9-64 tons. Vertical, 

16-7 tons. 

(3) Horizontal, ii tons. Vertical. 14 

tons. 

(4) ~ at tan-'^A^ to the 
horizontal. 

(5) 500 gm. wt. on base, i25v''5Km. 

wt, on upright triangular faces, 

625^ lower and 


3 

125^5 


gm. wt. on upper tri¬ 


angular face. 

(6) 18-82 lb. wt. at 1* 47' to the hori¬ 

zontal. 

(7) ■ 7 ra*w horizontal, and \ita*w verti¬ 

cal ; passing through the centre 


and inclined at tan“*(5) to the 
horizontal. 

(8) nh^w tdLii^a \ |ffA’a/tan*a. 

(9) L'\ on vertical face, 

2 \ 3"/ 


irr^w 


on horizontal face. 


■trr 


6 

at tan 


!!? + '4 

> S W «• 

-> / £—\ to the hori- 

\Ztr - 4/ 


(10) 


zontal. 
4 — ir 


4 -f TT 

(11) 1-022 lb. 

, , - 

(12) -VoA* -f 4a* -h i2aA cos 0. 


EXAMPLES XLVII. (p. 398 ) 


(1) 

(2) 

(3) 

(4) 
( 6 ) 
(7) 

n 


— J 


4*62 Ik 

(i) 6*269 ins.; 
6-04 ins. 

12.174 »q- ft. 

8200 lb. 

8) 6560 tons. 

9 ) X in.: 24 ins. 
(10) 7*17 02. 

(*2) i. 

(14) 2| ins. 


(ii) 1-05 lb 
: 3*73 ins. 


(15) i- 

(16) 12} oz. 

(17) 0-37 in. 

(19) 4-79 lb.; 6-57 lb. wt. 

(20) 11*14103. 

(22) 12*85 cu. ins.; 1-27. 

A,-(I -s){A-B ) 

AU-s') 

(24) . 73*62 lb. wt. ; 220-9 lb. wt. ; by 

I lb. and 6-04 lb. 

(25) f|g ft.; 3 i ft. 

(26) 0-8. 
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(27) 




(28) 5 8 cm.: <y>0'2 c.c.: 009 cm. 

(29) Z7o}lb. wt.; yIt cu. ft. 


{31) i/f lb. wt.; and yVjt lb. wt, 

(33) “ 4 ^. 

(33) H and { ; it sinks. 


EXAMPLES XLVin. (p. 404 ) 


(1) 46Hb. per cu. ft.; 21*81 lb. wt. 

(2) 5*82 lb. wt.: 1*94 lb. wt. 

(3) M.470 lb. wt.; 34,390 Ib. wt. 


(4) 3947 lb. wt. 

(5) 22*53 tons wt. 


EXAMPLES XLIX. (p. 408 ) 
(i) At 30® to the hori2ontal. 

( 5 ) Hi: AV 

(9) 0* 11 of the weight of the sheet. 


(10) At an angle sin-' 
horizontal. 


the 


(ii) At an angle sin-' ^ 


the horizontal. 


EXAMPLES L. (p. 412 ) 


(1) 0*966. 

(2) H: 10. 

(3) 50 c.c.; 1*8. 

4) (i) 27 : 28 ; (u) 18 : 7. 

5) 1*6, 10 c.c.: 3*2, 5 c.c. 

6) 0*28 cu. ft. 

( 7 ) 2 : 3 * 


(8) I* 

(9) 3 02. 

10) 7*5 lb., and 2*5 lb.; 27 ; 14 
'll) 7. 

ii2) 


s,-Si 


EXAMPLES LI. (p. 418 ) 


(1) 2*85 ins. 

(2) 29*88 ins. 

(3) 9*57 ins.; 20*43 ins. 

(4) 1500 cu. ft.; 4*6 ft. 

(6) X* — x{h 4* -f — a) = o. 

(7) 4*52 ins.; 3*48 ins. 

(8) 140 lb. wt. 

(10) 14*8 ft.: 66*3 cu. ft. 

(”) 

(12) 19 ins. 

(13) ^_ 

2;^4’H4-d-Vd«+/f»-f‘2/f(2A+d) . 

2 

where H is the height of the 
water barometer. 


+ 2 H{2h + d) - g- 
2 

where w is the specific weight 
of water. 

(15) above the bottom. 

3 ( 3 * + 2<fo) 

(16) 3*94 It.; 1421 lb. 

J7) 3*72 it. I 91 lb. 

[18) 5-5 ft. below the level outside. 

(20) W - ina*[V{h + /)* + V* 

- (* + O]®- 

where w is the specific weight 
of wattf. 
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